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Photoelectron momentum distribution of hydrogen molecular ion in a circularly polarized laser pulse is calculated by
solving the three-dimensional time-dependent Schrödinger equation (3D-TDSE). At the intermediate internuclear distance,
an unusual multi-peak structure is observed in the angular distribution, which is proved to be a signature of the transient
localization of the electron upon alternating nucleus. By tracing the time-dependent ionization rate and bound state popu-
lations, we provide a clear evidence that the transient electron localization still exists in circularly polarized pulse and the
corresponding multiple ionization bursts are directly mapped onto observable angular distributions. In addition, we intro-
duce an intuitive strong-field approximation model which incorporates laser-induced subcycle internal electron dynamics to
isolate the effect of the Coulomb potential of the parent ions. In this way, the timing of each ionization burst can be directly
read out from the angular distributions. Our results suggest that the ionization time serves as a sensitive tool encoding
intramolecular electron dynamics and can be measured using attoclock technique.

Keywords: strong-field ionization, ultrafast phenomena, photoelectron spectrum
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1. Introduction
Various strong-field phenomena are induced or initi-

ated by the release of an electron from the parent atoms
or molecules through tunneling, known as tunneling ioniza-
tion. The tunneling process in intense laser fields is often
well understood in terms of quasi-static tunneling ionization
picture,[1,2] characterized by an asymptotically small Keldysh
parameter γ ≪ 1,[3] where γ = ω

√
2Ip/E, ω is the laser angu-

lar frequency, E0 the amplitude of the laser electric field, and Ip

the ionization potential. According to this intuitive picture, the
electron releases from the bound state via tunneling through
the quasi-static potential barrier formed by the laser field and
the Coulomb potential of the core, thus it is expected that the
instantaneous tunneling ionization rate reaches its maximum
at laser maxima and exhibits a single maximum during each
half cycle of the laser field.[4] However, recent results of nu-
merical simulations on the simplest molecular system H+

2 have
shown that ionization no longer occurs at the peak of the elec-
tric field. Instead, there are multiple ionization bursts (MIBs)
within one half laser cycle,[5,6] which contradicts the quasi-
static tunneling picture. Time-resolved analysis has demon-
strated that the MIBs are related to transient electron localiza-
tion (TEL) on one of the molecular centers on sub-cycle time
scale.[7,8] This laser-induced intramolecular dynamics creates
charge oscillations between two nuclei, which shift the timing
of ionization relative to the peak of the laser field.

Theoretical justification of TEL and the corresponding
MIBs relies on the analysis of time-dependent electron den-
sity distribution in H+

2 or alternatively the use of Bohmian
trajectories.[9] However, none of them are experimentally
accessible observable signals. Several schemes have been
proposed to detect such nonadiabatic behavior inside the
molecule. For example, the laser-induced TEL leads to a
rapidly varying asymmetry of the electron density. By ap-
plying a second attosecond laser pulse polarized parallel to
the molecular axis, the asymmetry of the electron density is
mapped onto the asymmetry of the photoelectron momentum
distribution (PMD), which could be measured experimentally
in principle.[5,10] Alternatively, it has been shown that if the
polarization direction of the second attosecond pulse is per-
pendicular to the molecular axis, the molecular single-photon
ionization works as a natural double-slit experiment.[11–13]

The asymmetry originating from TEL inside H+
2 modulates

the two “slits” of photoionization, leading to varying visibility
of the interference fringes in the angle-resolved PMDs. In this
way, the electron motion in the molecule is directly mapped
out by measuring the interference visibility. Both methods are
not experimentally demonstrated due to the low intensity and
low repetition rate of the current attosecond laser sources. An
alternative way of probing TEL is using high harmonic spec-
troscopy. It has been found that the TEL results in a minimum
of the high harmonic spectra, whose position is separated with
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structural interference minima.[14,15] However, it is not clear
whether the minima caused by TEL can survive the macro-
scopic propagation effects. Thus it is still a big challenge to
probe the signal of MIBs and characterize TEL.

In this paper, we propose to probe MIBs using the
attosecond angular streaking technique, also known as
attoclock.[16–18] The angular streaking cameras have been em-
ployed to revealing many interesting strong-field phenomena,
such as measuring the tunneling time delay of ionization.[19,20]

In our strategy, the prototypical H+
2 molecular ion is tunnel-

ing ionized by a circularly polarized laser field. The TEL in-
side H+

2 shifts the timings of ionization relative to the laser
maxima. Several discrete bursts of ionization are angularly
streaked to different directions, resulting in nonuniform PMD
in the toroidal direction. Thus the signals of MIBs are directly
mapped onto the photoelectron momentum distribution. The
aim of this work is threefold. First, complementary to the
previous prediction of TEL and MIBs in linearly and circu-
larly polarized laser fields, we provide a clear evidence about
the existence of TEL inside molecules in circularly polarized
laser fields by tracing the time-dependent ionization rate and
bound state populations. Previously the signature of coupling
between the ground and the first excited states was predicted
from the lateral PMDs in circularly-polarized laser pulse.[21]

Here we demonstrate it from the PMD in the polarization
plane. Second, the photoelectron angular distribution shows
clear variations, which is found to be a signature of MIBs.
Third, during the interaction of molecules with circularly po-
larized laser fields, the Coulomb interaction between a liber-
ated electron and its parent ion would lead to an angular drift
of the PMD. We thereby apply a strong field approximation
(SFA) model to isolate the Coulomb effects and at the same
time maintain the internal dynamics of the molecules. By this
means, we correct on the amount of angular drift originated
from the Coulomb interaction and the timings of MIBs can be
directly read out.

2. Numerical methods
The PMDs are obtained by solving the three-dimensional

(3D) time-dependent Schrödinger equation (TDSE) in Carte-
sian coordinates for H+

2 with fixed internuclear distance R0.
The H+

2 molecular ion is aligned along x axis and the laser
pulse is polarized in the x–y plane. In length gauge, the TDSE
within dipole approximation reads (atomic units are used un-
less otherwise stated)

i
∂

∂ t
Ψ(𝑟, t) =

[
−∇2

2
+V (𝑟)+𝑟 ·𝐸(t)

]
Ψ(𝑟, t), (1)

where V (𝑟)=−1/ |𝑟−𝑅+|−1/ |𝑟−𝑅−| is the Coulomb po-
tential with two nuclei located at 𝑅± = (±R0/2,0,0), respec-

tively. The electric field 𝐸(t) is given by

𝐸(t) =
E0√

2
cos2

(
πt
Tp

)
[cos(ωt +φ)𝑒x + sin(ωt +φ)𝑒y] (2)

for Tp/2 < t < Tp/2 with E0, T , ω , φ , and Tp being the field
amplitude, the optical cycle, the angular frequency, the carrier-
envelope phase (CEP), and the foot-to-foot duration, respec-
tively. In the present study, we use 800-nm laser pulse with
a peak intensity of 3.0× 1014 W/cm2, CEP of π , and total
duration of 8T .

The time-dependent wave function is discretized on the
3D Cartesian grid and is propagated using the Fourier split-
operator method.[22–24] The Fourier transforms are accom-
plished by fast-Fourier-transform (FFT) algorithms. The 3D-
FFT is parallelized using a domain-based 2D pencil decompo-
sition strategy. Specifically, the total number of processes is
separated into two groups N = Nx ×Ny. Accordingly, the 3D
Cartesian grid is decomposed in x and y directions, resulting in
N blocks where the grid points in z direction are local in every
process. The initial ground state is obtained by imaginary-time
propagation.

To eliminate the nonphysical boundary reflections in the
simulation box, the wave function is smoothly split at each
time step as

Ψ(𝑟, t) = f (r)Ψ(𝑟, t)+ [1− f (r)]Ψ(𝑟, t)

= Ψ1(𝑟, t)+Ψ2(𝑟, t), (3)

where f (r) is the absorbing function which has a cos1/4 form.
The outgoing electron wave packet Ψ2(𝑟, t) is propagated an-
alytically under the Volkov Hamiltonian until the end of the
laser pulse

M(𝑝, ti) = e− i
∫ t f

ti [𝑝+𝐴(t)]2/2dt

×
∫ e− i [𝑝+𝐴(ti)]·𝑟

(2π)3/2
Ψ2(𝑟, ti)d𝑟, (4)

where 𝐴(t) = −
∫ t
−∞

𝐸(t ′)dt ′ denotes the vector potential of
the laser pulse. The final 3D PMD is obtained by gathering all
the electron flux w(𝑝) =

∣∣∑ti M(𝑝, ti)
∣∣2.

In our calculation, we use grid sizes of 1607× 1607×
803, in x, y, and z directions, respectively, decomposed on a
16× 16 process grid (the total number of processes is 256).
The spatial box covers ±153 a.u. in x and y dimensions, and
±84.5 a.u. in z dimension. The decomposition is done using
the open-source 2DECOMP&FFT library.[25] The positions of
the two nuclei are displaced with respect to the grid points in
order to avoid the singularity of the Coulomb potential. The
time step is 0.05 a.u. After the end of the laser pulse, the prop-
agation is continued for additional 4 optical cycles to ensure
that the ionized and the bound parts of the wave function are
well separated.
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3. Results and discussion
Firstly, the principle of probing TEL using angular streak-

ing camera is sketched in Fig. 1. The electric field of the cir-
cularly polarized laser pulse is presented in Fig. 1(a) by green
curves. The laser polarization rotates counter-clockwise and
the molecular axis of H+

2 is horizontal. According to the quasi-
static tunneling picture, when the Coulomb potential is ne-
glected, the ionization rate is expected to be the largest when
the electric field is aligned along the molecular axis. There-
fore, the asymptotic momentum distribution of photoelectrons
is expected to peak perpendicular to the molecular axis on a
ring with a radius equal to the amplitude of the laser vector
potential. However, the laser-induced transient localization of
the bound electron changes the time of peak ionization and
there are multiple ionization bursts near the peak of the laser
field, as indicated by the arrows. According to the relation
between the asymptotic momentum and the ionization time
𝑝 = −𝐴(ti), these ionization bursts are angularly streaked to
different directions, resulting in a more complex angular struc-
ture as shown in Fig. 1(b).
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Fig. 1. (a) Electric field of the circularly polarized laser pulse rotating
counterclockwise and the ground state wave function of H+

2 , aligned
along x axis. The two arrows indicate two times of the transient elec-
tron localization in one half cycle of the laser field. (b) The photo-
electron momentum distribution without including the Coulomb action
on the tunneled electron. The arrows indicate the maxima induced by
the two ionization bursts. The momentum distribution is calculated us-
ing the strong field approximation model with the intramolecular elec-
tron dynamics included. This method will be illustrated below in detail.
Here only one cycle of the laser pulse is used in the calculations.

Next, we present the PMDs obtained by solving TDSE.
Here, we focus on the 2D PMDs in the polarization plane of
the laser pulse, calculated by Y (px, py) =

∫ 0.2
−0.2 w(𝑝)d pz. Fig-

ure 2(a) shows 2D PMD of H+
2 at equilibrium internuclear

distance 2 a.u. The wavelength of the laser pulse is 800 nm
and the intensity is 3.0 × 1014 W/cm2. The peak of PMD
tilts counterclockwise, in the same direction as the rotation
of the laser field. The angular drift of PMD can be clearly
viewed in the energy-integrated angular distribution, as shown
in Fig. 2(b). Previous studies have shown that this angular
drift is due to the influence of the Coulomb effect of the par-
ent ion.[26] The Coulomb interaction distorts the motion of the
ionized electron wavepackets after tunneling, thus the asymp-
totic momentum distribution of photoelectrons exhibits non-

negligible offset angles with respect to the prediction of quasi-
static tunneling theories.[26–31] Figure 2(c) presents the PMD
of H+

2 for an internuclear separation of 4 a.u. Besides the over-
all angular shift, a more complex angular structure of PMD
appears. There are two maxima in the momentum distribution
on the upper half plane. The PMD is energy-integrated and
the resulted angle-resolved distribution is shown in Fig. 2(d).
Two maxima, peak A at 152∘ and peak B at 80∘, can be clearly
observed.
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Fig. 2. The 2D PMDs for H+
2 in the polarization plane at internu-

clear distance (a) R0 = 2 a.u. and (c) R0 = 4 a.u. (b) and (d) The
energy-integrated angular distribution corresponding to (a) and (c), re-
spectively. The two maxima of the angle-resolved final momentum dis-
tribution in (d) are marked by A and B. We use an 800-nm circularly
polarized laser pulse with an intensity of 3.0×1014 W/cm2.

In order to explore the physical origin of the angular vari-
ation of PMD of H+

2 at R = 4 a.u., we calculate the instan-
taneous ionization rate. The time-dependent ionization rate
is defined as dPion(t)/dt, where Pion(t) is the population of
ionized electrons. Pion(t) is obtained by projecting out the
bound states, i.e., Pion(t) = 1−∑i |ci|2, where |ci|2 is the time-
dependent bound-state population. Here the lowest-lying five
bound states are included. The time-dependent bound-state
populations are recorded during the propagation in the laser
fields. The ionization rate is shown in Fig. 3(b). Since the
transition dipole between the 1sσg and 2pσu states is strongly
aligned along the molecular axis. Therefore, effectively only
the parallel component of the field is important. Figure 3(a)
shows the laser component along the molecular axis in the
middle part of the laser pulse. We focus on the behavior of the
ionization rate in one optical cycle [−0.75T, 0.25T ]. There are
two ionization peaks per half cycle, marked by A, B and A′, B′,
a clear signature of MIBs in molecules. Hence we show that
the MIBs exist not only in linearly but also in circularly polar-
ized laser fields. According to the angular streaking principle,
the two ionization bursts are angularly streaked into different
directions, thus the two peaks A and B of the angle-resolved
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momentum distribution in Fig. 2(d) are the imprints of ioniza-
tion bursts A and B in Fig. 3(b), respectively.

Next, we will demonstrate that the MIBs are induced by
the subcycle TEL inside the molecule by tracing the field-
driven bound-state dynamics during propagation. This is done
by recording time-dependent populations |ci(t)|2 = |⟨i|Ψ(t)⟩|2

of ground 1sσg (|g⟩) and first excited 2pσu (|u⟩) states of
H+

2 during the propagation in the laser fields, where ci(t)
(i = g,u) are the projection coefficients and Ψ(t) is the full
time-dependent wavefunction calculated by solving the TDSE.
Here only the two lowest-lying states are adopted, because for
a two-center system as H+

2 , the ground and the first excited
states are adequate to capture the main feature of election os-
cillation inside the molecule. The truncated bound part of the
electron wave function is expressed as

ψb(t) = cg(t)|g⟩+ cu(t)|u⟩. (5)

The electron density distribution as a function of time along
the molecular axis, integrated over y and z directions, is pre-
sented in Fig. 3(c). One can see that within per half cycle,
the electron transiently localizes on one of the two protons
two times. Specially, one of the local electron density max-

ima appears before the peak of the laser field and the second
one is localized after the laser peak. The positions of the lo-
cal electron density maxima coincide with those of the ion-
ization bursts, as guided by the vertical lines. Small discrep-
ancy can be due to the excitation of the higher-lying excited
states.[32] This result confirms that the MIBs are indeed in-
duced by the subcycle TEL inside the molecule. Previously,
TEL is found to occur in linearly polarized laser fields for H+

2
at intermediate internuclear distance. Here we unambiguously
demonstrate that the TEL and MIBs still exist in circularly po-
larized laser fields. Furthermore, we show that the signature
of MIBs is mapped onto the photoelectron angular distribu-
tion, which can be measured experimentally. In our calcula-
tion, we use a fixed internuclear distance. However in reality
the vibrational motion of the nuclear wave packet will lead to
different molecular configurations at the different maxima of
the electric field. In experiment, the internuclear distance at
the instant of ionization can be determined from the kinetic
energy release of the protons[26] using the cold-target recoil-
ion-momentum spectroscopy (COLTRIMS) technique. Thus
photoelectrons belonging to certain molecular configurations
can be determined.

-0.1

0

0.1

E
x
/
a
.u

.

0.01

0.02

Io
n
iz

a
ti
o
n

ra
te

/
a
rb

. 
u
n
it
s

-1.25 -1.05 -0.85 -0.65 -0.45 -0.25 -0.05 0.15 0.35 0.55 0.75

Time/optical cycle 

-10

-5

0

5

10

E
le

ct
ro

n
p
o
si

ti
o
n
/
a
.u

.

0

0.1

0.2

A
A′

B′

(a)

(b)

(c)

B

Fig. 3. (a) Laser field component along the molecular axis in the middle part from −1.25T to 0.75T . (b) Time-dependent ionization rate of
H+

2 at R = 4 a.u. The ionization peaks in the first cycle are marked by A, B and A′, B′. The vertical black dashed lines indicate the positions of
peaks A and B to guide the eye. (c) Time evolution of the bound state electron density distribution along the molecular axis. The vertical red
dashed lines indicate the position of transient local maxima. Laser parameters are the same as those in Fig. 2.

In comparison with the expected PMD shown in Fig. 1(b),
the PMD obtained by solving the TDSE shows an overall
counter-clockwise angular drift in Fig. 2(c), due to the influ-
ence of the Coulomb potential. This angular drift prevents
evaluating the timing of MIBs from the angle-resolved PMD.
Previously, the Coulomb effects on the angular distribution of
photoelectron have been studied by screening the Coulomb
potential with a mask function numerically.[33] In the follow-
ing, we will develop a method to exclude the Coulomb effect
and at the same time maintain the pre-ionization intramolec-
ular electron dynamics within the framework of SFA.[34,35]

The modification of SFA for molecules has been extensively
studied and developed with detailed derivation and justifica-

tion on solid mathematical foundations.[36,37] We begin with
the Dyson integral

ℳ(𝑝) =−i
∫ Tp

0
dt𝒟(𝑝, t), (6)

which gives the photoelectron momentum distribution
|ℳ(𝑝)|2. The integrand is given by

𝒟(𝑝, t) = ⟨ψ(−)
𝑝 |Û(Tp, t)VL(t)Û0(t,0)|ψi⟩, (7)

where Û0(t,0) denotes the field-free time-evolution operator
of Hamiltonian H0 and Û(Tp, t) the full time-evolution op-
erator of Hamiltonian H(t). According to SFA, the scat-
tering state ⟨ψ(−)

𝑝 | is replaced by a plane wave ⟨𝑝| and
the full time evolution operator Û(Tp, t) is approximated by
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the Volkov time-evolution operator ÛV(Tp, t) of Hamiltonian
− 1

2 ∇2 +VL(t), which neglects the Coulomb potential. This
leads to the transition amplitude

ℳSFA(𝑝) =−i
∫ Tp

0
M(𝑝, t)exp[−iS(𝑝, t)]dt, (8)

with the action

S(𝑝, t) =
∫ T

t

[𝑝+𝐴(τ)]2

2
dτ (9)

and the transition matrix element

M(𝑝, t) = ⟨𝑝+𝐴(t)|𝑟 ·𝐸(t)|ψi(t)⟩. (10)

Here, in order to include the pre-ionization bound electron dy-
namics, we approximate ψi(t) by the truncated bound state in
Eq. (5), i.e., ψi(t)≈ ψb(t). Then the transition matrix element
becomes

M(𝑝, t) = cg(t)⟨𝑝+𝐴(t)|𝑟 ·𝐸(t)|g⟩
+cu(t)⟨𝑝+𝐴(t)|𝑟 ·𝐸(t)|u⟩, (11)

where the time-dependent coefficients cg(t) and cu(t) are ob-
tained from the TDSE calculations. We would like to notice
that these two coefficients can also be evaluated by a two-state
model, in which the time evolution of the wavefunction in
the laser field is described in the basis of Floquet states.[38,39]

Equation (11) is the central equation of our reformulated SFA
method, which can be recognized as SFA equations coupling
the dressed bound-state wave packet ψb(t) to a flat (plane
wave) continuum. Here the effect of ionization is treated
twice, i.e., with ci(t) taken from TDSE calculations and SFA
transition matrix element ⟨𝑝+𝐴(t)|𝑟 ·𝐸(t)|i⟩ (i = g,u). In
order to avoid this problem, the SFA transition matrix element
is renormalized. The SFA amplitude ℳSFA(𝑝) is evaluated by
the saddle point approximation by replacing the integral with
a discrete sum over stationary points of the action. The result
is

ℳSFA(𝑝) = −∑
tg
s

cg[Re(tg
s )]⟨𝑝+𝐴(tg

s )|𝑟|g⟩𝐸(tg
s )

×

√
2π

iS′′(𝑝, tg
s )

exp[−iS(𝑝, tg
s )]

−∑
tu
s

cu[Re(tu
s )]⟨𝑝+𝐴(tu

s )|𝑟|u⟩𝐸(tu
s )

×

√
2π

iS′′(𝑝, tu
s )

exp[−iS(𝑝, tu
s )]. (12)

Here tg/u
s are complex ionization times satisfying

[𝑝+𝐴(tg/u
s )]2/2+ |Eg/u|= 0, (13)

where Eg and Eu are the bound energies of the 1sσg and 2pσu

states, respectively.
In Fig. 4(a), we show the PMD calculated using SFA

without bound state dynamics, i.e., ψi(t) = |g⟩exp(−iEgt). In
this case, the present simulation becomes equivalent to the
plain SFA. The asymptotic electron momentum peaks per-
pendicular to the molecular axis, as expected by the conven-
tional SFA. In Figs. 4(b) and 4(c), we present the PMD and
the energy-integrated momentum distribution with the influ-
ence of the Coulomb potential removed using the SFA theory
Eqs. (12) and (13), which can be compared to Figs. 2(c) and
2(d). Figure 4(b) shows the PMD with bound state dynam-
ics. The distribution exhibits a clear two-peak structure in the
upper half plane. The two peaks are located on two sides
of the py axis, which can be more clearly seen in the energy-
integrated momentum distribution shown in Fig. 4(c). Quan-
titatively, the two peaks A and B in Fig. 4(c) locate at 120∘

and 59∘, respectively. According to the attoclock technique,
the relation between the asymptotic momentum and the ion-
ization time is 𝑝 = −𝐴(ti). Thus, the two peaks correspond
two ionization bursts with ionization timings of −0.41T and
−0.59T . In comparison with the timings −0.41T and −0.60T
of the two peaks in Fig. 3(b), the extracting ionization times
agree well with the simulated results. Therefore, the position
of the two peaks coincides closely with the shift of the tran-
sient electron local maximal relative to the peak of the laser
field seen in Fig. 3(b), indicating that the overall angular shift
in Fig. 2(c) is subtracted by isolating the Coulomb potential.
Our result shows that the “corrected” PMD allows us to di-
rectly read out the timings of the ionization burst.
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Fig. 4. (a) The PMD for H+
2 at R0 = 4 a.u. using SFA, in which the Coulomb potential is not taken into account and only the field-free ground

state is taken into account. (b) Same as (a) but with laser-driven two-level bound-state. (c) The energy-integrated angular distribution of (b).
The arrows indicate the peak positions.
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4. Conclusion
In summary, we studied the tunneling ionization of H+

2 at
intermediate internuclear distance in circularly polarized laser
fields. The angle-resolved photoelectron momentum distribu-
tion exhibits an unusual multi-peak structure. By tracing the
time evolution of bound state wavefunctions, we found that
the angular variation of PMD is induced by the transient lo-
calization of electrons inside the molecule. Thus we provided
more clear evidence of the existence of TEL and the corre-
sponding MIBs in circularly polarized laser fields. More im-
portantly, our result indicated that the intramolecular electron
dynamics on the attosecond time scale can be mapped onto
experimentally accessible photoelectron momentum. Further-
more, the Coulomb potential causes an overall angular shift
of the PMD, obstructing a direct extraction of the multiple
ionization times. We thereby developed a method to exclude
the Coulomb effects and at the same time include the dynam-
ics of the bound electron. In this way the timings of ioniza-
tion bursts can be unambiguously revealed using the attoclock
technique. We would like to add a few words about the influ-
ence of the nonadiabatic effect. In all of our calculation in this
manuscript, the Keldysh parameters for the lasers are a little
smaller than 1. In this case, one would expect the nonadiabatic
effect to occur. However, for the PMD using circularly polar-
ized laser pulse, the nonadiabatic effect only influences the
radial distribution,[40,41] whereas we focus here on the angu-
lar distribution. Thus the nonadiabatic almost has no influence
on our result. This method can be used to probe intramolec-
ular electron dynamics for other molecules, where the TEL is
expected to occur at equilibrium internuclear distance.

In the present paper we only focus on the angular distri-
bution and does not consider the interference structures in the
PMD. Very recently, it has been experimentally found that for
atoms the ATI rings in the PMD show distinct angular shifts,
which sensitively depend on the electron energy, using near
circular laser pulse.[42] So it is interesting to see if the timing
information about TEL dynamics and MIBs of molecules can
be extracted from the energy-resolved angular shift.
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