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We investigate both the quantum and classical dynamics of a non-Hermitian system via a kicked rotor model with
𝒫𝒯 symmetry. For the quantum dynamics, both the mean momentum and mean square of momentum exhibit the staircase
growth with time when the system parameter is in the neighborhood of the 𝒫𝒯 symmetry breaking point. If the system
parameter is much larger than the 𝒫𝒯 symmetry breaking point, the accelerator mode results in the directed spreading of the
wavepackets as well as the ballistic diffusion in momentum space. For the classical dynamics, the non-Hermitian kicking
potential leads to the exponentially-fast increase of classical complex trajectories. As a consequence, the imaginary part of
the trajectories exponentially diffuses with time, while the real part exhibits the normal diffusion. Our analytical prediction
of the exponential diffusion of imaginary momentum and its breakdown time is in good agreement with numerical results.
The quantum signature of the chaotic diffusion of the complex trajectories is reflected by the dynamics of the out-of-time-
order correlators (OTOC). In the semiclassical regime, the rate of the exponential increase of the OTOC is equal to that of
the exponential diffusion of the complex trajectories.
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1. Introduction
Traditional quantum mechanics requires that every physi-

cal observable is represented by a Hermitian operator, so as to
ensure the observable a completely real eigenspectrum. How-
ever, the seminal work of Bender and Boettcher[1] proved that
Hemiticity is actually a sufficient but not necessary condition
to guarantee the real spectrum. Since then, non-Hermitian
quantum mechanics has inspired a great deal of work in var-
ious fields of quantum physics.[2–17] Non-Hermitian quan-
tum mechanics has also been used to describe the reduced
open quantum systems.[18,19] In particular, non-Hermitian fea-
tures have been visualized in many experiments.[20–23] We
can obtain a special type of non-Hermitian systems from
those with 𝒫𝒯 -symmetric Hamiltonian,[24,25] whose striking
feature is that they possess an entirely real-valued spectrum
below the symmetry-breaking point, albeit non-Hermitian.
Moreover, various optical structures have been proposed
to test and realize the unique properties of 𝒫𝒯 -symmetric
Hamiltonian.[26–32]

On the other hand, the research of periodically-driven
systems has become increasingly popular in recent years.
Many intrinsic quantum phenomena, such as many-body
localization,[33–35] time crystals,[36–39] and Floquet topologi-
cal phase,[40–43] have been revealed in this type of systems.
Nowadays, periodically-driven systems have a wide range of

applications and play an important role in many branches
of physics.[44–48] Therefore, it is of great interest to extend
the research of periodically-driven quantum systems to non-
Hermitian quantum mechanics. So far, various population
oscillations,[49,50] abnormal level crossing rule,[51] and exotic
topological phases[52,53] have been found in the time-periodic
non-Hermitian systems with 𝒫𝒯 symmetry. However, more
work is needed to gain better insight into periodically-driven
𝒫𝒯 -symmetric systems.

In this context, we investigate the chaotic dynamics of
a non-Hermitian kicked rotor model with the kicking poten-
tial being 𝒫𝒯 symmetry.[54–56] As a paradigm model in the
studies of periodically-driven systems, the quantum kicked ro-
tor has been investigated in several works.[57–71] We will re-
veal the chaotic features of the 𝒫𝒯 -symmetric kicked rotor
(𝒫𝒯 KR) model via its dynamical properties. We find that
depending on the strength of the imaginary part of the kick-
ing potential, the 𝒫𝒯 KR shows different dynamics. Namely,
if the strength of the imaginary part is in the neighborhood
of the 𝒫𝒯 -symmetry breaking point, the transition between
quasieigenstates leads to the jump of both the mean momen-
tum and mean square of momentum. For a very strong imag-
inary kicking potential, the non-Hermitian kicking potential
produces a stable wavepacket which spreads unidirectionally
and diffuses ballistically with time.
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The classical dynamics of non-Hermitian systems is as-
sumed to be governed by the Hamiltonian principle for which
the trajectory is complex.[4,72–74] It is previously found that
the dynamical behavior of complex trajectories captures the
feature of 𝒫𝒯 -symmetry phase transition[75] and dominates
the quantum tunnelling.[76] Therefore, the dynamics of com-
plex trajectories is of significant importance in many fields of
physics. In the present work, we define the second moment
(SM) for the real and imaginary parts of momentum, respec-
tively, in order to quantify the classical diffusion. In chaotic
situation, the SM of the real momentum increases linearly with
time, while that of the imaginary momentum increases expo-
nentially. Interestingly, they both exhibit a sharp transition to
saturation level at a threshold time τ . The underlying physics
is due to the exponentially-fast increase of the complex trajec-
tories. Our theoretical prediction of the exponential increase
of the SM of imaginary momentum and the critical time τ is
in good agreement with numerical results.

To further demonstrate the chaotic features in the quan-
tum dynamics, we assess the out-of-time-order correlators
(OTOC),[77,78] which as a measurement of the dynamical in-
stability in quantum chaos has been widely explored, both
theoretically (see, e.g., Refs. [79–86] and references therein)
and experimentally.[87–90] We find that in the semi-classical
regime, the dynamics of OTOC echoes its classical counterpart
within the Ehrenfest time interval, both of which grows expo-
nentially with time. The quantum–classical correspondence of
OTOC proves the validity of the extension of the Hamiltonian
principle to non-Hermitian systems. More important is that
the rate of the exponential growth of OTOC equals to that of
the SM of imaginary trajectories. Therefore, it is convincing
that quantum OTOC is a signature of the classically-chaotic
diffusion of complex trajectories.

The article is organized as follows. In Section 3, we de-
scribe our model and show the classically-chaotic dynamics.
In Section 4, we reveal the quantum signature of the chaotic
diffusion via the dynamics of the OTOC. Summary is pre-
sented in Section 5.

2. Quantum diffusion in momentum space
We consider the 𝒫𝒯 KR model for which the Hamiltonian

in dimensionless units takes the form[55,56]

H =
p2

2
+V (θ)∑

j
δ (t − j) , (1)

with
V (θ) = K [cos(θ)+ iλ sin(θ)] , (2)

where θ is the angle coordinate, p is the angular momen-
tum operator written as p = −ih̄eff∂/∂θ , and h̄eff is the ef-
fective Planck constant. The parameter K is the strength of the

real part of the kicking potential, and λ indicates the strength
of the imaginary part of the kicking potential. The kick-
ing potential satisfies the condition of 𝒫𝒯 symmetry V (θ) =

V *(−θ).[54] On the basis of the angular momentum operator
p|ϕn⟩= nh̄eff|ϕn⟩ with ⟨θ |ϕn⟩= einθ/

√
2π , an arbitrary quan-

tum state is expanded as |ψ⟩= ∑n ψn|ϕn⟩. The time evolution
of a quantum state is governed by the Floquet operator

U = exp
(
−i

p2

2h̄eff

)
exp
[
−i

V (θ)

h̄eff

]
. (3)

The eigenequation of the Floquet operator reads

U |ψε⟩= e−iε |ψε⟩ , (4)

where ε is the quasienergy. An intrinsic property of this sys-
tem is that the real quasienergy eigenvalues become complex,
i.e., ε = εr ± εi, when the strength of the imaginary part of the
complex potential exceeds a threshold value λc.[54–56] Such
a phenomenon is named as the spontaneous 𝒫𝒯 -symmetry
breaking.

Quantum diffusion in momentum space is quantified by
the SM of the wavepacket

ℳQ(t) = ⟨p2(t)⟩− (⟨p(t)⟩)2 , (5)

where ⟨p(t)⟩ = ∑n pn|ψn(t)|2/𝒩 is the mean momentum,
⟨p2(t)⟩= ∑n p2

n|ψn(t)|2/𝒩 is the mean square of the momen-
tum, and 𝒩 (t) = ∑n |ψn(t)|2 is the norm of the quantum state.
Note that this kind of definition of ℳQ reduces the contribu-
tion from the norm which exponentially increases with time
in the 𝒫𝒯 symmetry broken phase. We numerically inves-
tigate the ℳQ(t) for a wide regime of λ , so that we can
observe the rich physics resulting from the breaking of 𝒫𝒯
symmetry. In numerical simulations, the initial state is the
ground state of the unperturbed Hamiltonian H0 = p2/2, i.e.,
ψ0(θ) = 1/

√
2π . Our numerical results show that, for small λ

[e.g., λ = 0.02 in Fig. 1(a)], the ℳQ increases during a very
short time interval, after which it is asymptotically unchanged
with time evolution. Correspondingly, both the ⟨p⟩ and ⟨p2⟩
saturate as time evolves [see Fig. 1(b)], which demonstrates
the appearance of dynamical localization. In this situation,
the wave function is exponentially localized in momentum
space and quasiperiodically appears with time evolution [see
Fig. 2(a)]. More important is that such exponentially localized
shape of the wavepacet is asymmetric, for which the proba-
bility distribution in positive momentum is much larger. This
leads to the positive values of mean momentum. It is reason-
able to believe that the mechanism of dynamical localization
governs the quasiperiodic evolution of quantum states, when
the 𝒫𝒯 symmetry is preserved for λ < λc.

We further investigate the wavepackets dynamics for the
case that the value of λ is in the vicinity of the phase-transition
point, i.e., λ ≈ λc. Our numerical results show that the ℳQ
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saturates rapidly with time evolution, while there are some
peaks occurring irregularly [see Fig. 1(c)]. The corresponding
mean values of both ⟨p⟩ and ⟨p2⟩ exhibit the stepwise growth
with time [see Fig. 1(d)]. Detailed observations reveals that
each peak of ℳQ corresponds to the jump of the ⟨p⟩ and ⟨p2⟩
from lower stair to the upper one [see Fig. 1(d)]. And the
plateau of these two mean values corresponds to the saturation
region of the ℳQ. The underlying physics of such intrinsic
phenomenon of the quantum diffusion can be revealed by the
time evolution of wavepackets in momentum space. The com-
parison of the quantum states at different time demonstrates
that the momentum distribution has almost fixed width corre-
sponding to the saturation of ℳQ [see Fig. 2(b)]. The spread-
ing of the wavepackets to the positive direction in momentum
space results in the increase of both the ⟨p⟩ and ⟨p2⟩. In fact,
we previously found that for λ ≈ λc, the quantum state cor-
responding to the appearance of the plateau of mean values is
virtually one of the quasieignstates for which the imaginary
part of the quasienergy εi is significantly large. Moreover,
the quasieignstates are exponentially-localized in momentum
space. The transition of the quantum state between different
quasieigenstates leads to the jumping of mean values.[56]
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Fig. 1. Left panels: Time dependence of the ℳQ. Right panels: Time de-
pendence of ⟨p⟩ (black lines) and ⟨p2⟩ (blue lines). In panel (f), dash-dotted
(green) and dashed (red) lines denote the function of the form ⟨p⟩ ≈ 2πt and
⟨p2⟩ ≈ 4π2t2, respectively. Parameters: λ = 0.02 (top), 0.07 (middle), and
0.5 (bottom) with K = 7 and h̄eff = 1.4.

We also investigate the quantum diffusion for the case
with λ ≫ λc. Our results show that ℳQ(t) saturates very
rapidly as time evolves [e.g., λ = 0.5 in Fig. 1(e)]. Corre-
spondingly, the ⟨p⟩ increases linearly with time, i.e., ⟨p⟩ ∝

t, which leads to the ballistic diffusion of the energy, i.e.,
⟨p2⟩ ∝ t2 [see Fig. 1(f)]. More interestingly, in the process
of the linear acceleration of momentum, the wavepacket has
a stable shape and spreads to the positive direction in mo-
mentum space [see Fig. 2(c)]. In angle coordinate space,
the wavepacket is mainly localized around the position of
θ0 = π/2 [see Fig. 2(d)]. This is due to the gain-or-loss
mechanism of the non-Hermitian kicking potential, i.e., Uλ =

exp[Kλ sin(θ)/h̄eff].[56] The maximum value of Uλ corre-
sponds to θ0. After the action of Uλ , a quantum state is greatly
enlarged within the neighborhood of θ0. Remember that, the
driven force of the real part of the kicking potential K cos(θ) is
positive for θ ∈ (0,π). Therefore, the quantum particle moves
to the positive direction.
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Fig. 2. (a)–(c) Probability density distribution in angular momentum space
with λ = 0.02 (a), 0.07 (b), and 0.5 (c). (d) Probability density distribu-
tion in angle coordinate space for λ = 0.5. The parameters are K = 7 and
h̄eff = 1.4.

3. Chaotic diffusion of complex trajectory
We consider the 𝒫𝒯 KR model for which the Hamiltonian

in dimensionless units takes the form[55,56]

H =
p2

2
+V (θ)∑

j
δ (t − j) , (6)

with
V (θ) = K [cos(θ)+ iλ sin(θ)] , (7)

where p is the angular momentum, θ is the angle coordinate.
The extension of the Hamiltonian principle to this 𝒫𝒯 KR
model yields the classical mapping equation[91]{

pn+1 = pn +K [sin(θn)− iλ cos(θn)] ,

θn+1 = θn + pn+1,
(8)

where θn and pn respectively denote the angle coordinate and
the angular momentum after the n-th kick. It is worth not-
ing that the extension of Hamiltonian canonical equation to
non-Hermitian system has been widely investigated in differ-
ent fields of physics.[4,72–76] It is previously reported that the
complex trajectories, for which the dynamics is governed by
the Hamiltonian canonical equation, provide a new solution
to the brachistochrone problem.[74] The dynamical behavior
of complex trajectories captures the feature of 𝒫𝒯 -symmetry
phase transition.[75] Quantum tunnelling is an anomaly of clas-
sical tunnelling of complex trajectories.[76] Accordingly, the
classical trajectory should be complex{

pn = pr
n + i pi

n,

θn = θ r
n + iθ i

n,
(9)

where pr
n and pi

n denote the real and imaginary parts of mo-
mentum pn, respectively, θ r

n and θ i
n are those of coordinate
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θn. By substituting Eq. (9) into Eq. (8), we get the mapping
equations for complex trajectory

pr
n+1 = pr

n +K sin(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]
,

pi
n+1 = pi

n +K cos(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]
,

θ
r
n+1 = θ

r
n + pr

n+1, θ
i
n+1 = θ

i
n + pi

n+1. (10)

Based on the above equations, we investigate the classical
dynamics of the 𝒫𝒯 KR model. In order to quantify the clas-
sical diffusion, we define the SM (or variance) for the real and
imaginary parts of momentum as

ℳr(t) = ⟨p2
r (t)⟩− (⟨pr(t)⟩)2, (11)

ℳi(t) = ⟨p2
i (t)⟩− (⟨pi(t)⟩)2. (12)

In numerical simulations, we set the initial values of the clas-
sical trajectories as pi = pr = 0, θi = 0, and θr being random
variables uniformly distributed in the interval [−π,π]. The to-
tal number of trajectories is N = 105. We find that the SM
of the real part of momentum exhibits the normal diffusion
ℳr(t) = Dt with D ≈ K2/2 for time smaller than a thresh-
old value, i.e., t < τ . Beyond such a threshold time t > τ , the
ℳr(t) exhibits a sharp transition to saturation (see Fig. 3(a)).
Interestingly, the SM of the imaginary part of momentum ex-
ponentially increases, ℳi(t) ≈ exp(αt + β ), for t < τ , and
it also saturates rapidly if t > τ (see Fig. 3(b)). We further
numerically investigate the dependence of the growth rate α

and factor β on the system parameters. Our numerical result
demonstrates the rule of the form α = 2ln(K) and β = 2ln(λ )
(see Figs. 3(c) and 3(d)).
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Fig. 3. (a)–(b) Time dependence of the ℳr (a) and ℳi (b). In panel (a), red
line indicates the normal diffusion of the form ℳr(t) = Dt with D ≈ K2/2.
Arrow marks the transition points τ beyond which the time evolution of
ℳr departs from the normal diffusion. In panel (b), red line indicates the
analytic expression of the form ℳi(t)≈ exp(αt+β ) in Eq. (13). Arrow in-
dicates the transition point τ for which the time growth of ℳi is faster than
the exponential increase. The parameters are K = 5 and λ = 10−10. (c) The
growth rate α versus ln(K) for λ = 10−10. Red line indicates the analytic
prediction α = 2ln(K) in Eq. (14). (d) The value of β versus ln(λ ) with
K = 5. Red line indicates the analytic expression β = 2ln(λ ) in Eq. (15).

In fact, the classical diffusion is closely related to the ex-
ponential increase of complex trajectories. For example, we

consider a special trajectory with initial value pr
0 = pi

0 = 0
and θ r

0 = θ i
0 = 0. It is easy to prove that, at an arbitrary

time t = n, the real part of both the angle coordinate and an-
gular momentum of this trajectory is zero, i.e., pr

n = 0 and
θ r

n = 0, while its imaginary part exponentially increases, i.e.,
pi

n = θ i
n =−λKn (See Appendix A for detailed derivations of

the expomentially-fast growth of a specific trajectory). There-
fore, it is reasonable to believe that the SM increases in the
way

ℳi(t)≈ (λKn)2 = exp(αt +β ) , (13)

where the growth rate α only depends on K

α = 2ln(K) , (14)

and the factor β is a function of λ

β = 2ln(λ ) . (15)

Our analytical prediction is confirmed by numerical results, as
shown in Figs. 3(c) and 3(d). Note that in the derivation of pi

n

and θ i
n we have used the condition

Kt−1
λ ≪ 1 . (16)

Such exponential increase breaks down if Ktλ ∼ 1. Thus, a
rough estimation for the threshold time is

τ ≈− logK(λ ) . (17)

In order to confirm the above analysis, we numerically inves-
tigate the threshold time τ for different K and λ , which is
depicted in Fig. 4. It is seen that our numerical results are
in good agreement with the analytical prediction in Eq. (17),
which again demonstrates that the exponential growth of the
classical trajectories dominates the chaotic diffusion of this
non-Hermitian system.

10
-40

10
-31

10
-22

10
-13

10
-4

5

14

23

32

41

λ

τ

Fig. 4. Threshold time τ versus λ with K = 5 (squares), 15 (circles), 50
(triangles), and 300 (diamonds). Red lines denote the analytic expression
τ ≈− logK(λ ) in Eq. (17).

4. Quantum–classical correspondence in terms
of OTOC
In recent years, both theoretical[79–86] and

experimental[87–90] investigations show that the OTOC C(t) =
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⟨[Â(t), B̂]2⟩ is an effective indicator of chaos in quantum sys-

tems. We consider the case that both Â and B̂ are angular

momentum operators, hence C(t) =
〈
[p(t), p]2

〉
.[85,92] Note

that, for 𝒫𝒯 -symmetric systems, the norm 𝒩 of quantum

states may exponentially increase with time. To reduce the

contribution of the norm to OTOC, we define the OTOC as

C(t) =
1
𝒩
〈
[p(t), p]2

〉
. (18)

In the semi-classical limit, the quantum OTOC of Hermitian

systems is in consistence with its classical counterpart C(t) =

h̄2
effCcl(t) for time shorter than the Ehrenfest time t < tE.[92]

The classical OTOC is expressed in the Possion bracket

Ccl(t) =
〈
{p(t), p(0)}2〉

cl =

〈(
∂ p(t)
∂x(0)

)2
〉

cl

, (19)

where ⟨· · · ⟩cl denotes the ensemble average over classical tra-
jectories. In numerical simulations, the classical OTOC is ap-
proximated by Ccl(t)≈

〈
δ p2(t)/δx2(0)

〉
cl,

[92] where δ p(t) is
the difference of momentum of two trajectories at time t, δx(0)
is the deviation of the angle coordinate at the initial time.

For the 𝒫𝒯 KR model, the classical trajectories are
complex,[4,72–76] thus δ p = δ pr + iδ pi and δθ = δθr + iδθi.
Accordingly, a reasonable extension of the classical OTOC is
(see Appendix B)

Ccl(t) =

〈
|δ p(t)|2

|δθ(0)|2

〉
cl

, (20)

where | · · · | denotes the modular square of complex variables.
Based on the classical mapping equations in Eq. (10), we get
the tangent mapping equations for the deviation of the two tra-
jectories

δ pr
n+1 = δ pr

n +K sin(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
i
n +K cos(θ r

n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
r
n,

δ pi
n+1 = δ pi

n +K cos(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
i
n −K sin(θ r

n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
r
n,

δθ
r
n+1 = δθ

r
n +δ pr

n+1, δθ
i
n+1 = δθ

i
n +δ pi

n+1, (21)

where the superscript ‘r (i)’ denotes the real (imaginary) part
of a complex variable, and the subscript ‘n’ indicates the time
t = n. In numerical simulations, we set the initial values as
δ pr

0 = δ pi
0 = 0, δθ r

0 = |δθ0|cos(φ), and δθ i
0 = |δθ0|sin(φ)

with |δθ0| = 10−10 and φ = π/4. For quantum simula-
tions, the initial state is set as a Gaussian function ψ(θ) =

(σ/π)1/4 exp(−σθ 2/2) with σ = 10.
Our investigation shows that, for very small λ (e.g.,

λ = 10−5), the quantum OTOC is in good agreement with
its classical counterpart during the Ehrenfest time t < tE [see
Fig. 5(a)]. Both of them increase exponentially with time

ln↼K↽

C
↼t

↽

γ
↪ 
α

t

tE

∝eγt

∝t

2 43
3

6

9

5102101
10-4

100

100

104

108
(a) (b)

Fig. 5. (a) Time dependence of C(t) (filled symbols) for λ = 10−5 (circles),
0.005 (triangles), 0.007 (squares), and 0.01 (diamonds). The parameters are
K = 8 and h̄eff = 0.01. Dash line denotes the power-law increase of the form
C(t) ∝ t2. In comparison, the empty circles denote the product of the clas-
sical OTOC with h̄2

eff, i.e., h̄2
effCcl(t) for λ = 10−5. Dash-dotted line (red)

denotes the exponential increases of the form C(t) ∝ eγt with γ = 2ln(K).
Arrow marks the Ehrenfest time tE for λ = 10−5. (b) Comparison of α (cir-
cles) and γ (squares) for different K with λ = 10−10 and h̄eff = 0.001. Red
dashed line indicates our analytic prediction α = 2ln(K) in Eq. (14).

C(t) ∝ eγt . Such quantum–classical correspondence demon-
strates that the extension of the Hamiltonian equation to non-
Hermitian systems is valid. For t > tE, the time evolution of
quantum OTOC exhibits a clear transition to the power-law
increase C(t) ∝ t2, which is similar to that of the Hermitian
case.[85] In addition, we numerically investigate the dynamics
of OTOC for different λ , which is qualitatively the same [see
Fig. 5(a)]. As a further step, we investigate the growth rate γ

of C(t) for different K. Interestingly, the growth rate γ equals
to that of ℳi(t), i.e., γ = α [see Fig. 5(b)]. Therefore, we can
believe that the quantum OTOC is a signature of the chaotic
diffusion of complex trajectory.

5. Summary

In this work, we make detailed investigations on both
the classical and quantum dynamics of the 𝒫𝒯 KR model.
For λ ≈ λc, the SM of the wavepacket in momentum space
ℳQ is asymptotically unchanged with time evolution, except
some peaks occurring irregularly. This is due to the fact that
the quantum states evolve to the quasieigenstates which are
exponentially localized at different positions in momentum
space. The transition between different quasieigenstates leads
to the irregular occurrence of the peaks of ℳQ. In this situa-
tion, both the ⟨p(t)⟩ and ⟨p2(t)⟩ exhibit the staircase growth
with time. For λ ≫ λc, the non-Hermitian kicking poten-
tial produces the stabilized wavepakets, which accelerates un-
boundedly towards the positive direction, i.e., ⟨p(t)⟩ ∝ t. In
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this situation, the quantum particle diffuses ballistically i.e.,
⟨p2(t)⟩ ∝ t2 with fixed value of ℳQ.

For the classical dynamics, some trajectories exponen-
tially increase with time, which leads to the exponentially-fast
diffusion of imaginary momentum, i.e., ℳi(t)≈ exp(αt +β )

with α = 2ln(K) and β = 2ln(λ ). The real part of the momen-
tum exhibits the normal diffusion, i.e., ℳr = Dt. The classi-
cal diffusion for both the real and imaginary momenta breaks
down at a threshold time which depends on the system param-
eter in the form of τ ≈ − logK(λ ). The quantum signature
of chaotic diffusion of complex trajectories is reflected by the
dynamics of the OTOC C(t). In the semiclassical regime, the
OTOC increases exponentially with time C(t) ∝ eγt for time
smaller than the Ehrenfest time, i.e., t < tE, after which it in-
creases with the power law, i.e., C(t) ∝ t2. The growth rate γ

of C(t) equals to that of ℳi(t), which demonstrates that the
OTOC is the fingerprint of chaotic diffusion of complex tra-
jectories. Our investigation is helpful for understanding the
quantum–classical correspondence in non-Hermitian systems.

Appendix A: Exponentially-fast growth of a spe-
cial trajectory

The classical mapping equations for the complex trajec-
tory read

pr
n+1 = pr

n +K sin(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]
,

pi
n+1 = pi

n +K cos(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]
,

θ
r
n+1 =θ

r
n + pr

n+1, θ
i
n+1 = θ

i
n + pi

n+1. (A1)

Let us consider a special trajectory with the initial values
(θ r

0 = 0,θ i
0 = 0, pr

0 = 0, pi
0 = 0). The above mapping equa-

tion yields the trajectory, at the time t = 1, pr
1 = θ r

1 = 0,
pi

1 = θ i
1 = −Kλ . By repeating the same derivation, one can

find that the real part of the trajectory at the time t = 2 is zero,
pr

2 = θ r
2 = 0. The imaginary part of momentum has the expres-

sion pi
2 = −Kλ +K [sinh(−Kλ )−λ cosh(−Kλ )]. In condi-

tion of Kλ ≪ 1 and K ≫ 1, the pi
2 is approximated as

pi
2 ≈−2Kλ −K2

λ ≈−K2
λ , (A2)

where we have used the approximation sinh(Kλ ) ≈ Kλ and
cosh(Kλ )≈ 1 for Kλ ≪ 1, and neglected the first term −2Kλ

on the right of the above equation, since Kλ ≪K2λ for K ≫ 1.
The imaginary part of the angle coordinate reads

θ
i
2 = θ

i
1 + pi

2 =−Kλ −K2
λ ≈−K2

λ . (A3)

It is straightforward to get the real parts of the classical
trajectory at t = 3, i.e., pr

3 = 0 and θ r
3 = 0. The imaginary part

of the momentum is

pi
3 =−K2

λ +K
[
sinh(−K2

λ )−λ cosh(−K2
λ )
]
.

In condition of K2λ ≪ 1 and K ≫ 1, the pi
3 is estimated as

pi
3 ≈−K2

λ +K
(
−K2

λ −λ
)
≈−K3

λ . (A4)

The imaginary part of the angle coordinate is expressed as

θ
i
3 = θ

i
2 + pi

3 =−K2
λ −K3

λ ≈−K3
λ . (A5)

By repeating the same procedure we get the trajectory at
any time t = n,

pr
n = θ

r
n = 0,

pi
n ≈−Kn

λ ,

θ
i
n ≈−Kn

λ . (A6)

It is evident that, the value of both θ i
t and pi

t exponentially
grows with time. Note that in the derivation of pi

n and θ i
n we

have used the condition Kn−1λ ≪ 1. Such exponentially-fast
growth will break once Ktλ ≈ 1.

Appendix B: Classical tangent mapping equa-
tion for calculating OTOC

The classical dynamics is governed by the mapping equa-
tions in Eq. (A1). Let us consider two complex trajectories
(θ r

n,θ
i
n, pr

n, pi
n) and (θ̃ r

n, θ̃
i
n, p̃i

n, p̃i
n) for which the deviation is

defined as δ pr
n = p̃r

n − pr
n, δ pi

n = p̃i
n − pi

n, δθ r
n = θ̃ r

n − θ r
n,

and δθ i
n = θ̃ i

n − θ i
n. From the classical mapping equations in

Eq. (A1), we get the mapping equations of the deviation

δ pr
n+1 =δ pr

n +K sin(θ̃ r
n)
[
cosh(θ̃ i

n)−λ sinh(θ̃ i
n)
]

−K sin(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]
,

δ pi
n+1 =δ pi

n +K cos(θ̃ r
n)
[
sinh(θ̃ i

n)−λ cosh(θ̃ i
n)
]

−K cos(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]
,

δθ
r
n+1 =δθ

r
n +δ pr

n+1, δθ
i
n+1 = δθ

i
n +δ pi

n+1. (B1)

The evolution equations for δ pr
n and δ pr

n are nonlin-
ear due to the sinusoidal (or cosinoidal) dependence
on θ̃ r

n. For small δθ r
n and δθ i

n, there are approxi-
mations that sin(θ̃ r

n) ≈ sin(θ r
n) + cos(θ r

n)δθ r
n, cos(θ̃ r

n) ≈
cos(θ r

n) − sin(θ r
n)δθ r

n, sinh(θ̃ i
n) ≈ sinh(θ i

n) + δθ i
n cosh(θ i

n),
and cosh(θ̃ i

n) ≈ cosh(θ i
n)+ δθ i

n sinh(θ i
n). By straightforward

calculation, we get the mapping equations for δ pr
n and δ pi

n

δ pr
n+1 =δ pr

n +K sin(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
i
n

+K cos(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
r
n,

δ pi
n+1 =δ pi

n +K cos(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
i
n

−K sin(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
r
n .

As a conclusion, the tangent mapping equations for the devia-
tion of the classical trajectories read

120302-6



Chin. Phys. B Vol. 29, No. 12 (2020) 120302

δ pr
n+1 =δ pr

n +K sin(θ r
n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
i
n +K cos(θ r

n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
r
n,

δ pi
n+1 =δ pi

n +K cos(θ r
n)
[
cosh(θ i

n)−λ sinh(θ i
n)
]

δθ
i
n −K sin(θ r

n)
[
sinh(θ i

n)−λ cosh(θ i
n)
]

δθ
r
n,

δθ
r
n+1 =δθ

r
n +δ pr

n+1, δθ
i
n+1 = δθ

i
n +δ pi

n+1. (B2)

In Hermitian systems, the classical OTOC is defined
as[92]

Ccl(t) =

〈[
∂ p(t)
∂θ(0)

]2
〉

cl

≈

〈[
δ p(t)
δθ(0)

]2
〉

cl

. (B3)

We make an extension to non-Hermitian systems. Considering
δ p(t) = δ pr(t)+ iδ pi(t) and δθ(0) = δθr(0)+ iδθi(0), it is
reasonable to replace the square in the above equation with
the modular square, i.e., |δ p(t)|2 = |δ pr(t)|2 + |δ pi(t)|2 and
|δθ(0)|2 = |δθr(0)|2+ |δθi(0)|2. Then, the OTOC has the ex-
pression

Ccl(t)≈

〈
|δ p(t)|2

|δθ(0)|2

〉
cl

. (B4)

It is known that, in the semi-classical limit, the quantum
OTOC of Hermitian systems is consistent with its classical
counterpart C(t) ≈ h̄2

effCcl(t). We numerically simulate the
time evolution of (δθ r

n,δθ i
n,δ pr

n,δ pi
n) according to Eq. (B2),

and thus investigate the classical OTOC. Interestingly, the
quantum–classical correspondence of OTOC exists in non-
Hermitian systems, which proves that the extension of the
Hamiltonian equation to non-Hermitian systems is valid.
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