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We present a moment-based alternative approach to retrieve multiple scattering contrasts from x-ray analyzer-based
imaging. By use of the properties of moments of convolutions, the multiple-image radiography approach is theoretically
validated. Furthermore, higher order moments of the object scattering distribution, inaccessible in multiple-image radiogra-
phy, are simultaneously provided by this alternative approach. It is experimentally demonstrated that the skew and kurtosis
information related to the distribution of sub-pixel features within the object can be obtained from those complementary
contrasts. Finally, the sensitivity of the retrieved multiple scattering contrasts is investigated experimentally. The finding
that the sensitivity is inversely proportional to the square root of the detected photon number essentially indicates that the
retrieval of moments with an order higher than two can be achieved without increasing exposure time or dose. The pre-
sented alternative approach provides an access to the exploitation of multiple scattering contrasts, which is expected to be
useful in biomedical research, materials science, security screening, etc.
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1. Introduction

X-ray refraction and scattering imaging have been
demonstrated to provide complementary information to
conventional attenuation-based radiography and computed
tomography.[1] In x-ray analyzer-based imaging (ABI), the
attenuation, refraction (i.e., differential phase contrast), and
scattering signals are measured simultaneously by using an
analyzer crystal.[2] The high angular sensitivity of the rock-
ing curve (RC) of the analyzer crystal enables the detection of
small changes in the x-ray propagation direction after the x-
ray has interacted with a sample. While the refraction signal
features improved soft-tissue contrast,[1] the scattering signal
enables the visualization of microstructures below the imaging
resolution limit.[3] Over the last decades, the great potential
of x-ray analyzer-based imaging has been explored, includ-
ing, but not limited to, breast and cartilage imaging,[4] quan-
tification of microbubble concentration,[5] functional lung
imaging,[6] in situ analysis of damage evolution,[7] and non-
invasive soft tissue engineering.[8]

In x-ray analyzer-based imaging, the contrast in the ac-
quired projection images is given by a mixture of attenuation,
refraction, and ultra-small-angle x-ray scattering (USAXS) in-
formation. This signal superposition makes the image inter-
pretation ambiguous in many practical applications. There-
fore, several approaches to separate the three different sig-
nals and accurately quantify them have been developed.[9–16]

Among the existing approaches, multiple-image radiography

(MIR) has the advantage of being stable against the noise, and
therefore it can be widely used in various fields.[4–8] The MIR
is based on the assumption that for each detector pixel, the
measured angular distribution of the diffracted intensity results
from the convolution of the reference RC with the object’s
scattering distribution.[10,13] Consequently, one calculated the
zeroth-, first-, and second-order moments of the rocking curve
pixel-by-pixel, and deduced that the attenuation is the ratio of
the zeroth-order moment of the object RC to that of the refer-
ence RC, the refraction the difference between the first-order
moment of the object RC and that of the reference RC, and
the USAXS difference between the second-order moment of
the object and that of the reference RC.[9,10] However, to the
best of our knowledge, there still remains a lack of theoreti-
cal foundation for the MIR approach. While the relation that
links the attenuation, refraction, and USAXS signals to the
moments of object scattering distributions has been theoreti-
cally derived,[17] it is unclear in theory how the moments of
the object scattering distribution are related to their counter-
parts of the object RC and reference RC. Furthermore, MIR
does not exploit the additional information provided by the
moments with an order higher than two. That information can
be valuable for a comprehensive understanding of the distri-
bution of sub-pixel features within the object. While the skew
and kurtosis images were reported in x-ray grating interferom-
etry and edge illumination,[18–21] no such images have been
reported in x-ray analyzer-based imaging yet.

In this work, we present an alternative approach to re-
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trieve multiple scattering contrasts from x-ray analyzer-based
imaging. This technique is inspired by a similar approach in
edge illumination (EI).[21] The x-ray ABI and EI are sensi-
tive to the same physical quantities and thus share parallels
in some aspect of measurement and signal retrieval.[15,22] By
use of the properties of the moments of convolutions, the rela-
tions between the moments of the object scattering distribution
and those of measured object RC and reference RC are identi-
fied theoretically. It not only validates the MIR algorithm, but
also provides an access to additional structural information,
which is demonstrated through the proof-of-principle experi-
ments. Finally, we investigate experimentally the dependence
of the sensitivity of retrieved multiple scattering contrast on
the detected photon number.

2. Retrieval of multiple scattering contrasts
from x-ray analyzer-based imaging
Consider the typical x-ray ABI system schematically

shown in Fig. 1, where a parallel, monochromatic x-ray beam
is created by the first crystal, transmitted through the object
and diffracted by the second analyzer crystal. Owing to the
narrow angular range of Bragg diffraction, the analyzer crystal
efficiently selects the rays locally deviated by a specific angu-
lar amount, thus enhancing the image contrast. The observed
intensity modulation at the detector is described by the rocking
curve, which varies with the angular position of the analyzer
crystal.

x ray beam
object

analyzer

detector

monochromator

x

z

y

Fig. 1. Schematic diagram of the x-ray ABI system.

In x-ray ABI experiments, scanning the analyzer crystal
with and without the object provides the object RC I (θ) and
the reference RC R(θ) for each detector pixel, respectively. In
theory, the measured object RC I (θ) can be modelled by the
convolution of the reference RC R(θ) with the object’s scat-
tering distribution f (θ) as follows:[10,13]

I (θ) = R(θ)⊗ f (θ) , (1)

where ⊗ denotes the convolution operator. The object scatter-
ing distribution is determined by the sub-pixel structure within
the object.

In the following, we propose an alternative data analysis
approach in order to retrieve multiple contrasts relating to the
properties of f (θ). In this novel approach, a moment analysis
is applied to the measured angularly resolved intensities. For

this, the following definitions of the moments can be distin-
guished. For an arbitrary function h(θ), the algebraic moment
is defined by

Mn (h) =
∫

θ
nh(θ) dθ , (2)

where the integer n denotes the order of the moment. Divid-
ing Mn(h) by M0 leads to the normalized algebraic moments
as follows:

M̄n (h) = Mn (h)/M0 (h) (n≥ 1), (3)

and further shifting M̄n (h) by M̄1 yields the normalized central
moments

M̃n (h) =
∫

(θ − M̄1)
n h(θ) dθ/M0 (n≥ 2). (4)

It has been experimentally demonstrated that the ratio
M0 (I)/M0 (R), the difference M̄1 (I)− M̄1 (R), and the differ-
ence M̃2 (I)− M̃2 (R) correspond to the object’s attenuation,
refraction, and scattering width, respectively.[9,18,21]

As shown in Eq. (1), the measured object RC is the convo-
lution of the reference RC with the object’s scattering distribu-
tion for each detector pixel, and therefore its Fourier transform
is given by

I (θ) = R(θ)⊗ f (θ)⇔ Î =
√

2π · R̂ · f̂ , (5)

where the symbol ˆ denotes the Fourier transform. Based on
Eq. (5), the proposed approach further makes use of the char-
acteristic property of the moments of convolutions. In Fourier
space, the n-th algebraic moment defined in Eq. (2) is directly
related to the n-th derivative at zero frequency by[23]

Mn (I) =

√
2π

(−i)n
dn Î
dqn

∣∣∣∣
q=0

(6)

with q being the variable in Fourier space. By substituting
Eq. (5) into Eq. (6), and dividing the resulting equation by
M0 (I), we obtain

M̄n (I) =
n

∑
k=0

Ck
nM̄k (R)M̄n−k ( f ), (7)

where Ck
n is the binomial coefficient. Since the moment of I

and R can be calculated respectively from object measurement
and reference measurement, equation (7) provides a direct ac-
cess to multiple moment of the object scattering distribution f .
The relations of these moments to the object properties have
already been derived in the literature.[17] Specifically, the re-
sults for the first five moments are given by

M0 ( f ) = M0 (I)/M0 (R), (8)

M̄1 ( f ) = M̄1 (I)− M̄1 (R) , (9)

M̃2 ( f ) = M̃2 (I)− M̃2 (R) , (10)

M̃3 ( f ) = M̃3 (I)− M̃3 (R) , (11)

M̃4 ( f ) = M̃4 (I)− M̃4 (R)−6M̃2 (R)
[
M̃2 (I)− M̃2 (R)

]
. (12)
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Note that equations (8)–(12) are the main contributions of this
work. On the one hand, equations (8)–(10) identify the rela-
tions between the moments of the object scattering distribu-
tion and those of the measured object RC and reference RC,
and therefore can be considered as the theoretical verification
of the MIR algorithm. On the other hand, the access to mo-
ments with an order higher than two provides additional struc-
tural information about the investigated object on a sub-pixel
scale. While the third-order moment in Eq. (11) is related to
the skew information that quantifies the asymmetry of the scat-
tering distribution, equation (12) enables the retrieval of the
kurtosis that is a measure of tail strength of the scattering dis-
tribution. Note that these scattering contrasts are previously
unobtainable in the MIR approach.

3. Experimental results
To demonstrate the potential applications of multiple

scattering contrasts, experiments on synchrotron radiation are
performed by using the 4W1A beamline of Beijing Syn-
chrotron Radiation Facility.[24] The x-rays with a photon en-
ergy of 15 keV are selected by the first Si (111) monochro-
mator crystal, and the second Si (111) crystal is used to ana-
lyze the x-ray beam exiting from the sample. The intensity is

recorded by use of a high-resolution x-ray digital camera sys-
tem FDS694 designed by Photonic Science Ltd, with a pixel
size of 4.5 µm. For both the object scan and the reference scan,
intensities are measured at 61 angular positions of the analyzer
crystal, ranging from −60 µrad to 60 µrad in steps of 2 µrad.
The dark-field images are also acquired and averaged. Prior to
image processing, the averaged dark-field image is subtracted
from both the object image and the reference image. The ex-
posure time is 70 ms for each image.

For this proof-of-principle experiment, we adopt some
kind of ladybird as a biological sample, which contains a va-
riety of features with different size scales. Figures 2(a)–2(c)
show the retrieved attenuation (i.e.,− log [M0 ( f )]) image, the

refraction image, and the USAXS width
(
i.e.,

√
M̃2
(

f
))

im-
age of a ladybird, respectively. The refraction image and the
USAXS width image are displayed in units of microradians.
While the skeletal structure can be clearly identified in the con-
ventional attenuation image, the interfaces between features
of different densities or geometrical shapes inside the sample
produce much stronger signals in the refraction and/or USAXS
width image. These results serve as an illustration of the com-
plementarity of three different imaging modalities.
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Fig. 2. Image of (a) attenuation, (b) refraction, and (c) USAXS width of the ladybird, with scale bar being 450 µm in panel (a).
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Fig. 3. (a) Skew and (b) kurtosis of scattering distributions of the lady-
bird, with scale bar being 450 µm in panel (a).

Furthermore, the skewness and the kurtosis of the scat-
tering distribution of the ladybird are obtained from the same
experimental data set, and the resulting images are displayed
in Figs. 3(a) and 3(b), respectively, as a demonstration of pre-

viously inaccessible information provided by higher order mo-
ments. The skewness S is calculated from[23]

S = M̃3 ( f )
/[√

M̃2 ( f )
]3

, (13)

the value of which is negative when the negative tail is longer
than the positive one, and vice versa for positive values. The
kurtosis κ , which quantifies the weight of the tails compared
with the central peak, is determined from[23]

κ = M̃4 ( f )/
[
M̃2 ( f )

]2
. (14)

These contrast images, inaccessible by the standard MIR ap-
proach, indeed provide an additional insight into the sub-pixel
features within the object. Note that the results shown in Fig. 3
are directly calculated by use of Eqs. (13) and (14), without
any further image processing.
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Moreover, a comparison between Fig. 3(b) and Fig. 2(c)
shows that the previously unobtainable kurtosis provides com-
plementary information to MIR approach. For further demon-
stration, figure 4 shows the line profiles of the USAXS width
and kurtosis image at the position indicated by the dashed line
in Fig. 3(b). The complementarity of the kurtosis image to
the USAXS width image is clearly illustrated, where a pixel
with a small USAXS width has a large value of the kurtosis.
Therefore, motivated by the proof-of-principle experimental
results, we can expect that the simultaneous retrieval of multi-
ple scattering contrasts, with the access to additional informa-
tion about sub-pixel features of the object, could have diverse
applications, such as materials science. Besides, it is men-
tioned that different assumptions about the object scattering
distribution were made by information retrieval methods re-
ported previously.[13–16] However, the proposed approach in
the present work does not assume a specific shape of the mea-
sured RC and, thus providing the reliable results for arbitrarily
shaped scatter distributions.

100 300 500 700

Pixel

1

2

3

4 USAXS

kurtosis

Fig. 4. Line profile of USAXS width image and kurtosis image of ladybird.

Finally, we investigate the dependence of the sensitivi-
ties of the retrieved multiple scattering contrasts on the inci-
dent photon number. An additional dataset is acquired for this
purpose. As a quantitative measure of the sensitivity, we use
the standard deviation of the retrieved distinct scattering con-
trasts from a background region of 50×50 pixels. As shown in
Fig. 5, the logarithm of the standard deviations of different mo-
ments of the scattering distributions is plotted as a function of
the logarithm of the detected photon number, together with the
least-squares fitting. As can be seen, given a constant photon
number, the sensitivity of the zero-order moment is the high-
est, and that of the fourth-order moment is the lowest. This
observation is within our expectation. Furthermore, the lin-
ear dependence is found for all the first five moments of the
scattering distribution, with the fitted slope being −0.4857 for
M0, −0.4937 for M̄1, −0.5192 for M̃2, −0.5221 for M̃3, and

−0.5179 for M̃4, respectively. These results indicate that the
sensitivities of the obtained multiple scattering contrasts are
approximately inversely proportional to the square root of the
photon number. Essentially, this fact means that the moment
analysis approach provides the additional and complementary
scattering contrasts (i.e., moments with an order higher than
two) without the need of extra exposure time or dose.
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Photon number (104)
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Fig. 5. Log–log plots of sensitivities of the first five moments of scatter-
ing distribution versus detected photon number, together with the least-
squares fitting.

4. Conclusions

In this work, we present an alternative approach to re-
trieve the multiple scattering contrasts from x-ray analyzer-
based imaging. This novel approach is based on the well-
established image formation model, and makes use of the
properties of the moments of convolutions. By a direct mo-
ment analysis, the working principle of multiple-image radio-
graphy is theoretically verified. It is demonstrated by proof-of-
principle experiments that higher-order moments of the scat-
tering distributions are simultaneously provided by this alter-
native approach. Those complementary contrasts provide ac-
cess to additional information about sub-pixel features within
the object, and are not accessible by multiple-image radiogra-
phy. Finally, we experimentally demonstrate that the sensitiv-
ities of retrieved multiple scattering contrasts are all inversely
proportional to the square root of the detected photon num-
ber. These preliminary results suggest the great potential for
the applications of additional scattering contrasts in biomed-
ical research, materials science, security screening, etc. The
moment analysis approach can also be generalized to two-
dimensional x-ray analyzer-based imaging.[25]
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