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RAPID COMMUNICATION

Peierls-phase-induced topological semimetals in an optical lattice:
Moving of Dirac points, anisotropy of Dirac cones, and hidden
symmetry protection

Jing-Min Hou(f 40"

School of Physics, Southeast University, Nanjing 211189, China

(Received 14 July 2020; accepted manuscript online 14 October 2020)

We propose a square optical lattice in which some of neighbor hoppings have a Peierls phase. The Peierls phase
makes the lattice have a special band structure and induces the existence of Dirac points in the Brillouin zone, which means
that topological semimetals exist in the system. The Dirac points move with the change of the Peierls phase and the Dirac
cones are anisotropic for some vales of the Peierls phase. The lattice has a novel hidden symmetry, which is a composite
antiunitary symmetry composed of a translation operation, a sublattice exchange, a complex conjugation, and a local U (1)
gauge transformation. We prove that the Dirac points are protected by the hidden symmetry and perfectly explain the
moving of Dirac points with the change of the Peierls phase based on the hidden symmetry protection.

Keywords: topological semimetal, optical lattice, hidden symmetry

PACS: 03.75.Ss, 02.20.—a, 03.65.Vf, 05.30.Fk

1. Introduction

Presently, topological matters are important themes in
condensed matters.['"?) Among them, topological semimet-
als as gapless topological matters attract much attention of
physicists.3-8] Topological semimetals have band-touching
points in Brillouin zone. Near the band-touching points, the
dispersion relations are linear, which leads to the cone-like en-
ergy bands. the quasiparticles satisfy the Dirac (Weyl) equa-
tion and the quasiparticles are considered as Dirac (Weyl)
fermions, so the band-touching points and the cone-like en-
ergy bands are called as Dirac (Weyl) points and Dirac (Weyl)
cones, respectively.

In the last two decades, ultracold atom techniques have
been tremendously developed and the high controllablity and
high accuracy make them become a platform to study many

interesting physics in condensed matters.*~!?]

Concretely,
ultracold atoms in optical lattices have been used to ex-
plore strongly correlated many-body systems of bosonic or
fermionic particles, such as the superfluid—Mott phase transi-
tion of the Bose—Hubbard model.!'3-13! The experimental re-
alizations of artificial gauge potentials experienced by neutral
atoms allow the investigation of new physical regimes,[¢-1°]

such as quantum Hall effect. Quantum magnetism has

been simulated with ultracold atoms in optical lattices.[?9-24]
The development of ultracold atom techniques also provides
new opportunities to study topological semimetals in optical
lattices, =321 especially, some of which are hardly realized in

solid real materials.
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In this paper, we consider a square optical lattice where
some of neighbor hoppings have a hopping-accompanying
phase, i.e., a Peierls phase.[lg] When the value of the Peierls
phase is in the range (0,27), the energy bands have two Dirac
points at some positions of the Brillouin zone. The two Dirac
points have opposite topological charges. The positions of the
Dirac points are dependent on the value of the Peierls phase,
that is to say, the Dirac points move in the Brillouin zone
when the Peierls phase changes. When the Peierls phase is
7, the Dirac cones are isotropic, and when the Peierls phase
We de-
fine an anisotropy factor for the Dirac cones and find that the

has other values, the Dirac cones are anisotropic.

anisotropy factor is dependent on the Peierls phase. It is in-
triguing that the lattice has a special hidden symmetry, which
is a composite antiunitary symmetry composed of a translation
operation, a sublattice exchange, a complex conjugation, and
a local U(1) gauge transformation. It is shown that the Dirac
points are protected by the hidden symmetry and the moving
of the Dirac points in the Brillouin zone with the Peierls phase
varying can be perfectly explained by the hidden symmetry
protection.

2. Model and hidden symmetry

Here, we consider ultracold atoms in a square optical lat-
tice as shown schematically in Fig. 1(a). In this lattice, some
of neighbor hoppings are accompanied by a Peierls phase with
the value 0 < y < 27, so that the translation symmetry is bro-
ken and the lattice is divided into two sublattices denoted as

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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A and B. The corresponding tight-binding Hamiltonian can be
written as
H = —t Z [a?biH + a;b,-_)? + a;rb,'_H;
icA

+el%alb; ] +Hec., (1)

where a; destructs a particle at the site i in sublattice A and
b; destructs a particle at site j in sublattice B; £ = (1,0) and
¥ = (0,1) represent the unit vectors in the x and y directions,
respectively; and 7 is the hopping amplitude along the x and y

directions.
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Fig. 1. (a) Schematic of the optical lattice. The arrows represent the Peierls
phase 7; the blue and green filled circles represent the lattice sites of sublat-
tices A and B, respectively. (b) The first Brillouin zone, which is surrounded
by blue lines. Here, the red lines indicate the moving path of Dirac points
X1 2 when the Peierls phase varies in the range (0,27); the yellow, green,
and cyan filled circles indicate the locations of Dirac points X, for the
cases Y= /2,7, and 37/2, respectively.

For the translation-symmetry-breaking lattice, the Bra-
vais lattice vector can be expressed as R, = nja; + nyay,
where a; = £ — ¥ and a, = £+ ¥ are the basis vectors of the
Bravais lattice and n; and n, are integers. We chose a lat-
tice site in sublattice A as the origin, then the lattice sites in
sublattice A and sublattice B can be written as R} = R, and
RB = R, + % In the reciprocal lattice, the reciprocal lattice
vector is defined as K,, = m;b; + myb,, where m; and m;
are integers, and by = (7,—7) and b, = (7, ) are the cor-
Due to the
Peierls-phase-induced breaking of the translation symmetry,

responding primitive reciprocal lattice vectors.

the unit cell of the square lattice is enlarged by two times and
the corresponding Brillouin zone shrinks to one half as shown
in Fig. 1(b).

Although the Peierls phase breaks the translation symme-
try, the model still preserves a novel hidden symmetry. The
hidden symmetry is a discrete symmetry with an antiunitary
compositor operator as

Y =(e")v0,KT;, )

where T} is a translation operator which moves the lattice by
X along the x direction; K is the complex conjugation oper-
ator, which can also be regarded as a time-reversal opera-

tor for spinless particles; o, is the Pauli matrix representing
the sublattice exchange; and (e!?)» is a U(1) local gauge
transformation. As shown in Fig. 2, the lattice keeps invari-
ant after it is sequentially operated by the translation opera-
tion T3, the complex conjugation K, the sublattice exchange
Gy, and the local U(1) gauge transformation (e'?)". The in-
variance indicates that, under this composite operation, the
Hamiltonian obeys H = YHY ~!, where the inverse operator
is Y~! = (el")»0,KT; . Itis easy to prove that the Y opera-
tor satisfies

T? =Ty, 3

where T5; is a translation operator along the x direction by 2x.
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Fig. 2. The hidden symmetry of the lattice. The lattice keeps invariant af-
ter operated by the translation transformation 7%, the complex conjugation
K, the sublattice exchange oy, and the local U(1) gauge transformation
(e'”)¥ in order. Here, the arrows represent a Peierls phase 7.

We take the Fourier transformation to the annihilation op-

erators as
1 i pA
ar = ﬁzaie R “
i
1 . pB
br = ﬁZb,-e Ry )
i

where N is the number of cells in the Bravais lattice. We
define the two-component annihilation operator as N =
5l bi]"
\/§ k>Vk

H=Y, n,:%(k)nk. Here, H (k) is the Bloch Hamiltonian

, so that the Hamiltonian (1) can be rewritten as

H(k) = —2t[cosk,+cos(y/2)cos(ky, —v/2)] 0
—2tsin(y/2) cos(ky — y/2)0y, (6)

where o and o), are the Pauli matrices. Diagonalizing Eq. (6),
we obtain the dispersion relation

E(k) = +2¢ \/c032 ky +cos?(ky —v/2) +2cos(y/2) coskycos(ky — /2). 7
120305-2
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Fig. 3. The dispersion relations for different Peierls phases. Here, (a), (c), and (e) are the energy bands for the cases ¥ = /2, 7, and
31/2, respectively; (b), (d), and (f) are the energy contours of the conduction bands for the cases Y = /2, &, and 37 /2, respectively.
In (b), (d), and (f), the red filled circles mark the positions of the Dirac points.

From the dispersion relation, we find that the conduction and
valence bands touch at points X » = (+m/2,y/2 —m/2) in the
Brillouin zone as shown in Fig. 3 and the Bloch states at the
band-touching points are degenerate. The Fermi surfaces are
isolated points, so the system is a semimetal.

3. Topological semimetals and their properties
3.1. Topological semimetals

Here, we show that the semimetal in the system is a topo-
logical semimetal. The Bloch Hamiltonian (6) has the form
H(k) = h(k)- o with h,(k) = —2t[cosk, +cos(y/2)cos(ky —
y/2)] and hy(k) = —2tsin(y/2)cos(ky — y/2). We define a

planar vector field (/,(k),fy,(k)) in the Brillouin zone, where

hi(k) = hi(k)/|h(k)| with i = x,y. The planar vector field
(hy(k),hy(k)) is a unit vector field in a two-dimension space,
so all the unit vectors form a one-dimensional manifold S'.
The Brillouin zone can be regarded as a torus manifold 7.
Thus, the planar unit vector field defines a mapping from T

to S! as
h: T— Sl,
k> (ho(k), hy(K)). ®)

Based on the homotopy theory, this mapping can be classified
by the winding numbers 7, (S') = Z, where Z is the set of all

120305-3
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integers.

The planar unit vector field (/i (k),k,(k)) has singulari-
ties at the band-touching points X; and X>. The band-touching
points can also be interpreted as topological defects, i.e., vor-
tices, of the planar unit vector field. Concretely, around the
band-touching points, the winding number can be calculated
as follows:

dk .
W= 7€ S (V=) ©)

where V is the differential operator in momentum space and
C represents a closed path around one of the band-touching
points. This winding number can be regarded as the topolog-
ical charge of the defects. For the Bloch Hamiltonian (6), we
calculate that the winding number is —1 and +1 for the vor-
tices around the band-touching points X; and X;, respectively.
It turns out that X; and X, have opposite topological charges.
It is obvious that the result about the topological charges obeys
the fermion doubling theorem,*3] which states that topologi-
cal point nodes in the energy spectrum of lattice Hamiltoni-
ans must come in pairs. When all paired opposite topological
charges annihilate each other, a gap opens and the semimetal
becomes an insulator. Due to the existence of the topologi-
cal charges, so the semimetal is considered as a topological
semimetal.

3.2. Dirac points

Near the band-touching points, the energy band has a
cone-like shape and is linear. Around these band-touching
points, the Bloch Hamiltonian (6) can be linearized as

h(p) = 2t[£px —cos(v/2)py|ox —2tsin(y/2) pyoy, (10)

where p = k — X; with i = 1,2; the two signs + indicate the
linearized Hamiltonian around the two distinct Dirac points
X1 and X», respectively. The quasiparticles behave like mass-
less Dirac fermions. Thus, the band-touching points are Dirac
points, around which are Dirac cones.

For Dirac cones in two dimensions, the chirality can be
defined. For any Dirac cone in two dimensions, the Hamil-
tonian has the general form like i(p) = ¥;;vijpi0j, where
v;; are constant coefficients. One can define the chirality as
¢ = sgn[det(v;;)] = %1 for the Dirac cone. From Eq. (10) and
the definition of the chirality, we have ¢ = —1 and +1 for the
Dirac cones around the degenerate points X; and X5, respec-
tively. The results of chirality are consistent with the wind-
ing numbers for the Dirac points X; and X, calculated above.
Thus, the chirality can be regarded as another definition of the
topological charge.

3.3. Moving of Dirac points with the Peierls phase

For the system, the Peierls phase is a key parameter. The
change of this parameter induces varying of the energy bands

and moving of the Dirac points. In the Brillouin zone, the
Dirac points locate at X, = (£7/2,y/2 — n/2), which are
functions of the Peierls phase y. When the Peierls phase y
varies, the Dirac points X; and X, move along two vertical
lines in the Brillouin zone as shown in Fig. 1(b). For the case
Y = 7, the two Dirac points locate on the k, axis and are sym-
metrical about the k, and k, axes. For the 0 < y < 7 case,
the Dirac points locate on the lower half of the Brillouin zone,
and for the © < y < 27 case, the Dirac points locate on the
upper half of the Brillouin zone. For the latter two cases, i.e.,
Y # &, the symmetry of the two Dirac points about the k, axis
is broken but the symmetry about the k, axis is still preserved.

3.4. Anisotropy of Dirac cones

In the following, we show the relation between the shape
of the Dirac cone and the Peierls phase. From the linearized
Bloch Hamiltonian near the Dirac points, i.e., Eq. (10), one
can find the quantum states with the non-zero eigenenergy Ey
that satisfies the equation
Eg

=14 (11)

[px —cos(v/2)py]* +sin® (v/2) py

We set

a = \/|Eo/t]/[1F cos(y/2)],
B = V/|Eo/t|/[1 +cos(y/2)],

then equation (11) is reformulated as

(pe+py)?
az

(Pr—py)? _ |
Bz

which is an elliptic equation and o () is the semi-major axis

+ (12)

and B (&) is the semi-minor axis for the Dirac cone located
around X (X2). That is to say, the closed curve formed by the
intersecting of the constant-energy plance Ey and the Dirac
cone is an ellipse.

In order to depict the shape of the Dirac cones, we define
an anisotropy factor with the eccentricity of the intersecting

_ | 2|cos(y/2)]
f= 1+|cos(y/2)|’ (3)

which satisfies 0 < f < 1, where f = 0 indicates the isotropic

ellipse as

case. The anisotropy factor is a function of the Peierls phase
Y as shown in Fig. 4, which manifests that the shapes of the
Dirac cones depend on the concrete value of the Peierls phase.
When the Peierls phase 7 is 7, the anisotropy factor is vanish-
ing, i.e., the intersecting curve is a circle and the Dirac cone is
isotropic as shown in Fig. 3(d). when y # =, we have f > 0,
which indicates that the intersecting curve is an ellipse and the
Dirac cone is anisotropic as shown in Figs. 3(b) and 3(f). For
the anisotropic cases, the massless Dirac fermions have dif-
ferent magnitudes of group velocities for any two non-coaxial
directions.

120305-4
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Fig. 4. The relation between the anisotropy factor of the Dirac cones and the
Peierls phase.

4. Hidden symmetry protection

Here, we show that the Dirac points are protected by
the hidden symmetry. Besides the second-quantized Hamilto-
nian H is invariant under the hidden symmetry operation, the
single-particle Hamiltonian Hg also satisfies H, = YH;Y ! In
sublattice space, the Bloch function can be written as the two-
component form

u (1)) in
Ye(r) = {“2) el (14)
uy, (r)

When the symmetry operator 1" acts on the above Bloch func-

tion, based on its definition Eq. (2), we arrive at

2)x A i

T (r) = (%E: :i;:i) e kI 1s)
k

where e is the unit vector along the k, direction in reciprocal

lattice space.

Because 1 is the symmetry operator of the system,
YW (r) must be a Bloch wave function of the system and
we denote it as ¥, (r) = Y'¥W(r). Based on the definition
Eq. (14), ¥/, (r) has the form

(1)
! U (T) ik'-r
wir)=1|"% ) e (16)
<u5£<r>
Comparing Eq. (16) with Eq. (15), we obtain

kK = yer, —k, (17)
W) (r) = ul (r—5)eit, (18)
ugj)(r) = ug)*(r—)é)eikx. (19)

From Eq. (17), we know that, when the operator 1" acts on the
wave vectors, it has the effectas Y : k — k' = ver, — k.

If ¥ = k+ K,,, where K,, = m by +myb, is a recipro-
cal lattice vector, then we can say that k is a 1'-invariant point
in momentum space. In the Brillouin zone, the Y-invariant
points are the points ¥; = (0,7/2), Y» = (0,7/2 — &), and
X12 = (£m/2,7/2 —m/2). Suppose that G represents a I'-
invariant point, then we have Y'¥g(r) = ¥ (7). Because of

the equation TH,Y ~! = Hy, ¥(r) and WS (r) are both the
eigenstates of Hamiltonian Hg and have the same eigenenergy
E¢. After the symmetry operator acts on the Bloch function
two times, we have

¥ (r) = T¥a(r) = e 9% (r), (20)

where G is the x component of G and equation (3) is used
for the derivation of the first equality. From the above equa-
tion, we obtain Y2 = e 21 which is a function of the wave
vector. Substituting the wave vectors of the Y-invariant points
Y1 and Xj 5, we obtain Y2=1at Y1 and Y2=—1at Xi.
If a system is invariant under the action of an antiunitary op-
erator and the square of the operator is not equal to 1, there
must be degeneracy protected by this antiunitary operator. 34!
Thus, the quantum states must be degenerate at the points Xj »
in the Brillouin zone, which means that the energy bands must
touch at the points X . This result is consistent with the Dirac
points obtained from the dispersion relation. Therefore, the
hidden symmetry is responsible to the energy degeneracy at
the Dirac points. Because the hidden symmetry 1" is dependent
on the Peierls phase, the 1 -invariant points are functions of the
Peierls phase. Thus, the variation of the Peierls phase leads to
the change of the hidden symmetry. Further, the change of the
hidden symmetry results in moving of the Dirac points in the
Brillouin zone.

5. Feasibility of experimental realization

Due to the great development of ultracold atom and op-
tical lattice techniques in recent years, it is possible to realize
the model and to detect the results experimentally. There are
two key points in the physical realization of the model. The
first key point is to generate the hopping-accompanying phase,
i.e., the Peierls phase. The existing techniques provide several
methods to generate the Peierls phase. One of the methods is

I7.18] \which is exten-

the laser-assisting tunneling technique,!
sively used to produce Peierls phases or gauge fields in optical
lattice. Another method to generate Peierls phase is the shak-
ing optical lattice technique.!!>?% The second key point is to
detect the band structure. An available detecting technique is
Bragg spectroscopy,*>3%1 which has been employed in sev-
eral schemes to detect the band structure of edge states and
bulk states.[2>37-391 Thus, it is feasible to realize the model in

optical lattices with the existing ultracold atom techniques.

6. Conclusion

In summary, we have presented a square lattice with a
Peierls phase for some neighbor hoppings, which can be real-
ized with ultracold atoms in optical lattices. Because of the ex-

istence of the Peierls phase, the translation symmetry is broken

120305-5
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and the system has a special band structure. Two Dirac points
exist in the Brillouin zone and the Dirac points move with
the change of the Peierls phase. When the Peierls phase is 7,
the Dirac cones are isotropic, and when the Peierls phase has
other value in the ranges (0, 7) and (7,27), the Dirac cones
are anisotropic, the anisotropy factor was defined to depict the
anisotropy of the Dirac cones. It was shown that the lattice
has a special hidden symmetry, which is a composite antiuni-
tary symmetry. The hidden symmetry protects the Dirac points
and the moving of Dirac points in the Brillouin zone is per-
fectly explained by the hidden symmetry protection. Finally,
we discussed the feasibility of the realization of the lattice with
ultracold atom and optical lattice techniques.
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