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Thermal entanglement in a spin-1/2 Ising–Heisenberg
butterfly-shaped chain with impurities∗
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We investigate the effect of impurities on the thermal entanglement in a spin-1/2 Ising–Heisenberg butterfly-shaped
chain, where four interstitial Heisenberg spins are localized on the vertices of a rectangular plaquette in a unit block. By
using the transfer-matrix approach, we numerically calculate the partition function and the reduced density matrix of this
model. The bipartite thermal entanglement between different Heisenberg spin pairs is quantified by the concurrence. We
also discuss the fluctuations caused by the impurities through the uniform distribution and the Gaussian distribution. Con-
sidering the effects of the external magnetic field, temperature, Heisenberg and Ising interactions as well as the parameter of
anisotropy on the thermal entanglement, our results show that comparing with the case of the clean model, in both the two-
impurity model and the impurity fluctuation model the entanglement is more robust within a certain range of anisotropic
parameters and the region of the magnetic field where the entanglement occurred is also larger.

Keywords: thermal entanglement, Ising–Heisenberg butterfly-shaped chain, impurities, transfer-matrix ap-
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1. Introduction
The existence of quantum entanglement has been found

in the early period due to the peculiar non-locality of quan-
tum mechanics and confirmed by many experiments.[1,2] With
the rapid development of quantum information science, it
is now possible to achieve quantum information processing
like quantum teleportation,[3–5] quantum key distribution,[6–8]

and quantum cloning[9–11] through quantum entanglement re-
source. It is worth noticing that a real physical system always
exists at a finite temperature, so it is necessary to study the ef-
fect of temperature on quantum entanglement by considering
the state of the system at thermal equilibrium.[12–14] Measur-
ing entanglement is a very important research field and many
different methods have been proposed to quantify entangle-
ment measure. Wootters et al. proposed the concurrence as
a kind of entanglement measure to quantify entanglement of
formation for two-qubit systems, which is applicable to both
the pure and the mixed states.[13–19]

Over the past decades, the thermal entanglement be-
tween qubits in quantum Ising coupling model, anisotropic
XY and XXZ Heisenberg spin-1/2 models has been exten-
sively studied.[20–23] And these one-dimensional models can
also be solved exactly by the Bethe ansatz technique and the
transfer-matrix approach.[24–26] Due to the importance of im-
purities in quantum systems, spin chains with impurities have
attracted much attention.[27] The entangled chain with defects

was proposed by introducing a single defect in the exchange
interaction term of the quantum XY model.[28] In addition, the
XXZ model with two defects,[29] the XXZ model with defects
in the presence of external magnetic field,[30] the disorder in
quantum Ising model,[31] the Gaussian disorder in quantum
XY and XXZ models have also been studied to inspect the be-
havior of concurrence.[32,33]

In recent years, more and more attention has been paid
to the study of quantum entanglement and thermodynamic
properties in infinite spin chains as the models of the ac-
tual materials. Based on the researches of the natural min-
eral azurite Cu3(CO3)2(OH)2,[34,35] the Ising-XXZ diamond
model has been discussed.[36,37] The one-dimensional infi-
nite chain such as the Ising-XXZ diamond chain and the
Ising-XY Z distorted diamond chain has been exactly solved
for discussing the properties of thermal entanglement.[38,39]

The particular spin-1/2 Ising–Heisenberg orthogonal-dimer
chain with total spin on vertical Heisenberg bonds from the
magnetic structure [Dy2Cu2]n is demonstrated to analyze the
ground states and thermodynamic properties.[40] Addition-
ally, the Ising–Heisenberg tetrahedral chain with total spin
angular momentum for two spins coupled by the Heisen-
berg interaction are introduced to calculate the concurrence
and the specific heat.[41,42] By using the star-triangle mapping
transformation and the transfer-matrix approach, the spin-1/2
Ising–Heisenberg pentagonal chain is also rigorously solved
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to investigate the bipartite quantum entanglement.[43] It is
noted that the effect of impurities on the thermal entangle-
ment of the spin-1/2 Ising-XXZ diamond chain has been
investigated.[44,45]

Very recently, the magnetic properties and the specific
heat in a spin-1/2 Ising–Heisenberg butterfly-shaped chain
have been investigated,[46] however, up to now the thermal
entanglement properties in the Ising–Heisenberg butterfly-
shaped spin chain model has not been discussed yet. Thus,
in this paper, we will focus on the effect of two impurities on
the thermal entanglement of the intriguing Ising–Heisenberg
butterfly-shaped spin chain model. We will use the transfer-
matrix approach to numerically calculate the partition func-
tion and the reduced density matrix of this model. The bipar-
tite thermal entanglement between different Heisenberg spin
pairs is quantified by the concurrence. Additionally, we also
introduce the impurity fluctuations with the uniform distribu-
tion and the Gaussian distribution in this spin chain model.
It is found that comparing with the case of the clean model,
in both the two-impurity model and the impurity fluctuation
models, the thermal entanglement is more robust and the mag-
netic field regions the entanglement occurring are also larger
within a certain range of anisotropic parameters.

The rest of this paper is organized as follows. We present
the spin-1/2 Ising–Heisenberg butterfly-shaped chain model

and give the exact solution via the transfer-matrix approach in
Section 2. In Section 3, the interesting results for the concur-
rence of the clean model, the two impurities model and the
impurities subject to the uniform distribution and the Gaus-
sian distribution will be displayed, respectively. Finally, we
give our conclusions in Section 4.

2. Model and method
Let us consider the quantum spin-1/2 Ising–Heisenberg

butterfly-shaped chain, including four interstitial Heisenberg
spins localized on the vertices of a rectangular plaquette in
a unit block, the schematic of which is illustrated in Fig. 1.
Spins in a rectangular plaquette of each unit block are con-
nected through Heisenberg interactions (denoted by (JH,∆)).
The parameter J represents Ising interactions. Aiming to in-
vestigate the effect of impurities on the thermal entanglement,
it is assumed that the interaction parameters are homogeneous
in all unit blocks along the spin chain except the impurities
block located at r−1 and r+1 in Fig. 1. Thus the total Hamil-
tonian can be expressed as follows:[44,45]

H =
N
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for i = r−1,r+1. Here,
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corresponding to the interstitial anisotropic Heisenberg spins
coupling (JH and ∆ ) and S5,i = S1,i. J̃H = JH(1 + α), ∆̃ =

∆(1 + γ), and J̃ = J(1 + η) are impurity parameters. The
nearest-neighbor interactions between the Ising and Heisen-
berg spins and the Ising-type exchange interaction of nodal

spins are represented by J. Here we consider the case of ferro-

magnetic interactions (JH > 0 and J > 0) and a homogeneous

magnetic field B applied along the z direction.

The cluster Hamiltonians commute with each other,

[H j,Hk] = 0. Thus we can adopt the transfer-matrix approach

to gain the partition function of the model with two impurities,

which can be written as[38]

ZN = ∑
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where {σ} represents all possible (4N) spin arrangement.
Here we consider the periodic boundary condition σ

z
a,N+1 =

σ
z
a,1 and σ

z
b,N+1 = σ

z
b,1.

First one defines the four-qubit operator

V = e−βH(σ z
a,i,σ

z
b,i,σ

z
a,i+1,σ

z
b,i+1)

=
16

∑
k=1

e−βεk(σ
z
a,i,σ

z
b,i,σ

z
a,i+1,σ

z
b,i+1)|ψk〉〈ψk|, (5)

where β = 1/(kBT ) and the Boltzmann’s constant kB is set
to 1. In the basis {σ z

a,i,σ
z
b,i,σ

z
a,i+1,σ

z
b,i+1} of the two consec-

utive blocks and σ
z
a(b),i = ±1, the transfer matrix W can be

expressed as

W =


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 , (6)

where ↑ and ↓ denote the eigenvalues 1 and −1 of the Pauli
matrix in the z direction, respectively. The element of W is
called Boltzmann factor, which is written as

ω(σ z
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(7)
Similarly, the transfer matrix for impurity is

W̃ =


ω̃(↑↑↑↑) ω̃(↑↑↑↓) ω̃(↑↑↓↑) ω̃(↑↑↓↓)
ω̃(↑↓↑↑) ω̃(↑↓↑↓) ω̃(↑↓↓↑) ω̃(↑↓↓↓)
ω̃(↓↑↑↑) ω̃(↓↑↑↓) ω̃(↓↑↓↑) ω̃(↓↑↓↓)
ω̃(↓↓↑↑) ω̃(↓↓↑↓) ω̃(↓↓↓↑) ω̃(↓↓↓↓)

 , (8)

and the Boltzmann factor for impurity is given by the follow-
ing expression:

ω̃(σ z
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z
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∑
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z
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(9)
Then we can write the partition function of the butterfly-
shaped chain with two impurities straightforwardly by

ZN = tr(W̃WW̃W N−3). (10)

Fig. 1. A schematic representation of the spin-1/2 Ising–Heisenberg
butterfly-shaped chain. The blue balls denote the Heisenberg particles and
the red (orange) lines represent the Heisenberg interaction with (without)
impurity, while the black balls denote the Ising spins and the green (black)
lines represent the Ising interaction with (without) impurity.

By tracing out all Heisenberg spins except the Heisen-
berg spins at the r-th block on a butterfly-shaped chain, we
can write the density operator as

ρm,n =
1

ZN
∑
{σ}

ω(σ z
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z
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z
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z
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z
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z
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z
b,1). (11)

And, we can also write the density operator straightforwardly
as

ρm,n =
1

ZN
tr(W r−2W̃Pm,nW̃W N−r−1)

=
1

ZN
tr(W̃Pm,nW̃W N−3), (12)

where

Pm,n=


Vm,n(↑↑↑↑) Vm,n(↑↑↑↓) Vm,n(↑↑↓↑) Vm,n(↑↑↓↓)
Vm,n(↑↓↑↑) Vm,n(↑↓↑↓) Vm,n(↑↓↓↑) Vm,n(↑↓↓↓)
Vm,n(↓↑↑↑) Vm,n(↓↑↑↓) Vm,n(↓↑↓↑) Vm,n(↓↑↓↓)
Vm,n(↓↓↑↑) Vm,n(↓↓↑↓) Vm,n(↓↓↓↑) Vm,n(↓↓↓↓)

 .

(13)
Diagonalizing the transfer matrix W N−3 by using the ma-

trix U , we can give

Λ
N−3 =


λ

N−3
1 0 0 0
0 λ

N−3
2 0 0

0 0 λ
N−3
3 0

0 0 0 λ
N−3
4

 . (14)

The density operator can be finally expressed by

ρm,n =
tr(U−1W̃Pm,nW̃UΛ N−3)

tr(W̃WW̃UΛN−3U−1)
. (15)

This result is valid for arbitrary number N of blocks in the
butterfly-shaped chain under the periodic boundary condi-
tions. Now considering the thermodynamic limit N → ∞ and
(λ2(3,4)/λ1)

N−3→ 0, the density operator becomes

ρm,n =

tr

U−1W̃Pm,nW̃U


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




tr

W̃WW̃U


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

U−1


. (16)

Thus we can compute the reduced density matrix by tracing
out the density operator. The reduced density operator for the
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subsystem AB is defined by

ρ
AB = trCD(ρ

ABCD), (17)

where trCD is known as the partial trace over the system CD.

3. Results and discussion
In this section, we study the entanglement of two Heisen-

berg spins in the r-th block of the spin-1/2 Ising–Heisenberg
butterfly-shaped model. By calculating the thermal entangle-
ment of the nearest-neighbor and the next-nearest neighbor
Heisenberg spins, we compare the results of the butterfly-
shaped model with two impurities on the (r− 1)-th and the
(r + 1)-th blocks and the clean model firstly. Then we give
the entanglement calculation of the random fluctuation of the
two impurities which follow the uniform distribution and the
Gaussian distribution respectively.

The entanglement between the two Heisenberg spins,
which interact with two Ising spins respectively, has a quanti-
tative definition of concurrence as the most basic entanglement
measure. It is defined as[16,18]

C(ρ) = max{
√

λ1−
√

λ2−
√

λ3−
√

λ4,0}, (18)

where λ1 > λ2 > λ3 > λ4 are the eigenvalues of the operator

R = ρ(σ y⊗σ
y)ρ∗(σ y⊗σ

y), (19)

with ρ∗ being the complex conjugate of the reduced density
matrix ρ . The concurrence C = 0 corresponds to an unentan-
gled state, while C = 1 corresponds to a maximally entangled
state.

3.1. Spin chain with two impurities

After numerical solving Eq. (16) to gain the density ma-
trix, we can calculate the reduced density matrix of the model
and further obtain the concurrence of the entanglement mea-
sure between the two Heisenberg spins according to Eq. (18).
The concurrences of the nearest-neighbor and the next-nearest
neighbor Heisenberg spins are denoted by C12 and C13, respec-
tively.

In Fig. 2, we plot that the concurrence C12 varies with the
impurity parameter η for different values of ∆ . It is shown that
a sharp variation of the concurrence occurs with η . For exam-
ple, in the case with ∆ = 0.2, the concurrence remains at the
maximum Cmax

12 ≈ 0.5 for η . −0.04, when η > −0.04, C12

decreases (i.e., for η = 0, C12 ≈ 0.487), and it descended to
a stable value C12 ≈ 0.23 when η & 0.09. As the anisotropic
parameter increases, for the values of ∆ = 0.4 and 0.5, en-
tanglement death occurs when η &−0.27 and η &−0.36 re-
spectively. The variations of concurrence C13 with the impu-
rity parameter η for different values of ∆ are similar to those of
concurrence C12. Here we consider a fixed magnetic field. It is

also necessary to indicate that 06∆ . 0.55 is the region where
the entanglement occurs within the range of−0.9.η .−0.4.

↩.  .

η

0

0.2

0.4

0.6

C



∆=0.2
∆=0.4
∆=0.5

Fig. 2. Concurrence C12 as a function of the impurity parameter η for differ-
ent values of ∆ . Here, JH = 2J, J = 1, T = 0.1, B = 4, α = 0, and γ = 0.5.

The concurrence C12 as a function of the external mag-
netic field B is shown in Figs. 3(a) and 3(b) for different val-
ues of temperature T . The solid and dot lines correspond to
the clean model and the two-impurity model, respectively. In
Fig. 3(a), we plot the behavior of C12 for ∆ = 0.4. When
the external magnetic field B increases, the concurrence of the
clean model first increases from zero to the maximum and then
decreases to zero. In the case of T = 0.1, the concurrence be-
gins to appear at B≈ 1.16 and achieves the maximum value of
Cmax

12 = 0.5 within the region 2.2 . B . 2.5, then goes down
to zero at B ≈ 3.74. Different from the clean model, with in-
creasing the magnetic field, the entanglement behavior of the
two-impurity chain model is more robust. In the two-impurity
model, when the magnetic field B increases, it is interesting
to observe that the concurrence first increases from zero to the
maximum value, then decreases to a certain value, and starts
to go up to the second peak, and ultimately goes down to zero.
The case of ∆ = 0.5 is shown in Fig. 3(b). It is shown that
the two-impurity model displays the phenomenon of entangle-
ment revival at a low temperature (e.g., T = 0.1).

We plot the concurrence C13 as a function of the exter-
nal magnetic field B for different values of temperature T in
Figs. 3(c) and 3(d). The case with ∆ = 0.4 is shown in
Fig. 3(c). For the clean model, with the magnetic field strength
increasing, the concurrence decreases from the initial value to
C13 ≈ 0.106, then gradually increases to the maximum value,
and decreases to zero finally. While for the two-impurity
model there are two peaks in the curve of the concurrence C13,
and the maximum value of concurrence appears in the sec-
ond peak under a larger magnetic field. For the case ∆ = 0.5
and T = 0.5 in Fig. 3(d), with the increase of the magnetic
field strength, the concurrence decreases from the initial value
to zero, and the entanglement revival occurs subsequently for
both two models. However, for the lower temperature (see
the case of T = 0.1), the entanglement revival occurs twice
for the two-impurity model, and the concurrence reaches the
maximum value Cmax

13 ≈ 0.47 at B ≈ 3.79, while for the clean
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model the increasing of the magnetic field suppresses the en-
tanglement.

   
B

   
B

   
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.

.

.

C

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

.
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.

C




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.

C





.

.

.

C



T/. ↼γ=0, η=0)

T/. ↼γ=0, η=0) T/. ↼γ=0.5, η=−0.5)

T/. ↼γ=0.5, η=−0.5)

(a)

(b)

(c)

(d)

Fig. 3. Concurrences C12 and C13 as a function of the external magnetic field
B for different values of temperature T . Here, JH = 2J, J = 1, and α = 0.
In panels (a) and (c) we display concurrence for ∆ = 0.4, panels (b) and (d)
for ∆ = 0.5. The solid lines and dot lines correspond to the clean model and
the two-impurity model, respectively.
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Fig. 4. Density plot of concurrence C12 as a function of the external mag-
netic field B and temperature T with JH = 2J and J = 1. In panels (a) and (b)
we display C12 for the model with two impurities, where α = 0, γ = 0.5, and
η = −0.5. In panels (c) and (d) we display C12 for the clean model, where
α = 0, γ = 0, and η = 0. We set ∆ = 0.4 in panels (a) and (c), ∆ = 0.5 in
panels (b) and (d), respectively. The red and blue solid curves are the con-
tours of C12 = 0 which correspond to the two-impurity model and the clean
model, respectively.

Figure 4 shows the density plot of the concurrence C12

as a function of external magnetic field B and temperature T .
In Figs. 4(a) and 4(b), the red areas indicate the presence of
entanglement and the white areas indicate the absence of en-
tanglement of the two-impurity model. For the convenience
of comparison, the entanglement disappearance boundary of
the two-impurity model is represented by red line, and the en-
tanglement disappearance boundary of the clean model is also
given by blue line. The blue entangled and white unentangled
regions of the clean model are plotted in Figs. 4(c) and 4(d). It
is shown that the entangled region of the two-impurity model
is larger than the region of clean model.

In Fig. 5 we display the density plot of the concurrence
C13 as a function of the external magnetic field B and temper-
ature T . Clearly, the maximum concurrence value of the two-
impurity model is greater than that of the clean model. When
the anisotropic parameter ∆ = 0.4, as shown in Fig. 5(a),
the maximum concurrence value of the two-impurity model
Cmax

13 ≈ 0.4999, and that of the clean model Cmax
13 ≈ 0.35 as

shown in Fig. 5(c). As ∆ = 0.5, the maximum concurrence
value of the two-impurity model Cmax

13 ≈ 0.47 in Fig. 5(b),
whereas that of the clean model Cmax

13 ≈ 0.19 as shown in
Fig. 5(d).
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Fig. 5. Density plot of concurrence C13 as a function of the external mag-
netic field B and temperature T with JH = 2J and J = 1. In panels (a) and (b)
we display C13 for the model with two impurities, where α = 0, γ = 0.5, and
η = −0.5. In panels (c) and (d) we display C13 for the clean model, where
α = 0, γ = 0, and η = 0. We set ∆ = 0.4 in panels (a) and (c), ∆ = 0.5 in
panels (b) and (d), respectively. The red and blue solid curves are the con-
tours of C13 = 0 which correspond to the two-impurity model and the clean
model, respectively.

3.2. Two impurities with fluctuation

In this subsection, we illustrate the influence of impu-
rity fluctuations on thermal entanglement in the two-impurity
model. Taking γ = 0.5 and η = −0.5 as the mean values, we
discuss the two cases where the impurity parameters γ and η

submit to the uniform distribution and the Gaussian distribu-
tion, respectively.

In Figs. 6(a) and 6(b), we show the effect of the external
magnetic field with uniformly distributed impurity parameters
on the concurrence C12. Here we take T = 0.1 as an example.
In Fig. 6(a) (the case of ∆ = 0.4), with the increasing of the
magnetic field B, the entanglement appears at B ≈ 1.13, and
achieves the maximum concurrence value Cmax

12 ≈ 0.467 when
B≈ 2.65, and disappears at B≈ 4.69. In Fig. 6(b) (the case of
∆ = 0.5), the entanglement appears at B≈ 1.06, and achieves
the maximum concurrence value Cmax

12 ≈ 0.379 when B≈ 2.58.
Then the entanglement decreases nonmonotonically and fi-
nally disappears at B ≈ 4.27. In Figs. 6(c) and 6(d), we show
the effect of the magnetic field with the Gaussian distributed
impurity parameters on the concurrence C12. When ∆ = 0.4,
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there are two peaks and the magnetic field region of the en-
tanglement occurring is 1.16 . B . 4.71. The maximum con-
currence value Cmax

12 ≈ 0.4983 happens at B ≈ 2. For the case
of ∆ = 0.5, the maximum concurrence value Cmax

12 ≈ 0.4938
at B ≈ 2.4 and the second peak occurs in the area where the
magnetic field is 3 . B . 4.3.
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Fig. 6. The concurrence C12 as a function of the external magnetic field B
under different values of temperature T with impurity fluctuations. Here,
JH = 2J, J = 1 and α = 0. In panels (a) and (b) we present the uniform
distribution for two impurities, and the Gaussian distribution in panels (c)
and (d). For panels (a) and (c) ∆ = 0.4, panels (b) and (d) ∆ = 0.5. We take
the average of 1000 calculations here.
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Fig. 7. The concurrence C13 as a function of the external magnetic field B
under different values of temperature T with impurity fluctuations. Here,
JH = 2J, J = 1 and α = 0. In panels (a) and (b) we present the uniform
distribution for two impurities, and the Gaussian distribution in panels (c)
and (d). For panels (a) and (c) ∆ = 0.4, panels (b) and (d) ∆ = 0.5. We take
the average of 1000 calculations here.

The influence of impurity fluctuations with uniformly dis-
tributed impurity parameters on the concurrence C13 is pre-
sented in Figs. 7(a) and 7(b). Let us consider the case T = 0.1.
When ∆ = 0.4, as shown in Fig. 7(a), the region of the mag-
netic field of the entanglement occurring is 0 6 B . 4.69, and
the maximum concurrence value Cmax

13 ≈ 0.3825 at B ≈ 3.1.
It is less than Cmax

13 ≈ 0.4999 of the two-impurity model but

greater than Cmax
13 ≈ 0.3535 of the clean model. In the case

of ∆ = 0.5, as shown in Fig. 7(b), the magnetic field region
of the entanglement occurring is 0 6 B . 4.27, and the maxi-
mum concurrence value Cmax

13 ≈ 0.271 at B ≈ 2.62. The case
of the Gaussian distribution is shown in Figs. 7(c) and 7(d).
When ∆ = 0.4, a special small peak appears at magnetic field
B≈ 3.1, and the maximum concurrence value Cmax

13 ≈ 0.465 at
B≈ 4.11. When ∆ = 0.5, with the increasing of the magnetic
field, the concurrence decreases from the initial value of 0.194
to C ≈ 0.01, and then begins to recover. After going through
two peaks, the concurrence decreases to 0, and the maximum
concurrence value Cmax

13 ≈ 0.348 at B≈ 2.39.
It is worth mentioning that compared with the case of the

clean model, in the two cases of the impurity fluctuations with
the uniform and the Gaussian distributions, the regions of the
magnetic field where the entanglement occurs are broadened
for both C12 and C13.

4. Conclusions
In this paper, we investigated the thermal entanglement

properties in a spin-1/2 Ising–Heisenberg butterfly-shaped
chain with impurities. Based on the transfer-matrix approach,
we numerically calculated the concurrence C12 between the
nearest-neighbor Heisenberg spins and C13 between the next-
nearest neighbor Heisenberg spins of the r-th block in the
model. The thermal entanglement of the two-impurity model
and the clean model were discussed, respectively. Firstly, we
studied the variations of the concurrence with the impurity pa-
rameter η for different values of ∆ , and obtained the appropri-
ate region of the impurity and anisotropic parameters where
the entanglement occurs in a certain magnetic field. Then,
we investigated the effect of the external magnetic field B on
the entanglement. It is shown that the two-impurity model
can broaden the magnetic field region where the entanglement
occurs and enlarge the maximum concurrence value within a
certain anisotropic parameter range. It is also found that the
entanglement decreases as the value of temperature increases.
Finally, the effect of the fluctuation of impurity parameters in
the two-impurity model on the thermal entanglement is given.
By considering the uniform distribution and the Gaussian dis-
tribution of impurity parameters, it can be concluded that due
to the fluctuation of impurity, the magnetic field region entan-
glement occurring becomes wider and the entanglement be-
havior becomes more robust.

It would be interesting to note that one-dimensional spin-
1/2 entangled chains are considered to act as channels for
long-distance and high-fidelity quantum teleportation.[45,47]

For a random spin chain, the probability of obtaining a spin
pair with higher fidelity and greater entanglement would be
increased by using defects.
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