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The pulse generation from active mode-locking terahertz quantum cascade laser is studied by Maxwell–Bloch equa-
tions. It is shown that longer dephasing time will lead to multiple pulses generation from the laser. The dependence of
output field on modulation length and radio-frequency parameters is obtained. In order to achieve short pulse generation,
the DC bias should close to threshold value and modulation length should be shorter than 0.256 mm. The output pulse
is unstable and the envelope shows many oscillations in the presence of spatial hole burning, resulting destabilization of
mode-locking.

Keywords: terahertz (THz), quantum cascade lasers (QCLs), mode-locking, spatial hole burning (SHB)
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1. Introduction
Quantum cascade lasers (QCLs) based on electronic in-

tersubband transitions in the conduction band of multilayered
heterostructures are unipolar semiconductor lasers.[1] The ma-
jor advantage of QCLs is spectral flexibility, the output fre-
quency of the laser is dictated by the active region design.[2]

In recent years, the widespread use of stable mode-locking
lasers has promoted the development of chemistry, physics,
and biology.[3–6] QCL provids a good candidate for realiz-
ing mode-locking technology. Since the first terahertz (THz)
QCL invented in 2002, the generation of ultra-short pulses us-
ing THz QCLs has been developed with different approaches.
The main purpose is to realize compact, electrically-pumped
THz pulsed source, to study the dynamic characteristics of
solid-state system by ultrafast spectroscopy, or to replace the
THz time domain spectral system in practical applications.[7]

The approach based on active mode-locking through radio-
frequency (RF) modulation is the simplest solution to realize
ultra-short pulse generation.

Active mode-locking of QCLs was reported by Paiella et
al.[8] in 2000, the evidence of mode-locking is obtained from
the measured optical spectral and the power spectral of the
photocurrent. Wang et al.[9] studied mode-locking pulses gen-
eration in mid-infrared QCLs. The train of short pulses was
generated by actively modulating the current. The pulse du-
ration was characterized using a second-order interferometric
autocorrelation technique based on a nonlinear quantum well
infrared photodetector. Gkortsas et al.[10] have studied the

impact of upper state lifetime limits and spatial hole burning
(SHB) on achieving stable short pulse generation from actively
mode-locking QCLs by numerical simulations. The effect of
SHB on the laser output was also studied in Ref. [11]. Bar-
bieri et al.[12] detected the emitted pulse train by a coherent
sampling technique and active frequency stabilization. They
demonstrated that active mode-locking of THz QCLs can be
achieved by modulating the bias current with an RF synthe-
sizer. Freeman et al.[12] investigated the dependence of THz
pulse width on the modulation power and driven current us-
ing an optical sampling technique. Besides, the use of active
mode-locking to generate THz frequency combs from QCLs
has become a routine affair.[13–15] Forrer et al.[16] demon-
strated QCL can be injection locked at the cavity roundtrip
frequency with small RF powers when devices operated spon-
taneously in a dense mode regime of harmonic comb state.

Since active mode-locking has been achieved experimen-
tally, while the physical mechanism of short pulse generation
from modulated THz QCL with SHB is still poorly under-
stood. The temporal output of lasers with modulation is un-
known. In this paper, we simulate active mode-locking dy-
namics by extensive numerical simulations with and without
SHB. First, the impact of the dephasing time on pulse shape is
studied. Then the role of modulation parameters on output in-
tensity and duration is clarified. SHB in pulse shaping, stabil-
ity of mode-locking is discussed. It leads to pulse broadening
and destabilization from the laser.
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2. Theoretical model and main equations
We consider the mode-locking dynamics in THz QCL,

which has been studied in Refs. [17,18]. The device was fab-
ricated and processed in 1-mm long and 100-µm wide. The
working temperature is 25 K and the threshold is 12.5 kV/cm.
The electrons in upper subband 4 arrive at lower subbands by
vertical radiation and non-radiative transition, and then experi-
ence fast electron-longitudinal phonon scattering relax to sub-
band 1. Finally, the electrons in injector subband 1 are injected
into subband 4 of next period. The process then repeats in this
period. The dynamics of four subbands system are described
by solving one-dimensional full Maxwell–Bloch equations

∂tn4 = J− i
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(P43 −P*
43)−

n4

t43
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Here, n4, n3, n2, n1 are the mean occupation probabilities of
the corresponding subbands, P43 is the off-diagonal element of
the density matrix, ω and d are resonant frequency and electric
dipole matrix element between subband 4 and subband 3, re-
spectively. T2 is the dephasing time, which is related to many
factors, such as the growth of materials, impurities, and so on.
The typical tunneling pure dephasing time ranges from 0.37 ps
to 0.44 ps in this device.[19] J is the pumping rate that is pro-
portional to the injection field. As discussed in Refs. [10,12],
D is the diffusion coefficient, which is set as zero. n is the re-
fractive index and N is the electron doping concentration. ℰ0

is the vacuum dielectric constant. We divide the cavity into
two sections like mid-infrared QCLs, sinusoidal modulation
of the pump current with the roundtrip frequency injected into
modulated section and DC current injected into whole cavity,
as shown in Fig. 1.

DC+RF DC

Fig. 1. Active mode-locking is realized by gain modulation with RF
signal in THz QCL.

The electric fields propagate in two directions in cavity,
and coupled to share the same medium, which gives rise to
SHB. The quantities +, − represent waves traveling to the

right and left directions, respectively. We substitute the ansatz
used in Refs. [9–11,20] for Eqs. (1)–(6). In the slowly varying
envelope approximation, the equations are transformed to
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Here, lw is the waveguide loss. Trad is the spontaneous radia-
tive lifetime and β is the small geometric factor measuring
the fraction of spontaneous emission coupled to the transverse
laser mode.[11] E± and η± are slowing varying envelopes of
the electric field and polarization, respectively. k = nω/c. The
electric field E and polarization P43 are obtained by multiply-
ing e−i(ωt∓kz) and E±, η±. The population of subband i is
described by ni = ni0 + ni2e2ikz + n*i2e−2ikz. The injection J
has the same form like electron population

J = J0 + J2e2ikz + J*2 e−2ikz. (19)

In QCLs, there are also losses upon two cleaved facets
caused by reflection, which located at z = 0 and z = L. At
each facet, the reflection law is dictated by the Fresnel laws.

3. Simulation results and discussion
We simulate active mode-locking dynamics without and

then with SHB. The parameters used in caculation are listed
in Table 1. The modulated section length is expressed by lmod.
The DC bias Vdc is applied to the whole cavity, and the RF
signal on modulated section is written as

V mod =Vdc +Vmod,amp sin(2πt/Tround). (20)
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Table 1. Parameters used in simulations.

Quantity Symbol Value

Dephasing time/ps T2 10.0
Life time/ps t43 31.7
Life time/ps t42 33.5
Life time/ps t32 13.5
Life time/ps t31 2.90
Life time/ps t21 0.98
Cavity loss/cm−1 lw 10.0
Roundtrip time/ps Tround 24.0
Refractive index n 3.60
Electric dipole matrix element/Å d 57.6e
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Fig. 2. Pump (a), normalized intensity [(b1), (c1), and (d1)] and inversion
[(b2), (c2), (d2)] for middle point inside modulation section for different de-
phasing times with (red line) and without (blue line) SHB. (b) T2 = 10.0 ps,
(c) T2 = 1.0 ps, (d) T2 = 0.1 ps. The abbreviations are listed below. The
shorthand notation “Inv.” is inversion, “No. int.” is normalized intensity.

The dynamics of the THz QCL is investigated when SHB
is not included by solving the Maxwell–Bloch equations with
ni2 = 0. To include the SHB in the model we use Eqs. (7)–(18)
in the simulation. The DC bias, modulation amplitude and
length are fixed at 12.501 kV/cm, 1.0 kV/cm, and 0.008 mm,
respectively. The effect of dephasing time in population inver-
sion and resonant tunneling of this device have been discussed
in Refs. [18,21]. We still range the dephasing time from 10 ps
to 0.1 ps. Figure 2 shows pumping, the evolution of electric
field, and the population inversion for middle point inside the
modulated section. The effect of dephasing time is much obvi-
ous as illustrated in Figs. 2(b)–2(d). Here, the pulse intensity
increases and the multiple pulse appears when the dephasing
time is increased. For short dephasing time (< 0.1 ps), the en-
velope of electric field tends to be the single pulse envelope.
Since the roundtrip time is close to the gain recovery time, the
inversion does not keep in step with the pumping. The inver-
sion is delayed about 0.5π compared with pumping. The pulse
peak does not follow the inversion peak due to the long gain
recovery time compared to the pulse duration time. The ef-
fect of SHB described by the pulse shape is significant. Rapid
oscillations within the multiple pulse envelope are generated,
both pulse intensity and duration time increase in the presence
of SHB. In Fig. 3, we compare the spectral intensity. In the

presence of SHB, the number of excited modes is decreased.
Also, it will take a long time before the pulse eventually stabi-
lizes.
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Fig. 3. Spectral intensity for middle point inside modulation section for
T2 = 10.0 ps without (a) and with (b) SHB.
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Fig. 4. The output field normalized intensity for different modulation
lengths with (red line) and without (blue line) SHB. (a) lmod = 0.004 mm,
(b) lmod = 0.008 mm, (c) lmod = 0.016 mm, (d) lmod = 0.064 mm, (e)
lmod = 0.128 mm, (f) lmod = 0.256 mm.

Then, the laser dynamics under modulation section length
is discussed. Figure 4 shows the intensity of the output pulses
for different modulation section lengths and constant modu-
lation pumping. The DC bias and modulation amplitude are
fixed at 12.501 kV/cm and 0.4 kV/cm, respectively. As ex-
pected, multiple pulse is formed by the effect of long dephas-
ing time. At the same time, the shape of the pulse shows
several fine structures due to SHB. The formation of the os-
cillation is due to the decorrelation of the phase between the
modes.[10] The pulse duration time depends on the modula-
tion section length. When the modulated section length lmod

increases from 0.004 mm to 0.016 mm, more modes are las-
ing, the pulse intensity tends to increase and the duration time
decrease. For longer modulation length, the window of the
net gain becomes wider,[11] resulting the pulse broadening and
its intensity rising. Furthermore, the simulated intensity with
SHB is greater than that without SHB [Figs. 4(a)–4(d)], which
is also clearly seen in Fig. 2. The locked pulse does not exist
when lmod increased to 0.256 mm, the pulse duration time al-
most extends to the whole roundtrip time and its peak intensity
varies with lmod irregularly (Fig. 4(f)).
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To understand the effect of modulation amplitude
Vmod,amp on the output pulse, in Fig. 5, we show the output
laser field for varying modulation amplitude. The THz QCL
has a fixed DC bias of 12.501 kV/cm and modulation length
of 0.008 mm. The modulation section acts as a gain modula-
tor, which drives a large number of longitudinal modes above
threshold. As the modulation amplitude increases, we find that
the output field of the laser is pulsed and the intensity of the
pulse increases as the applied Vmod,amp increases. It is interest-
ing to note that when the laser working at 1.005 kV/cm, the
oscillations within multiple pulse envelope are stronger than
the laser works at 0.3 kV/cm in the presence of SHB.
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Fig. 5. The output field normalized intensity for different modulation ampli-
tudes with (red line) and without (blue line) SHB. (a) Vmod,amp = 0.3 kV/cm,
(b) Vmod,amp = 0.5 kV/cm, (c) Vmod,amp = 0.7 kV/cm, (d) Vmod,amp =
1.005 kV/cm.

N
o
r
m

a
li
z
e
d
 i
n
t
e
n
s
it
y
/
a
r
b
. 
u
n
it
s

Time/Tround

0

1

0

1

0

1

0 2
0

1

(a)

(b)

(c)

(d)

Fig. 6. The output field normalized intensity for different DC bias with
(red line) and without (blue line) SHB. (a) Vdc = 12.501 kV/cm, (b) Vdc =
12.51 kV/cm, (c) Vdc = 12.55 kV/cm, (d) Vdc = 12.6 kV/cm.

In Fig. 6, we simulate the output intensity for various
DC bias when modulation amplitude and length are fixed at
0.45 kV/cm and 0.008 mm. The unmodulated section works
as an amplifier, which will lead the pulse reshaping towards
longer duration. When the DC bias is close to threshold, the
pulse is weak. The amplifier is weakly saturated, which min-
imizes the pulse lengthening. With increasing of DC bias, the
output intensity increases and the gain saturation broadens the
pulse clearly. As explained above, the pulse intensity and du-
ration time increase as the DC bias increases. There is no iso-
lated pulse when DC bias is greater than 12.55 kV/cm, and

only the intensity is modulated, as shown in Figs. 6(c)–6(d).
The output electric field turns into chaotic pulsations in the
presence of SHB as shown in Fig. 6(d).

4. Conclusion
We have numerically studied the active mode-locking dy-

namics of THz QCLs with Maxwell–Bloch equations. It is
found that the pulse performance of QCL with a long dephas-
ing time is much more complex as compared to that with a
short dephasing time. The output pulse intensity varies with
modulation length and pumping. A stable short pulse is gen-
erated when DC bias approaches the threshold bias. Besides,
the pulse duration time can be controlled by tuning the modu-
lation length at a suitable position. SHB helps to increase the
output intensity and duration, but deteriorates the pulse quality
and makes the pulse oscillating.
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