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Network embedding aims at learning low-dimensional representation of vertexes in a network and effectively pre-
serving network structures. These representations can be used as features for many complex tasks on networks such as
community detection and multi-label classification. Some classic methods based on the skip-gram model have been pro-
posed to learn the representation of vertexes. However, these methods do not consider the global structure (i.e., community
structure) while sampling vertex sequences in network. To solve this problem, we suggest a novel sampling method which
takes community information into consideration. It first samples dense vertex sequences by taking advantage of modularity
function and then learns vertex representation by using the skip-gram model. Experimental results on the tasks of commu-
nity detection and multi-label classification show that our method outperforms three state-of-the-art methods on learning

the vertex representations in networks.

Keywords: network embedding, low-dimensional representation, vertex sequences, community detection

PACS: 89.75.Hc, 89.75.-k, 64.60.aq

1. Introduction

In real world, many complex systems can be studied in
the form of networks which are composed of nodes and edges.
Many complex tasks, such as community detection!’-?! and
multi-label classification,>#! can be performed on small net-
works quickly. However, as online social networks such as
Facebook and Weibo expand rapidly, network data is con-
stantly growing, posing a challenge in dealing with these
large-scale data efficiently. How to represent network data are
critical to solve the problem. Although a vertex can be repre-
sented by its corresponding row vector in the adjacency ma-
trix of the network, the extremely high dimensionality of such
a representation in a large network makes it difficult to per-
form some complex network tasks. In recent years, network
representation learning (NRL)[>°! has been widely adopted to
network analysis, which aims to build low-dimensional vec-
tors for vertices according to their structural roles in networks.
With the learnt low-dimensional representations, NRL enables
us to process large-scale network data by using parallel and
distributed computing.

Many NRL methods are proposed to approximately pre-
serve local network structures. DeepWalk!”l preserves the
neighborhood structure of vertexes by using information from
truncated random walks. Node2vec!®! demonstrates that
DeepWalk does not capture the diversity of connectivity pat-
terns in a network.
strategy which combines BFS style and DFS style neighbor-

It suggests a biased random walking

hood exploration. LINE[! is proposed for large scale net-
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work embedding. It preserves the high-order proximity and

easily scales to millions of vertices. Cao et al.['")

presented
a deep graph representation model which adopts a random
surfing strategy to capture graph structural information. Feng
et al.'""l proposed the “degree penalty” principle which pre-
serves the scale-free property by punishing the proximity be-
tween high-degree vertexes. Wang et al.!'?! suggested a semi-
supervised deep model which is able to capture the highly non-
linear network structure by optimizing multiple layers of non-
linear functions. Yanardag et al.!'3] presented a general frame-
work for modeling sub-structure similarity in graphs. In addi-
tion, some methods are also proposed to preserve the global
network structures. Wang et al."*! suggested a modularized
nonnegative matrix factorization model, which preserves the
community structures in network. Tu et al.l">! proposed a
novel community enhancement mechanism which jointly em-
beds global community patterns into vertex representation by
taking consideration of the community information. Chen et
al.l'% presented a multilevel network representation learning
paradigm which captures the global structure of the input net-
work by recursively coalescing the input network into smaller
but structurally similar networks.

In this paper, we suggest an NRL method based on
the skip-gram model.!'7-!81 Tt first samples a set of vertex
sequences with dense links from networks and then uses
the skip-gram model to learn the representations of ver-
texes. Comparing with the three state-of-the-art methods (i.e.,
DeepWalk,!”! Node2vec, ¥ and DP-Walker,!!!)) our method
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can perform better on the tasks of community detection and
multi-label classification.

2. Preliminaries

Let G = (V,E) be an unweight network, where V is the
vertex set containing n vertexes and E is the edge set. Each
e;j € E indicates an edge between the vertexes v; and v;. Tra-
ditionally, vertexes are represented by the rows of adjacency
matrix reflecting the relationships between vertexes in net-
work. Although the adjacency matrix can capture the topo-
logical properties in network, the high computation and space
cost make it hard to apply to the large networks. So the NRL
methods aim to map each vertex v; € V into a low-dimensional
space A ie., learning a function fg:V — Z#°, where d rep-
resents the number of dimensions of feature representation.

2.1. Skip-gram model

The skip-gram!!”-!8 model has proven to be an efficient
way to learn the high-quality word representations. Specifi-
cally, given a word sequence w = {wy,wy,...,w,}, the skip-
gram model learns word representation by minimizing the fol-
lowing objective function:

1 n

=3 ¥

log p(w;|wi), 9]
i i< j<ite,j#i

where 7 is the window size, w; is the context word of w; within
a window, and the probability p(w;|w;) is defined by

(@ (m) @ ()
i) = @) @ () P

where @ (w) and @' (w) are w’s word representations when it

behaves as a target and context respectively, and W represents
the vocabulary set.

2.2. Vertex sequences sampling

Many NRL methods such as DeepWalk,!”! Node2vec, [®!
and DP-Walker!'! perform random walks over the given net-
work G first, and then form a set of vertex sequences S =
{81,82,...,8n}, where each vertex sequence can be denoted
as s = {v1,..., V|4 }. By treating each vertex sequence as word
sentence, the skip-gram model can be used to learn the repre-
sentation of vertexes from the set .S.

For DeepWalk, it regards p (v |v;) as a uniform distribu-
tion where each neighbor of v; has equal chance to be sampled.
For Node2vec, it uses a biased random walk and the probabil-
ity of the random walk jumping from v; to v;1 is defined as:

1 .
) lfli—l,i+1 :Oa
P
pigtvi)ec 8 1, iflig 1 =1, 3)
1 .
) 1fli—1.i+l = 2)
q

and /;_1 ;41 denotes the shortest path distance between two
vertexes v;—1 and v;11. In Eq. (3), the parameters p and g al-
low search procedure to interpolate between the breadth-first
sampling and the depth-first sampling. For DP-Walker, the
probability p(v;1;|v;) is defined as

Ci;
P (Vig1|vi) o< ( an 4)

kikiy1)P’
where k; is the degree of vertex v;, C; ;41 is the number of com-
mon neighbors of v; and v, 1, and f is the model parameter.

2.3. Mean shift clustering

Mean shift!"! represents a general non-parametric clus-
tering procedure. In contrast to the classic k-means clustering
approach,?! there are neither the assumptions on the shape
of the distribution nor the number of clusters. Given n data
points «; € #¢ (i=1,2,...,n), the multivariate kernel density
estimate using a radially symmetric kernel, K (), is given by

1 —a;
g(x):,deK(x = ) )

where £ is the radius of kernel. For each data point x;, one

performs a gradient ascent procedure on the local estimated
density until convergence. The data points associated with the
same stationary point belong to the same cluster.

2.4. Community-based metric

Normalized mutual information measure (NMI)[21 is a
similarity measure between two community partitions A and B
based on the information theory. The NMI is defined as

—2%4 Y8, Mijlog (Mi;N/M; M )
):?i*‘l M; log (M, /N) +Z[}/I=81 M jlog (M ;/N)’
Q)

where M is the confusion matrix in which rows correspond

NMI (4,B) =

to the ‘truth’ communities and columns correspond to the ‘ob-
served’ communities and N is the number of vertexes. M;; is
the number of vertexes in the truth community i that appear in
the observed community j. M4 and Mp represent the numbers
of truth communities and observed communities, respectively.
M;, and M ; represent the sum over the i-th row and j-th col-
umn of the matrix M, respectively. The value of NMI ranges
from O to 1. The NMI equals 1 if the estimated community
matches the truth community and O in the opposite case.

2.5. Label-based metric

Let B(TP;,FP;,TN;,FN;) represent some specific bi-
nary classification metric where TP;, FP;, TN;, and FN; de-
note the accuracy, precision, recall, and F B respectively, the
label-based classification metrics can be obtained in either of

the following models: !
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(i) macro-F; model
1 q
Bmacro:5ZB(TPj;FPjvTNj7FNi); (7)
j=1
(i1) micro-F; model

q q q q
Bicro = B (Z TP, Y FP;,Y TN;, ) FNj> . ®)
Jj=1 j=1 j=1 Jj=1

3. Modularity-based random walk

The NRL methods aim at learning the low-dimensional
vertex representation which should preserve many impor-
tant structural characteristics in network such as community
structure. 23] However, for the three state-of-the-art methods
mentioned in Subection 2.2, they did not consider the commu-
nity structure while sampling vertex sequences in network. So
they might not perform better when their learnt representations
are used as features for complex tasks on networks.

To capture the community structure, we sample dense
vertex sequences from network because communities have rel-
atively high link density. We use the modularity function!>*]
to obtain the dense vertex sequences. The modularity function
for vertex sequence s is defined as

a ks \ 2
Q5= —— () , ©9)
m 2m
where a; is the number of internal edges in s, and k; is the
total degree of the vertexes in s. The gain in modularity AQ?,

obtained by moving a vertex v into a vertex sequence s can
easily be computed by

AQ‘; = Qs+{v} - QS7 (10)

where the symbol s + {v} indicates the new vertex sequence
deduced from s when vertex v is added. Let s = {v1,...,v|4 }
denote the vertex sequence in the walk where vertex vy, is
the last added vertex, and let Vig| be the current vertex, and
let N’ (v|s)) denote the neighbors of the current vertex v|5 not
included in s. The next vertex v|,4| is generated by the fol-
lowing steps.

(I) Sample a vertex v|; ;| from the set N'(v|4|) randomly;

(I) Calculate the AQ:,‘S‘Jrl according to Eq. (10);

() If AQS*""" < 0, remove V|s|+1 from the set N'(v )
and return to Step (I);

(IV) If AQ.®"' > 0, append Viss|+1 to the set s and mark
V|s|+1 as the current vertex.

Steps (I)—(IV) are repeated until the length of vertex se-
quence s are met. Most of vertexes in s have relatively high
link density and tend to be similar with each other because we
only sample the vertexes which can increase the density of s.
The pseudo-code for our method is given in Algorithm 1 and

Algorithm 2, describing the representation learning of vertexes
and the sampling of vertex sequences respectively.

Algorithm 1 M-Walker(G, ¢, d, r, 1)
Input: graph G(V,E), window size ¢, embedding size d,
walks per vertex r, walk length i
Output: matrix of vertex representation ® e Z!V1*4
R (P
i<0
while i < r do
for eachv eV do
s < VertexSequenceSample(G, v, 1)
Append s to S
end for
i=i+1
end while
& « SkipGram(S, t)
return @

R A A ol S

—_—
—_= o

Algorithm 2 VertexSequenceSample(G, vy, 1)

Input: graph G = (V,E), starting vertex vi, walk length 1
Output: vertex sequence s
I s+ ¢
i<0
Append vi to s
N/(V‘S|) «— N(V])
while i </ do
Sample a vertex u from N'(v,|) randomly
Calculate the AQ% according to Eq. (10)
if AQ% < 0 then
Remove u from the set N'(v|4)
else
Append u to s
12: N'(v|s)) ¢ {x|x € N(u) and x ¢ s}
13: i< i+1
14: end if
15: end while
16: return s

R e A A T ol

—_
—_ O

4. Experiments

In experiments, we evaluate the performance of our
method on the tasks of both community detection and multi-
label classification respectively.

4.1. Baseline methods

We compare our method (M-Walker) with the following
NRL methods:

i) DeepWalk: DeepWalk!” first samples vertex se-
quences by performing random walks on networks, and then
the SkipGram model!!”-!® is used to learn the representation
of vertexes.

ii) Node2vec: Node2vec!®! adopts a biased random walk
to sample vertex sequences. By controlling parameters p and
g, the search procedure can interpolate between breadth-first

128901-3
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sampling and depth-first sampling.

iii) DP-Walker: DP-Walker!!! designs a novel random
walk strategy to sample vertex sequences. The method pre-
serves the first- and second-order proximity by punishing ver-
texes with high degree.

For all methods, we set the representation dimension d to
128, the window size ¢ to 10, the walk length 7 to 40, and the
number of walks per vertex r to 10. Besides, both p and g are
set to 0.25 for Node2vec.

4.2. Community detection

We apply mean shift to the learned representation of ver-
texes and use the NMI index to measure the quality of com-
munity partitions in network.

4.2.1. Real networks

Four real networks with true communities are used to
evaluate the performance of M-Walker method, including
Karate, 23] Football, [26] Dolphin, [27] and PolBooks. 28] Karate
network reflects the social relations in a karate club where a
vertex represents a club member, and an edge indicates social
communication between two club members. Football network
is the match network of American football games between Di-
vision IA colleges during the regular season Fall 2000. Its
vertexes represent teams, and edges indicate matches between
two corresponding teams. Dolphin network is a social net-
work of bottlenose dolphins in Doubtful Sound, New Zealand.
Vertexes represent dolphins, and edges are established by ob-
servation when there is a statistically significant frequent asso-
ciation between dolphins. PolBooks network is derived from
the politic books about US politics published around the time
of the 2004 presidential election. Vertexes represent books
sold by the online bookseller Amazon.com, and edges rep-
resent frequent co-purchasing of books by the same buyers.
More details about these four networks are listed in Table 1,
including the number of Vertexes (|V
(IE
age clustering coefficient(cc), and the number of truth com-

), the number of edges
), average degree ((k)), mean squared degree((k)), aver-

munities (nc).

Table 1. Statistics of four real networks with truth communities.

Network  |V| |E] (k) ) cc nc

Karate 34 78 4.59
Dolphin 62 159 5.12
PolBooks 105 441 8.4
Football 115 613 10.66

3565 059 2
0.6600 030 2
10025 049 3
11443 040 12

The results are shown in Table 2. From Table 2, it can
be seen that M-Walker outperforms all three other methods on
all networks. M-Walker can correctly detect all truth commu-
nities on the Karate and Polbooks networks, but three other
methods can not. In particular, the NMI of Node2vec on the

Karate network is only 0.267. M-Walker is the best method on
the Polbooks network. Compared with DP-Walker, M-Walker
improves NMI by 11.36%. On the Football network, although
all methods perform well, the NMI of M-Walker is still slightly
higher than those of three other methods. In addition, we can
also notice that M-Walker’s NMI is different on different net-
works, so M-Walker’s performance has to do with the network
structures.

Table 2. The NMI on four real networks with truth communities.

Method Karate  Dolphin PolBooks  Football
DeepWalk 0.714 0.814 0.568 0.920
Node2vec 0.267 0.889 0.574 0.916
DP-Walker  0.837 0.889 0.581 0.924
M-Walker 1.0 1.0 0.647 0.930

4.2.2. Synthetic networks

We also evaluate the performance of M-Walker method
on the synthetic scale-free networks generated by the LFR
model.[*” In the LFR model, the distributions of degree and
community size are power laws, with exponents o and f3, re-
spectively. In order to better analyze the performance of M-
Walker, we only compare it with the DP-Walker method.

First of all, we generate six synthetic networks with dif-
ferent community structures. The mixing parameter u is set
to 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 respectively. The smaller the
parameter U is, the stronger the community structure is. The
other parameters for six synthetic networks are the same. De-
tails are described in Table 3, which includes the number of
vertexes, the number of edges, the degree exponent (), the
community exponent (f3), the global mixing parameter (1),
the average degree (k), and the modularity (Q). Newman
et al.”*! pointed out that networks have obvious community
structure when Q > 0.3. Specifically, when 0.3 < Q < 0.5,
networks have a weak community structure; when Q > 0.5,
networks have a strong community structure. Thus, in our ex-
periments, LFR1-4 networks have a strong community struc-
ture and LFR4-5 networks have a weak one.

Table 3. Statistics of six synthetic networks with different community
structure.

Network V| |E| o B u (k) 0
LFR1 500 2477 2.5 1.5 0.1 10 0.835
LFR2 500 2508 2.5 1.5 0.2 10 0.733
LFR3 500 2340 2.5 1.5 0.3 10 0.646
LFR4 500 2389 2.5 1.5 04 10 0.553
LFRS 500 2507 2.5 1.5 0.5 10 0.439
LFR6 500 2347 2.5 1.5 0.6 10 0.338

The results are shown in Fig. 1. It can be seen from
Fig. 1, that the M-Walker method outperforms the DP-Walker
It should also be noticed that M-
Walker’s gain is proportional to the (u), i.e., the higher the
(u) is, the higher the M-Walker’s gain is. When p = 0.1, the

method on all networks.
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M-Walker’s gain is the lowest, less than 2.5%. The reason for
this is that the LFR1 network has strong community structure.
For DP-Walker method, because of the high link density inside
a community, the random walker spends a long time within
it. So DP-Walker’s sampled vertex sequences s can well cap-
ture strong community structure since most vertexes in s come
from the same community. The M-Walker’gain is the highest,
when (= 0.6, more than 22.5%. The reason for this is be-
cause the LFR6 network has weak community structure. For
DP-Walker, because of many edges between weak communi-
ties, the random walker can easily jump from one weak com-
munity to another. Thus the vertex sequences s sampled by
DP-Walker can not well capture weak community structure
since most vertexes in s come from different weak communi-
ties. Most vertexes in a vertex sequence s, however, for M-
Walker, come from the same community because the s has
relatively dense internal links. Therefore M-Walker can well
capture weak community structure. It is possible to explain
similarly the other four networks, such as LFR2 and LFRS5.
From the above analysis, M-Walker not only performs well
on weak-community networks but also on strong-community

networks.
=
Z
0.5 1 _a-DP-Walker
| —-M-Walker
0.4
0.1 0.2 03 04 05 0.6
n
X 95
E (b) A
ﬁ 20 1
(]
g 15 A
= 101 A
—
5 e
[w]
£ N W a—
O 01

01 02 03 04 05 06
m

Fig. 1. The NMI (a) and the M-Walker’s gain (b) on six synthetic networks
with different community structure.

Secondly, we generate six synthetic networks with vary-
ing average degree (k). The other parameters for these six syn-
thetic networks are the same and details are listed in Table 4.
From Table 4, it can be seen that the difference between the
maximal Q and the minimal Q is only 0.003, so these six syn-
thetic networks have the same strength of community struc-
ture.

The results are illustrated in Fig. 2. It can be seen from
Fig. 2 that on all networks the M-Walker method outperforms
the DP-Walker method. In addition, M-Walker’s gain changes

very little as the average degree (k) increases. Thus, if the
strength of community structure in network is the same, the
change of (k) has little impact on the performance of M-
Walker method.

Table 4. Statistics of six synthetic networks with different average de-
gree (k).

Network  |V| |E| o B u (k) 0]

ALFR1 500 2034 2.5 1.5 0.5 8 0.441
ALFR2 500 2482 2.5 1.5 0.5 9 0.443
ALFR3 500 2567 25 1.5 05 10 0.442
ALFR4 500 2809 2.5 1.5 0.5 11 0.442
ALFR5 500 2942 2.5 1.5 0.5 12 0.442
ALFR6 500 3226 25 1.5 05 13 0.444

1.00
0.05{ @
E 0.85 1
0.75 A
—=— DP-Walker
0.70 1 —o— M-Walker
é 9 lb 1'1 1'2 1'3
(k)
X 24
= (b)
o 204
=
< 16
=
= 121 iy U . —
T 84
=}
T 41
@]

é 9 1'0 1'1 1'2 1'3
(k)
Fig. 2. The NMI (a) and the M-Walker’s gain (b) on six synthetic networks
with varying average degree (k).

4.3. Multi-label classification

We further assess the performance of our method in the
task of multi-label classification. We use the same experi-
mental procedure as in Ref. [7] to facilitate the comparisons
between our method and three other methods. Specifically, a
portion of labeled vertexes is selected randomly as a training
set and the rest as a test set. The one-vs.-rest regression model
implemented by LibLinear®"! is used to return the most likely
label. In order to accelerate the training speed of multi-label
classifiers, we employ smaller training ratios on all networks,
ranging from 1% to 9%. Repeat the above process 50 times
and report the average micro-F) results.

4.3.1. Datasets

Three real networks are used to evaluate the performance
of our method on the task of multi-label classification. The
DBLP network®!l is a co-author graph in computer science.

The labels indicate the areas of research in which a researcher

128901-5
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publishes his work. The four research areas in this dataset are
DB, DM, IR, and ML. The BlogCatalog network!?! is a social
network of users on the BlogCatalog website. The labels are
the topic categories provided by the authors. The CiteSeer!3?!
is a citation network between computer science publications.
The labels indicate the area of research to which they belong.
The papers are divided into 6 categories: Agents, Al, DB, IR,
ML, and HCI. Further details on these three networks is given
in Table 5, including the number of vertexes (|V|), the number

of edges (|E|) and the number of class labels (|L]).

Table 5. Statistics of three real networks on the task of multi-label clas-
sification.

Network DBLP BlogCatalog CiteSeer
V] 29,199 10,312 3,312
|E| 133,664 333,983 4,732
IZ| 4 39 6

4.3.2. Result analysis

The results are shown in Tables 6-8. Numbers in bold
represent the highest performance in each column. From Ta-
bles 6-8, it can be seen that M-Walker outperforms three
other methods on all networks. Specifically, on the CiteSeer
network, when trained with 5% of the vertexes labeled, M-
Walker performs better than the other three methods when
they are given 9% of the data. On the BlogCatalog network,
M-Walker’s performance when 5% of the network is labeled
beats the DeepWalk and Node2vec methods when they have
been 9% of the data. On the DBLP network, when only trained

Table 6. The micro-F; score on CiteSeer (%).

Training ratio 1% 3% 5% 7% 9%

DeepWalk 37.86  45.69 4832 50.19 51.65
Node2vec 3777 4542 4829 50.09 51.20
DP-Walker  36.94 4593 4939 5124 52.46
Q-Walker 40.36 48.54 51.68 53.48 54.68

Table 7. The micro-F; score on BlogCatalog (%).

Training ratio 1% 3% 5% 7% 9%

DeepWalk 2212 2749 2938 30.65 31.64
Node2vec 2250 27.51 2948 30.77 31.73
DP-Walker  24.22 28.80 30.68 31.86 32.84
Q-Walker 25.61 30.58 32.54 33.71 34.63

Table 8. The micro-F; score on DBLP (%).

Training ratio 1% 3% 5% 7% 9%

DeepWalk 58.08 6325 6545 6648 67.06
Node2vec 58.09 6333 6561 66.57 67.20
DP-Walker  57.03 6143 6339 6442 64.96
Q-Walker 61.58 6599 67.74 68.24 69.24

with 3% of the vertexes labeled, M-Walker’s is better than the
DP-Walker when it is given 9% of the data. In other words, M-
Walker can outperform the DP-Walker with 60% less training
data.

5. Conclusion

Many classic methods for network representation learn-
ing are based on the skip-gram model. There is no mecha-
nism, however, to ensure that the vertex sequences sampled by
these classic methods have dense links and are similar with
each other. To solve this problem, we use the modularity
function to sample vertex sequences. The performance of our
method is evaluated on the tasks of community detection and
multi-label classification. Compared with the baseline meth-
ods, our method can better capture the weak community struc-
ture. Meanwhile, experimental results on three real networks
also show that our method outperforms these baseline methods
on multi-label classification.

Two open issues will require more research in the future.
First, the vertex sequences sampled by our method can capture
the community structure well. However, real networks have
many important characteristics, such as clustering coefficient
and mean shortest path length. We need a vertex sampling ap-
proach to capture more network characteristics in the future.
Second, most real-world networks are dynamic — namely,
they evolve over time. This poses a challenge for our method
applied to large dynamic networks because it is impractical
and inefficient to re-learn vertex representations from scratch
for each snapshot. In the future, we should concentrate on how
the vertex sequences sampled by our method can be modified
when a network changes over time. Specifically, we will im-
prove our method from two aspects: I) we are looking at how
a pre-generated set of random walks generated from one net-
work snapshot can be updated when the network changes; II)
we are investigating how to update vertex representations in-
crementally given the current set of random walks, by treating
the updates as a fine-tuning step in our method.
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