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New two-component vector breather solution of the modified Benjamin—-Bona—Mahony (MBBM) equation is con-
sidered. Using the generalized perturbation reduction method, the MBBM equation is reduced to the coupled nonlinear
Schrodinger equations for auxiliary functions. Explicit analytical expressions for the profile and parameters of the vector
breather oscillating with the sum and difference of the frequencies and wavenumbers are presented. The two-component
vector breather and single-component scalar breather of the MBBM equation is compared.
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1. Introduction

A solitary wave is a localized highly stable nonlinear
wave that maintains its profile when it propagates at a con-
stant speed through a medium. The existence of solitary waves
in the form of a soliton and its various modifications, includ-
ing breather (pulsing soliton) and vector soliton, among oth-
ers, is one of the most striking demonstrations of the nonlin-
ear properties of the medium in which they are propagating.
Such waves are encountered in a wide variety of research fields
pertaining to optics, acoustics, plasma, hydrodynamics, parti-
cle physics, etc. Depending on the nature of the nonlinear-
ity, various mechanisms of the formation of nonlinear solitary
waves are realized. However, the general properties of solitary
waves in different materials and physical situations can be sim-
ilar. Usually, two main types of solitary waves are considered:
single-component (scalar) and two-component (vector) non-
linear waves. Among single-component solitary waves, soli-
ton and breather are investigated quite often. However, the
breather is of special interest because it can be propagated at
a relatively low intensity of the wave in comparison to the
soliton. They have been studied for a very long time, both
theoretically and experimentally, in a lot of nonlinear phys-
ical phenomena.!'23! In addition to single-component scalar
breathers, two-component waves, such as vector solitons, are
also considered in various physical systems, such as optical

24,25] Recently, in optics, as well as in acoustics,

waveguides. !
some special varieties of two-component waves, which are
the bound state of two small-amplitude scalar one-component
breathers with the same polarization, have been investigated.
One breather oscillates with the sum, and the other with the
difference of the frequencies and wavenumbers (SDFW). This
nonlinear two-component wave has a very special profile that

differs in shape among all other nonlinear solitary waves (see
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Fig. 1). In the theory of self-induced transparency, such a non-
linear solitary wave is called the vector Oz pulse.!26-3%]
The behavior of the

component solitary waves can be described mathematically by

single-component and two-

means of nonlinear partial differential equations. These in-
clude the Sine—Gordon equation (SGE), the Maxwell-Bloch
equations, the Maxwell-Liouville equations, the wave equa-
tion in Kerr media, the system of wave equation and mate-
rial equations for two-photon resonant transitions, the system
of the magnetic Bloch equations and the elastic wave equa-
tion, among others. The inverse scattering transform (IST),
the perturbative reduction method (PRM), and several other
approaches to solve the nonlinear differential equations and
to analyze the solitary waves have been applied.!!!=36] In
particular, a small-amplitude breather solution of SGE can
be obtained by means of IST (see Appendix A: As a point
of clarification, there have been two different definitions of
“breathers” which do cause confusion. The standard defini-
tion of “breathers” was a bound state of a two-soliton solution
of the nonlinear wave equation, for instance, SGE, Bloch—
Maxwell equations, efc. and is manifestly stable against in-
finitesimal perturbations of the initial data. But certain two-
soliton solutions of some other nonlinear equations, such as
the scalar NSE and others, have also been called “breathers”
solutions, provided that each soliton in the breather had ex-
actly the same velocity, such that they would travel as a unit
and would oscillate. But they were manifestly unstable to al-
most any infinitesimal perturbation of the initial data, upon
which they would slowly separate, since the binding energy
was zero. We are considering the original definition of the
breather, as being a stable, bound state of two solitons. In the
low intensity limit, the envelope of this breather is described
by a one-soliton solution of the scalar NSE. Such situation
take place, for instance, for SGE and Bloch—-Maxwell equa-
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tions when small amplitude breathers of these equations are
connected with the one-soliton solution of the scalar NSE![!-6]),

The two-component vector breathers oscillating with the
SDFW have been considered for optical and acoustic waves
by means of the Maxwell-Bloch equations, the Maxwell—
Liouville equations, and SGE, among others, using the re-
cently developed generalized version of the PRM. [26-30.38.39]
But a question is evoked: Is this two-component nonlinear
wave specifically for optics and acoustics, or does it have a
more general character, and can it be met in other fields of
research, such as plasma, hydrodynamics, efc.? Regarding
this, it is natural to consider other materials and correspond-
ing nonlinear differential equations. Physical systems, other
than those in optics and acoustics, can be described by means
of the nonlinear dispersive modified Benjamin—-Bona—Mahony
(MBBM) equation. This equation was derived to describe an
approximation for surface long waves in dispersive nonlin-
ear materials, with phonon properties in the anharmonic crys-
tal lattice, acoustic-gravity waves in compressible fluids, and
hydro-magnetic waves in cold plasma.

The generalized MBBM equation has the form 40—

us + Cuy + Bug, +au"u, = 0.

When n = 2 this equation called the nonlinear dispersive
MBBM equation

ut+Cuz+ﬁuzzz+a”2”z =0, (1)

or in the dimensionless form[#4!

2
U+ Uz + gz +auu; =0,

where u(z,t) is a real function of space and time, z is spatial
variable and ¢ is time variable. C, 3, and a are arbitrary con-
stants.

Equation (1) have been considered as an improve-
ment of the modified Korteweg—de Vries (MKdV) equation
which is also well known in different field of research and
applications, [41:43-46]

Sometimes, another form of the MBBM equation is also

considered!*7-48!

Uy + Cuz + Buzz +autu; = 0.
The linear part of MBBM equation (1) is given by
Uy + Cuz + Buy; =0,

which describes dispersive effect to the equation and yields

dispersion relation between the wavenumber k and frequency
:

o = Ck— Bk>. )

In the system of coordinates moving along the axis z with

velocity C, equation (1) is transformed to the MKdV equation

Uy + Bty +autuy, =0, 3)

where

y=z—Ct, t=t. )

Equation (3) has been proposed as a model to describe
the nonlinear evolution of plasma waves, the dynamics of
thin elastic rods, phonons in anharmonic lattices, meandering
ocean currents, traffic congestion, hyperbolic surfaces, ion-
acoustic solitons, Alfven waves in collisionless plasmas, slag-
metallic bath interfaces, and Schottky barrier transmission

(491 There are many different approaches

lines, among others.
in finding the solutions of the MKdV equation; in particu-
lar, through the means of the IST and the single-component
(scalar) N-solitons and breathers, exact solutions have been
studied. 42501

Although the properties of various solitary waves of
the MBBM (MKdV) equation have been studied, a two-
component breather oscillating with the SDFW, which is the
superposition of two single-component breathers, has not been
considered till date. The purpose of the present work is to
theoretically investigate the connection between the MBBM
equation (1) and the coupled nonlinear Schrodinger equations
(NSEs) and to study the two-component breather solution os-
cillating with the SDFW of the MBBM equation by using
the generalized PRM and the comparison with the single-
component (scalar) breather of this equation analyzed by the
PRM.

The rest of this paper is organized as follows: Section 2
is devoted to the two-component (vector) breather solution
oscillating with the SDFW of the MBBM equation by using
the generalized version of the PRM. In Section 3, we will in-
vestigate the one-component (scalar) breather solution of the
MBBM equation with the PRM in standard form. Finally, in
Section 4, we will compare the two methods, PRM in standard
form and the generalized PRM and corresponding solutions,
and discuss the obtained results.

2. Vector breather and the generalized PRM

In the beginning, we simplify Eq. (1) by using the method
of slowly varying envelope approximation in the following

form: 4311

u=Y iz, (%)
I=%1

where 7, = eil(ke—o1)

is the fast oscillating part of the carrier
wave and #; are the slowly varying complex amplitudes which
satisfied inequalities

iy

ot

on
< oli, ]az" < K. ®)

To guarantee the reality of the function u, we set ii; = i#* I

Substituting Eq. (5) into Eq. (1), taking into account
Eq. (6), we obtain the wave equation for slowly envelope func-
tions #; as follows:

020503-2
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Ay oy 9%

I=%1

and the connection between the parameters @ and k, is given
by Eq. (2).

In order to study the two-component nonlinear wave so-
lution of the Eq. (1), we use the generalized PRM developed in
Refs. [26,27,30,52] which makes it possible to transform the
MBBM equation for the slowly varying envelope functions #;
in Eq. (7) to the coupled NSEs for auxiliary functions fl(g) As
a result, we obtain a two-component vector breather oscillat-
ing with the SDFW. Using this method, the complex envelope
function i; can be represented in the following form

=

+oo
) =Y Y eYnf(Gn ), ®)

o=1n=—oo
where € is a small parameter,

Yl,n P ein(Qltnzf-Ql,nt)’

o0 oo po] (@)

~ 9 : J
Z Z Z EaZlYl,n inﬁfl(ﬁ)‘i’gdl,n L +?’ﬁl‘cszlz,n(lk+an.n)

aCl,n

=1 a=1n=—c0

+&%ia Z

Loml! N.N'==+1

where

Wy, = —in(Q, — CO1,+3BK1Q;,
+ 3BInkQ;, + Bn*Q} ),

Jin = Q(—vey, +C—3BK°1> —6B1knQ1 ,, —3B1n° Q7). (10)

There are four independent equations for the different val-
ues/ ==+1and n==£1.

Equating to zero, the terms with the same powers of a
small parameter €, we obtain a series of equations. In the first
order of €, we obtain the following equation

© (1)
Y Y zy..) =o. (11
[=+1n=—oc0

From Egs. (10) and (11), we can establish a connection
between different values of the parameters £, and Q;,. In
particular, when

Qi1 21 —COus1 41 +3BK* Q1 41

+3BkQL, 1y +BOL 4 =0, (12)

\

) afﬁ)il 2 azfill).il
—i— +3ﬁQ+1il(kiQ+lil)m

Y TRl Tl
Y o T (C—3BK*1%) 3 +3Bilk 322 +B

9y .. Oy
TZ3 Z=-a Z Zy y iy Arim (ll/kul’ + azl ) @)

Lm,)l’

\
Cl,n = ng,n(Z - Vg;l,nt)’
dey,

_ o2 —
T=E€"1, Vg;l'n_dQl .
n

Consequently, it is assumed that the quantities €2; ,, Oy 5.
and fl(f:f) satisfy the inequalities for any / and n:

> 917,1,

Iy
ot

k> Ql,na

< Q|19

)

of%

(o)
an fl,n :

< Ql,n

Substituting Eq. (8) into Eq. (7), we obtain

2@ @)
In 27J1n 3
aCIZJ, P +0(¢g)

ZL+m+l’YL,NYm,N’fIE.lA)/f,it;v/ (l/k+Qz',,+1)Y1’.+1fl(glL+(1/k—Qz',—1)Yz'7—1f,(/21 +0(eh) =0, (9

\
then fill), 11 7 0. In the case when

Qi1 —COx1 51 +3BK* 01 51
~3BkQL 21 +BOL 51 =0, (13)

then f\)_ 0

en fil,;l #£0.
From Eq. (9), in the second order of €, we obtain the fol-

lowing equation:

1
i)
aCl,n

y *Z“’ @
ZlYl,n Qnl,nf]m +31,n
[=t1n=—o0

=0. (14

Taking into account Egs. (12) and (13), from Eq. (14) we ob-
tain the following equations:

~ ~ 2 2
J+1,+41 =J+1,71 =0, fJ(rl),iz = f£1)7i2 =0,

Veiiy o) =C—3BK —6BkQs1 11 —3B07%, 1y,
Veit1,1 = C—3Bk* +6BkQ1 71 —3ﬁQ2i]’¥l. (15)

From Eq. (9), we have in the third order of € the system
of equations proportional to Z; and Z_1, respectively

+a(k+Q141) [‘fill),¢1|2+2|f$1),¢1|2 fJ(rll),il =0,
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1 1
i afﬁl)":,:l 82f£1)7q21

ST L3B02 ikt Q) o +altk£ Qo) (7 P2 ) £ =o.

s

1,71

(16)

We consider the equation proportional to the Z in detail, the complex-conjugation equations proportional to the Z_; can be

considered similarly.

After a transformation back to the variables z and ¢, from Eq. (16) we obtain the coupled NSEs in the following form:

. <3U+1 9U+1) 9°Uy,
1 tve +

ot dz 022
i <8U_1 . oU_, ) . *U_,
ot dz 072
where
Ui = 8f$1)¢17 Ve = Ve aps
p+=—"3B(kx041,41),
g+ = —ak+ Q41 +1), r+=2qx,
Q=0 1=04;, Q4 1=011=0,
O1141=0-1-1=0+1, Q41-1=0-1+1=0-1. (18)

Equations (17) are the characterizing bound state of the
two breathers. One breather is described by means of the
function U, and the second breather by the function U_;.
These breathers propagate in the same direction, with the same
constant velocities, and have identical polarizations. In the
process of propagation, they interact with each other and ex-
change energy. This connection between breathers is char-
acterized by the cross terms in Egs. (17), r+|U,1|2U+1, and
r_\U+1|2U_1.
component vector pulse that consists of the two breathers.

As a result, we obtain one steady-state two-

In order to describe properties of the vector two-component
pulse, we have to find solutions for the coupled NSEs for the
auxiliary functions Uy and U_.

We will seek the steady-state solutions of Egs. (17) for
the functions U4 in the following form:

Up =K. S(E)e'?, (19)

where @4 = kiz — wyt are the phase functions for each com-
ponents, Ky, ki, and @y are constants. The standard way to
ensure the stationary character of the envelope function S(&)
entails depending on space coordinate and time only through
the variable & = 1 — (z/Vp), where Vp is the nonlinear two-
component pulse velocity. We consider that valid following
inequalities:

ke < QOx1, O K Q4. (20)

Substituting Egs. (19) into Egs. (17), we obtain the ex-
plicit form of the envelope function and connections between
different parameters of the breathers

S(&):[]lTsech(t;/V‘)),

+q1|Un[PUst + i |UPUL =0,

+q-|U-1PU-1 +r- U PU-1 =0, (17)
| 2> P+q9-—2p_q4 .
Ki=—"——F7"—"6™+" K"
P-4+ —2p+q-
P ZP VE(p? — p2) +vEpt — v p*
p- 4pip? ’
Vo —
ke = Yo—v: 21
2ps

Substituting Egs. (19) and (21) into Egs. (8) and (5), we
obtain the two-component vector breather oscillating with the
SDFW of the MBBM equation (1) in the following form:

u(z,t) = biTseCh (t;/v()) {Kycos[(k+ Q41 +ky)z

—(0+ Q241+ )|+ K_cos[(k— Q1 +k_)z
—(0—Q_ 1+ o)}, (22)

where T is the width of the two-component nonlinear pulse

. 2V+k+ +k%rp+ — 4

T2=vV, ,
0 P+
VZ
b2 = 20p6]+ (K2 +2K2). 23)
+

u (arb. units)

Fig. 1. Plot of the two-component breather oscillating with the SDFW of
the MBBM equation (22) at a fixed value of the z coordinate.

Equation (22) describes the nonlinear two-component
vector pulse (vector breather) that consists of the two
breathers. One of them oscillates with the sum of the frequen-
cies @ + Q4 and wavenumbers k + Q| (to take into account
Egs. (20)) and the other with the difference of the frequencies
o — Q_; and wavenumbers k — Q_j. The parameters of the
nonlinear wave by Egs. (15), (18), (21), and (23) are deter-
mined. The corresponding plot of the two-component vector
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breather oscillating with the SDFW of the MBBM equation at Y, = e!"(Kew)

a fixed value of the z coordinate for the values of the parame-

ters /R4 = 103, Q,1/Q | = 0.83 is presented in Fig. 1. is the rapidly varying part, while the slow variables
3. One-component breather C=ex(z—vet), T=¢€%, v,=dw/dxk.

In the present section, we will consider the one-

component breather solution of the MBBM equation (1) by We assume that they satisfy the inequalities

the PRM. The function u is expanded in a power series of € as

ollows. 16 ‘8’;5,0’) /Qt‘ < wlit?|, ]af,(f‘) /an’ < x|l
oo oo
= Z Z saYnfg,a)(C ,T)s (24)  We use the same notation as before for a small parameter €.
a=ln=-e To guarantee the reality of the function u, we set f,(la) = f(_o;)*.
where fﬁ,’x) (&, 1) is the slowly varying complex envelope func- Substituting the expansion (24) into Eq. (1), we obtain the
tion, equation
|
S 2 2oy O | aap. 307 J N
Y Z —in(w—Ck+n*BKx’) — ek (vg — C+3Bn*k?) =5 +¢€ 3B1m<—+8 +0(£) fn
a=ln=—o (9C 3 CZ
3 v (1):(1)e()
+€aik Z Ym+m1+m2m2fm fml me =0. (25)
m,mj ,mpy=-—o°
(a) ‘ . .
To determine the functions of f, ’, we equate to zero the If we make the transformation of the variables Eq. (4),
different terms corresponding to the same powers of €. from Eq. (30), we will finally obtain the NSE in the form
In the first order in €, we obtain the following equation
L0 2% )
Joo —117+ a a2 +q|)L[| )u] (31)
Y &Y, [-in(w-Cx+nBx) 1 =0.  (26)
n=—oo where
From Eq. (26), we obtain the dispersion relation p=3pk, g=akx. (32)
w=Ck—B <y 27) Equation (31) has the soliton solution21-24]
—il¢g
The following components of the function ffql) can differ from L =K ¢ - : , 33)
Zero: fﬂf and fo, while at the same time fy(zl;iil =0. cosh ¢,
In the second order in €, we obtain the following equation ~ where
Vb Vb Vb aK . o
ve =C—3Bx>. (28) ¢1:76BKZ— [6[3,( (Vg+2 -5 K
.To take into account Egs. (27) anq (28), in tl.le third or- 0 —K [ a 2= (vg + Vi), 34)
der in g, from Eq. (25), we finally obtain the equations for the 6B
: (1)
functions f ; K is the amplitude of the NSE soliton, V}, is the velocity of the
f 92 f(1) nonlinear wave, A; is the envelope of the soliton.
&il +3Bx° 8;21 +aK‘|f$1)|2f(il1) =0. (29) Substituting the soliton solution for A; from Eq. (33) in
. ) Eq. (24), we obtain for the envelope for u the one-component
Using the expressions (scalar) breather solution of the MBBM equation (1) in the
Jd 10 d vgd 10 form
3 “exor ot e @ar A
‘ u(er) =2k SISV ORI/ | 2 (3
we can transform the equations (29) to the form cosh ¢
) CYYERYY 02 Al 5 From Eq. (35), it is obvious that the trigonometric func-
—i (vg 0z + of +3B K +ak| "4 =0, (30) tion points to the existence of oscillation, and this leads

to the conclusion that the soliton solution of the NSE (33)
for the auxiliary function A; is transformed to the one-
A= Efl(l), [=41. component breather solution (35) of the MBBM equation for

020503-5
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the function u(z,¢). The profile and parameters of the one-
component breather of the MBBM equation are determined
from Egs. (32), (34), and (35). The connection between pa-
rameters w and x is determined from Eq. (27). The corre-
sponding plot of the one-component scalar breather of the
MBBM equation at a fixed value of the z coordinate for the
values of the parameter w = 50 (at the same width as the vec-
tor breather in Fig. 1) is presented in Fig. 2.

u (arb. units)
10k

,,,,,,,,,,,,,,,,,,,,, gl MWHHH
]

e

-1.0+

Fig. 2. Plot of the one-component breather of the MBBM equation (35) at
a fixed value of the z coordinate.

From Eqgs. (35) and (A2), it is evident that the one-
component breather solution of MBBM equation coincides
with the small-amplitude breather of SGE with precision to
the notation (see Appendix A).

4. Conclusion

We consider the formation of nonlinear waves in vari-
ous physical systems (anharmonic crystals, hydrodynamics,
plasma, etc.) that are described by the MBBM equation (1).
Using a recently developed mathematical approach, the gen-
eralized PRM, it became possible to obtain a new solution of
the MBBM equation, which is a nonlinear combination of the
components of two breathers. One component oscillates with
the sum, and the second with the difference of the frequencies
and wavenumbers. Both components have the same polariza-
tion, and as a result of the superposition of their amplitudes,
a nonlinear pulse with a specific profile is obtained. Although
the analytical expression of the pulse Eq. (22) differs from the
analytical expression of the vector O pulse of the self-induced
transparency studied at the beginning in nonlinear optics, and
later in nonlinear acoustics, the corresponding graphical ex-
pressions are similar (see Fig. 1).[26-30]

We also obtained a one-component breather solution
of the MBBM equation by means of PMR in a standard
form. This wave completely coincides with the low-amplitude
breather solution of SGE. On comparing the analytical expres-
sions and corresponding profiles of the two-component (vec-
tor) and one-component (scalar) breathers of the MBBM equa-
tion, it becomes obvious that they are completely different. In-
deed, the vector breather is the bound state of the two scalar

breathers when one breather oscillates with the sum and the
other with the difference of the frequencies and wavenum-
bers. The difference between the two-component and one-
component waves is especially evident when comparing the
corresponding profiles in Figs. 1 and 2. A scalar breather
is characterized by one amplitude K and two oscillating pa-
rameters w and k. The relationship between them is illus-
trated through Eq. (27) and the parameters are determined
from Eq. (34).

On the other hand, a vector breather is characterized by a
larger number of parameters: two amplitudes K and K_, and
four oscillating parameters 21, Q_1, O11, and Q_;. The re-
lationship between these oscillating parameters is determined
by Egs. (12) and (13), while the relationship between the re-
maining parameters is determined by Eqgs. (21) and (23).

The study of the two-component breather solutions be-
came possible due to the generalized PRM, which allowed us
to expand the number of auxiliary functions and parameters
compared to the standard PRM. In particular, in the general-
ized PRM, we used two complex functions, f11 +1 and fiq +1,
and eight parameters, £2;, and Oy ,; however, in the stan-
dard PMR, there is only one complex function, f,, and two
parameters, w and k, which are not enough to describe two-
component waves.

The results obtained above allow us to reach an impor-
tant conclusion, which is that the generalized PRM allows us
to obtain a new solution Eq. (22) (see Fig. 1) of the MBBM
equation (1). Such a nonlinear two-component pulse, previ-
ously studied in optics and acoustics, can also be formed in
other physical systems, in particular, in anharmonic crystals,
hydrodynamics, plasma, efc. The present work significantly
extends the class of materials and physical situations in which
vector breathers oscillating with the SDFW can be formed.
Consequently, the existence of the vector breathers oscillat-
ing with the SDFW has a general character and can be met
in completely different physical systems and various physical
situations.

Appendix A

The breather solution of SGE, which is stable solution to
relatively infinitesimal perturbations of the initial data, can be
obtained by the IST and written as 3134

sin @
cosh@,’

arctanA (A1)
where A is the amplitude of the wave, the functions ¢; and
¢ are determined in Ref. [31]. When A < 1, the breather in
Eq. (A1) can be reduced to a small amplitude breather

A sin ¢

cosh@,’ (A2)
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