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The dynamic phase transition properties for ferroelectric nanotube under a spin-1/2 transverse Ising model are studied
under the effective field theory (EFT) with correlations. The temperature effects on the pseudo-spin systems are unveiled
in three-dimensional (3-D) and two-dimensional (2-D) phase diagrams. Moreover, the dynamic behaviors of exchange
interactions on the 3-D and 2-D phase transitions under high temperature are exhibited. The results present that it is hard to
obtain pure ferroelectric phase under high temperature; that is, the vibration of orderly pseudo-spins cannot be eliminated
completely.

Keywords: ferroelectric nanotube, three-dimensional (3-D) phase diagram, Ising model, dynamic phase tran-
sitions
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1. Introduction
Ferroelectrics have been recognized as one of the

most promising functional materials as they are widely
used in nonvolatile ferroelectric random access memo-
ries (FeRAM), micro-actuators, sensors, and micro-electro-
mechanical systems (MEMS) because of their outstanding fer-
roelectric and piezoelectric performances.[1–3] Recently, high
Curie temperature (TC) materials, such as BiScO3–PbTiO3,
Bi(Zn1/2-Ti1/2)O3–PbTiO3 (BZT–PT), have been successfully
fabricated.[4,5] Noteworthy, large remnant polarization with
small leakage was realized in Bi(Zn1/2Zr1/2)O3–PbTiO3.[6]

Theoretically, transverse field and crystal field Ising model in-
cluding different disorder distributions (dilution and random-
ness) has been widely adopt to understand the phase transi-
tion features of ferroelectrics. By using the standard linear re-
sponse theory within the transfer matrix method, Chatterjee[7]

studied the transverse susceptibility of spin-3/2 Ising chains
under a crystal field. By applying the pair approximation
within the discretized path integral representation, Wang et
al.[8] investigated the critical properties of the Ising model
under both random longitudinal and transverse fields. It is
well acknowledged that the transverse Ising model (TIM) de-
veloped by Gennes et al.[9] (i.e., a pseudo-spin model of
hydrogen-bonded ferroelectrics) should be more suitable to

study the phase transition properties of the order–disorder
type ferroelectric systems. Within the framework of mean-
field approximation (MAF) under TIM, our group studied the
inserting-layer effect, defect-layer effect, and seeding-layer ef-
fect in ferroelectric thin films, unveiling the phase transition
features of the epitaxial ferroelectric films,[10–17] and present-
ing the spin-polarization of the ferroelectric supperlattice and
crossover properties of the interaction parameters of the ferro-
electric thin films. Using revised Fermi-type Green’s function,
Teng et al.[18] revealed the transition regions in the parameter
space of ferroelectric thin film with four-spin interactions. By
employing Green’s function, Wesselinowa et al.[19–22] system-
atically studied the critical behaviors, dielectric phenomenon,
and dynamic phase transition properties of the ferroelectric
thin film and even nanoparticles within the TIM. Addition-
ally, an effective-field theory (EFT) with correlations devel-
oped by Kaneyoshi[23,24] was also suggested to be an essential
useful method for solving TIM. By comparison, it was found
that FET is more precise than the mean-field theory (MFA)
which is comparable to the Zernike approximation (ZA).[25]

Numerous calculations of ferroelectric thin film, nanotube,
nanowire, and nanoparticles were conducted by using FET
so far, disclosing the dynamic phase transition behaviors of
cylindrical ferroelectric nanotubes,[26] nanoscaled transverse
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Ising thin films with diluted surfaces,[27] ferrimagnetism in
a decorated Ising nanowire,[28,29] effects of surface dilution
cylindrical transverse Ising ferrimagnetic nanotubes,[30] and
compensation temperature in a cylindrical Ising nanowire (or
nanotube).[31,32] To the best of our knowledge, the three-
dimensional (3-D) phase transition and the dynamic phase be-
haviors of the ferroelectric nanotube under high temperature
have not yet been reported.

In this work, the temperature effect on the phase transition
properties of a ferroelectric nanotube was investigated with a
spin-1/2 transverse Ising model. In addition, the 3-D phase
transition behaviors under the influence of the external ex-
change interaction Js at high temperature were demonstrated.

2. The model
A schematic diagram depicting the cross-section pro-

file of a cylindrical ferroelectric nanotube is demonstrated in
Fig. 1. Noteworthy, each site in the model is occupied by an
Ising pesdo-spin. Different form most of the nanotubes inves-
tigated by Kaneyoshi et al.,[30,31] our model, taking three-layer
nanotubes as an example, contains the inner-surface shell, the
out-surface shell, and the bulk-layer. And each pesdo-spin
connected to the two nearest pesdo-spins is along all direc-
tions. The Hamiltonian of the system described by the Ising
model under a transverse field (TIM) can be expressed as
follows:[10–31]

H =−1
2 ∑
〈i, j〉

Ji, jSZ
i SZ

j −∑
i

ΩiSx
i , (1)

where Ωi is the transverse field, Sk (k = i, j) is the Ising spin
operator with Sk = ±1/2 at sites i and j. J is the nearest-
neighbor pesdo-spin pair interaction coupling constant of in-
tralayer or the adjacent interlayers. ∑〈i, j〉 runs over only the
nearest-neighbor sites. For simplicity, we choose the same
value of the exchange interactions Js in the two surfaces (inner-
surface and outside-surface). For the bulk-layer, J2 is the in-
teraction, while the couples between different layers are set as
J1. In addition, the difference of the transverse field for the
three layers is also considered, such as Ωs for the two outside-
surfaces, while Ω is the one for layers in the bulk.

Js

Js

Js

Js

J1

J1

J2

J2

Fig. 1. Schematic diagram of a cylindrical nanotube.

Within the framework of the EFT,[23–26] the average value
of pseudo-spins along the longitudinal direction (z-direction)
in the i-th (i = 1,2,3) layer can be expressed as follows:

mi =
〈
SZ

i
〉

=

〈
∏
δ

[
cosh(Ji, j+δ ∇)+ξ j+δ sinh(Ji, j+δ ∇)

]〉
fi(x) |x=0 ,(2)

where ∏ runs over only the nearest neighbors of site i, and z is
the lattice coordination number, ∇ = ∂/∂x is the differential
operator and one mathematical relation existing as follows:

exp(γ∇) f (x)=(x+ γ). (3)

The function fα(x) is defined as

fα(x) =
x√

(2Ωα)2 + x2
tanh

( 1
4β

√
(2Ωα)2 + x2

)
, (α = s, i),

(4)
where β = 1

kBT (kB is the Boltzmann constant), and T is the
absolute temperature.

By employing Eq. (2), the longitudinal polarizations of
each curved layer of the ferroelectric nanotube can be written
as follows:

m1 = [cosh(Js∇)+m1 sinh(Js∇)]4

× [cosh(J1∇)+m2 sinh(J1∇)]3, (5)

m2 = [cosh(J2∇)+m2 sinh(J2∇)]4

× [cosh(J1∇)+m1 sinh(J1∇)]

× [cosh(J1∇)+m3 sinh(J1∇)]3,

m3 = [cosh(Js∇)+m3 sinh(Js∇)]4

× [cosh(J1∇)+m2 sinh(J1∇)]. (6)

Based on Eqs. (5) and (6), the following simple matrix can be
obtained by neglecting the nonlinear terms:∣∣∣∣∣∣

4A−1 3B
C 4D−1 3C

E 4F−1

∣∣∣∣∣∣= 0, (7)

with

A = cosh3(Js∇)sinh(Js∇)cosh3(J1∇), (8)

B = sinh(J1∇)cosh2(J1∇)cosh4(Js∇), (9)

C = sinh(J1∇)cosh3(J1∇)cosh4(Js∇), (10)

D = cosh3(J2∇)sinh(J2∇)cosh4(J1∇), (11)

E = sinh(J1∇)cosh4(Js∇), (12)

F = sinh(Js∇)cosh(J1∇)cosh3(Js). (13)

3. Numerical results and discussion
For distinguishing the outer and inside layers, we have

three different exchange interactions Js, J1, and J2, and two
different transversal fields Ωs and Ωb for the outside-layer and
the bulk layer, respectively. With these definitions, it allows us
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to express the vivid dynamic phase transition features in three
dimensions (i.e., R/J vs. Ωs/J, Ωb/J). It is noteworthy that
R is used to stand for J1 and all the results are in numerical
discussion by covering a reduced arbitrary parameter J.

As is well known, temperature changes will lead to phase
transition from ferroelectric (orderly state) to paraelectric (dis-
orderly state), which has been widely observed in 2-D phase
diagrams.[10–15] However, there are few 3-D phase diagrams
showing the vivid phase transition of ferroelectrics up to now.
Figure 2 exhibits the whole dynamic processes of the phase
transition under the influence of temperature in three dimen-
sions. In order to depict more details, the projections of the 3-
D curve-surface are also demonstrated in Fig. 3 in sequences.
Figure 2(a) shows a regular curve-surface with four up-foots
touched the four vertexes nearly, indicating a regular ferro-
electric phase. In its 2-D projection (Fig. 3(a)), it presents as
concentric several regular ovals. When the temperature rises to
28.8, some vibration should be introduced in the ferroelectric
phase, for which a bent rectangle along one axis is discerned
as shown in Fig. 2(b). As expected, the two 2-D projection
phase diagrams are also changed, showing as paralleled lines
(Fig. 3(b)). With the temperature further increased to 30, the
bent rectangle further sinks along backbone (another axis) as
shown in Fig. 2(c). In this case, a squeezed curve is observed
in a 2-D projection (Fig. 3(c)). As the temperature further
increases to 80, the 3-D curve is more squeezed toward the
backbone (Fig. 2(d)), and more densely curves are identified
in its 2-D projection (Fig. 3(d)), suggesting that huge irregular
states (paraelectric) have been caused in the ferroelectric sys-
tems with the temperature increasing. When the temperature
is increased to 120, intensive vibration occurs on the surface of

the 3-D bent curve (Fig. 2(e)), the variation behavior of which
can also be reflected in the 2-D projection (Fig. 3(e)), indi-
cating that more disorderly state has been developed to a con-
siderable extent. Further increase the temperature to 180, the
phase transition from ferroelectric to paraelectric is revealed
as a random distribution in Fig. 2(e) and the zigzag curve in
2-D projection (Fig. 3(f)).

The phase transition behaviors from ferroelectric to
paraelectric have been widely demonstrated in the previous
works.[12–16] However, the 3-D phase transition behaviors un-
der high temperature have seldom been reported. Figure 4(a)
exhibits the paraelectric phase showing random distribution
in 3-D curves (Ωs/J vs. Ωb/J; Fig. 4(a)) under T = 100
and Js = 0.3. Similar to Fig. 3(f), the 2-D projection also
presents a zigzag curve. When Js is increased to 1, the sur-
face vibrates and is highly squeezed, showing a bent rectangle
shape (Fig. 4(b). In the 2-D projection shown in Fig. 5(b),
squeezed curves can be observed accompanied with a faint
vibration, indicating that some regular pesdo-spin system has
been introduced. With Js further increased to 6, less bent
rectangle along backbone is observed, in which it can be ob-
served that the surface is much smooth than the counterpart
of small Js (Fig. 4(c)). The corresponding 2-D projection
presents more densely squeezed curves (Fig. 5(c)). This ob-
servation could be ascribed to the fact that the pesdo-spin
systems are changing toward an orderly state. Further in-
creasing Js to 6.5 (Fig. 4(b)), as expected, a bent rectangle
along one axis is observed similar to Fig. 2(b), which suggests
that the system tends to be ferroelectric. The only difference
between Fig. 2(b) and Fig. 4(d) is the vibration on the sur-
face, which could be attributed to the fact that the investigated

(a) (b)

R/J

Ω
s/J Ω b

/J

Ω
s/J Ω b

/J

Ω
s/J Ω b

/JΩ
s/J Ω b

/J

Ω
s/J Ω b

/J

Ω
s/J

Ω b
/J

R/J R/J

R/J R/J R/J

(c)

(d) (e) (f)

Fig. 2. Temperature induced 3-D phase diagrams (i.e. R/J vs. Ωs/J, Ωb/J) with Js = 2, J2 = 2: (a) T = 28, (b) T = 28.8, (c) T = 30,
(d) T = 80, (e) T = 120, (f) T = 180.
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(a) (b) (c)

(d) (e) (f)

Ω
s/
J

Ωb/J

Ω
s/
J
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Ωb/J

Ω
s/
J

Ωb/J

Ω
s/
J

Ωb/J

Ω
s/
J

Ωb/J

Fig. 3. The projection of 3-D curve-surface in 2-D plane (Ωs/J vs. Ωb/J).

(a) (b)

R/J

Ω
s/J

Ω b
/J

Ω
s/J Ω b

/J

Ω
s/J

Ω
s/J

Ωb/J Ωb/J

Ω
s/J

Ωb/J

R/J R/J

R/J R/J

(c)

(d) (e)

Fig. 4. The 3-D phase transition behaviors (i.e., R/J vs. Ωs/J , Ωb/J) under the influence of the external exchange interaction Js at
high temperature with J2 = 2, T = 100: (a) Js = 0.3, (b) Js = 1, (c) Js = 6, (d) Js = 6.5, (e) Js = 6.9048.

ferroelectric systems are under the high temperature T = 100.
In the 2-D projection exhibited in Fig. 5(d), wavy lines array
is observed. Finally, when Js is increased to 6.9048, a regu-
lar curve-surface with four up-foots touches the four vertexes
nearly, informing a ferroelectric phase has been obtained. It
should be noted that the surface is still rough compared to
the one shown in Fig. 2(a), the reason of which should be at-
tributed to the fact that it is at relative high temperature, at
which some paraelectric phase in the pseudo-spin polariza-
tions system still exists. The observations are similarly in the

corresponding 2-D projection, in which some faint vibrations

are also revealed in the concentric circles (Fig. 5(e)). In the

whole process of phase transition from the paraelectric to the

ferroelectric, it is interesting to find that the vibrations of the

pseudo-spins always exist even when the external exchange

interaction is increased to enough large, suggesting that no

matter how large the exchange interaction it is, it rarely has

chance to change the system to perfect ferroelectric phase at

high temperature.
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(d) (e)
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Fig. 5. The projection of Js induced 3-D phase transition at high temperature in 2-D plane (Ωs/J vs. Ωb/J).

4. Conclusion
In summary, three-dimensional dynamic phase transition

of ferroelectric nanotube in a spin-1/2 transverse Ising model
has been examined using effective field theory. The temper-
ature effects on phase transitions have been revealed both in
3-D and 2-D phase diagrams, demonstrating temperature to be
the most important factor in guiding the phase. More inter-
estingly, the phase transition behaviors under high tempera-
ture were investigated, informing that it always contains some
paraelectric component in the ferroelectric phase even at large
exchange interaction under high temperature. The 3-D phase
transition behaviors under high temperature were studied for
the first time.
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