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SPECIAL TOPIC — Phononics and phonon engineering

Nonequilibrium reservoir engineering of a biased coherent conductor
for hybrid energy transport in nanojunctions*

Bing-Zhong Hu(胡柄中), Lei-Lei Nian(年磊磊),† and Jing-Tao Lü(吕京涛)‡

School of Physics and Wuhan National High Magnetic Field Center,
Huazhong University of Science and Technology, Wuhan 430074, China

(Received 22 June 2020; revised manuscript received 27 August 2020; accepted manuscript online 1 September 2020)

We show that a current-carrying coherent electron conductor can be treated as an effective bosonic energy reservoir
involving different types of electron–hole pair excitations. For weak electron–boson coupling, hybrid energy transport
between nonequilibrium electrons and bosons can be described by a Landauer-like formula. This allows for unified account
of a variety of heat transport problems in hybrid electron–boson systems. As applications, we study the non-reciprocal
heat transport between electrons and bosons, thermoelectric current from a cold-spot, and electronic cooling of the bosons.
Our unified framework provides an intuitive way of understanding hybrid energy transport between electrons and bosons
in their weak coupling limit. It opens the way of nonequilibrium reservoir engineering for efficient energy control between
different quasi-particles at the nanoscale.

Keywords: electron–hole pair, hybrid energy transport, nanojunction, electron–phonon interaction
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1. Introduction

Understanding nonequilibrium energy transport at the
nanoscale is of crucial importance both for the fundamental
development of quantum thermodynamics and for the prac-
tical application of nanoscale thermal, thermoelectric, and
optoelectronic devices. For phase coherent transport, the
celebrated Landauer–Büttiker formalism has been success-
fully applied to study quasi-particle energy transport follow-
ing different statistics, including electrons,[1] photons,[2–5]

phonons,[6–15] and magnons.[16] Wherein, the baths connect-
ing to the system are assumed to be in thermal equilibrium
with given temperature and/or chemical potential, where the
quasi-particle distribution function is determined by its statis-
tics, i.e., the Fermi–Dirac distribution for fermions, and the
Bose–Einstein distribution for bosons. A difference in the dis-
tribution drives an energy current flow between the two ther-
mal baths.

However, the same approach is difficult to describe
energy transport between quasi-particles following dif-
ferent statistics, which is ubiquitous in thermoelectric
and optoelectronic processes of nano-junctions. Exam-
ples of such processes include electroluminescence,[17–20]

Joule heating,[21–26] current-induced[24,27–29] or radiative
cooling.[30] Another difficulty arising in these processes is that
the quasi-particles may be in nonequilibrium state due to driv-
ing from external bias.

In this work, we show that these processes can be con-
veniently analyzed by treating a voltage-biased coherent elec-
tron conductor as effective bosonic reservoirs with non-zero
chemical potentials. In the limit of weak electron–boson cou-
pling, to the second order in their coupling, we obtain a Lan-
dauer formula to describe energy transport between electrons
and bosons. This is possible since energy transport between
electrons and bosons is always accompanied by the genera-
tion or annhilation of different kinds of electron–hole pairs
(EHPs).[31,32] This provides a simple physical picture to un-
derstand qualitatively energy transport in different thermal,
thermoelectric, and optoelectronic processes.

2. Theory
2.1. System setup

We consider a model system schematically shown in
Fig. 1(a). The system is composed of an independent set
of bosonic degrees of freedom (DOF) taken as a set of har-
monic oscillators. It couples to two kinds of baths. One is
an equilibrium boson bath (ph-bath), modeled by an infinite
number of harmonic oscillators (bosonic modes). The other
is an electron bath (e-bath), which itself includes a central
part (C) and two electrodes (L and R). The e-bath may be
driven into a nonequilibrium steady state by a voltage bias ap-
plied between the two electrodes. We consider the situation
where transport in the e-bath can be treated using the coherent
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Landauer–Büttiker picture. Without loss of generality, we as-
sume that the system bosons couple only to the central region
of the e-bath. Energy transport between the e-bath and ph-bath
takes place through their simultaneous coupling to the system
bosons. We limit ourselves to non-interacting electrons and
weak electron–boson interaction such that the lowest order ex-
pansion is valid.[33] The electrons couple to the ‘displacement’
of the system harmonic oscillators

Hes = ∑
i, j,k

Mk
i jc

†
i c juk. (1)

Here, Mk
i j describes the coupling of the system mode k to the

electronic transition between states i and j, and uk is the ‘dis-
placement’ operator of the system mode k. For phonons, it
is the displacement, while for photons it is the vector poten-
tial. The system–ph-bath coupling is linear between harmonic
oscillators and can be treated exactly.

2.2. Electron–hole pair excitation

Our key observation is that the energy transport between
the system and the e-bath can be modeled by different kinds of
reactions between EHPs in the e-bath and the bosonic modes
in the system. The creation (annihilation) of the bosonic mode
is always accompanied by the inelastic electronic transitions
from a filled high (low) energy state to an empty low (high)
energy state. These processes can be considered as recombi-
nation and creation of EHPs that have the same energy as the
bosonic mode, which we take as positive. They can be ex-
pressed in the form of reactions

eα +hβ 
 bn, (2)

where eα , hβ , and bn represent electron in electrode α , hole in
electrode β , and bosonic mode bn of the system, respectively.
Equivalently, we can write

eα 
 eβ +bn, (3)

representing an inelastic electronic transition from electrode
α to β , accompanied by emission of bosonic mode n (forward
process). The backward direction corresponds to an absorp-
tion process.

There are four types of EHPs which we label by the spa-
tial location of the electron (α) and hole (β ) states. They
are schematically shown in Figs. 1(c) and 1(d) for the re-
combination and creation processes, respectively. They are
denoted by EHP-i (i = 1,2,3,4) and are further divided into
two groups. The intra-electrode type includes 1/LL and 2/RR,
and the inter-electrode type includes 3/RL, 4/LR. Additional
to energy transfer between e-bath and system, the generation
and recombination of inter-electrode EHPs also involve charge
transport across the system. As mentioned, we take the energy
of the mode and the EHPs to be positive.

A generalized detailed balance relation applies to each of
the reactions

τα⇀β

τα↽β

= exp
[
−βB(h̄Ω −µαβ )

]
. (4)

Here, τα⇀β and τα↽β are the reaction rates for the forward
(boson emission) and backward (boson absorption) processes
in Eq. (2), respectively. They are obtained from the Fermi
golden rule

τα⇀β =
2π

h̄ ∑
i∈α, f∈β

|Mm
i j |2δ (εi − ε f − h̄Ω)

×nF(εi −µα)(1−nF(ε f −µβ )). (5)

Here, nF/B(ε,T ) = [exp(βBε)±1]−1 is the Fermi–
Dirac/Bose–Einstein distribution, with βB = (kBT )−1, µαβ =

µα −µβ , and Mm
i j = ⟨ψi(εi)|M|ψ f (ε f )⟩ is the transition matrix

element from initial state i in electrode α to final state f in
electrode β . The reverse rate τα↽β can be written similarly.
Thus, when reaching equilibrium with the EHP bath αβ , the
bosonic mode follows a Bose–Einstein distribution at tem-
perature Te and chemical potential µαβ . For intra-electrode
processes, µαβ = 0, we have the normal detailed balance re-
lation, while for inter-electrode processes µαβ is determined
by the applied voltage bias. Thus, the bosonic mode may ac-
quire a non-zero chemical potential in nonequilibrium. This is
consistent with the equilibrium condition for reaction (2).

L R

system

e bath
e bath

(a)

1

system

(b)

1 2

3

(c)

1′ 2′

3′

(d)

2 3 4

ph bathph bath

C

4 4′

eα⇁hβ →bn bn→eα⇁hβ

Fig. 1. (a) Schematics of the model we consider. The system consists
a set of independent bosonic modes. It couples to an electron bath (e-
bath), which is modeled as a conductor including a left (L) and a right
(R) electrode, with temperature Te and chemical potential µL and µR,
respectively. The system further couples to an external thermal bath
(ph-bath) at temperature Tph. (b) The electron bath can be treated as
four different kinds of electron–hole pair (EHP) baths (1–4), shown in
(c). (c)–(d) Four kinds of EHP recombination (c) and excitation (d) pro-
cesses. The EHPs are classified according to the spatial location of the
electron (eα ) and the hole (hβ ).

The key quantity to describe the EHP baths is the
coupling-weighted power spectrum. It can be written as

Π̃
αβ
mn (ω) =

[
nB(h̄ω −µαβ ,Te)+

1
2

]
Λ

αβ
mn (ω). (6)
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We have introduced the coupling-weighted EHP density of
states (DOS)[34,35]

Λ
αβ
mn (ω) = − ∑

i∈α, f∈β

Mm
f iM

n
i f δ (εi − ε f − h̄ω)

×(nF(εα −µα ,Tα)−nF(εβ −µβ ,Tβ ))

= −
∫ dε

2π
tr[MmAα(ε)MnAβ (ε − h̄ω)]

×(nF(ε −µα ,Tα)−nF(ε − h̄ω −µβ ,Tβ )), (7)

which also characterizes the system dissipation due to cou-
pling to the e-bath.[34] Here, Aα is the electrode spectrum
functional. Equation (6) follows a form of the fluctuation–
dissipation relation for an equilibrium ph-bath, albeit with a
possibly non-zero chemical potential µαβ . The intra-electrode
EHPs (i = 1,2) are always in equilibrium with µαα = 0 and
temperature Te. But the two inter-electrode EHPs (i = 3,4)
have opposite chemical potentials µRL =−µLR. They are non-
zero when there is a voltage bias applied. To this end, we have
shown that the nonequilibrium e-bath can be divided into four
EHP baths with different chemical potentials. This effective
model is shown in Fig. 1(b).

2.3. Energy transport

Within this effective EHP model, hybrid energy transport
between electrons and system bosons can be treated as bosonic
transport. To the lowest order approximation, we arrive at a
Landauer-like formula for the energy and particle transport
from e-bath to the system as a summation of contributions
from all the EHP baths

J = ∑
α,β

∫ +∞

0

dω

2π
h̄ω Tr[Λ αβ (ω)𝒜ph(ω)]

× [nB(ω −µαβ ,Te)−nB(ω,Tph)]. (8)

Here, J is the energy flux from e-bath to ph-bath. We con-
sider only one bosonic mode, such that mode k = 1 and the
transition matrix can be expressed as

M =

(
0 m
m 0

)
.

The Te and Tph are the temperatures of the e-bath and ph-
bath, respectively. The trace Tr is over system DOF, with
𝒜ph the spectral function of the system due to coupling to
the ph-bath. We can write it in terms of the non-interacting
boson Green’s function Dr/a and self-energy Π

r/a
ph as 𝒜ph =

iDr(Π r
ph − Π a

ph)D
a.[35] Here, Π

r,a
ph = ∓2iγphω , with γph be-

ing the coupling strength. The summation over αβ includes
contributions from all the four types of EHPs. Each of them
contributes to one transport channel.

In the following we show several applications of this cen-
tral result. To be more specific, we consider a minimum model
of the e-bath shown in Fig. 2. We have two electronic states

1 and 2 (on-site energies ε1 and ε2) couple to the electrodes L
and R with coupling parameters γ1 and γ2, respectively. Elec-
tron hopping between the two states is assisted by one bosonic
mode, which at the same time couples to a ph-bath with cou-
pling constant γph.

µL

µR

L R

(a)

µL

µR

L R

(b)

Fig. 2. Two limiting cases of nonequilibrium reservoir engineering. In
panel (a), we have a filled electronic level εL that couples to the left
electrode with chemical potential µL, and an empty level εR that cou-
ples to the right electrode with chemical potential µR. We have µL > µR.
Heating of the bosonic mode is due to resonant recombination of inter-
electrode EHPs (process 4 in Fig. 1). In panel (b), the situation is re-
versed. The left state εL is empty, while the right state εR is filled. When
µR > µL, the e-bath can be used to cool the bosonic mode through cre-
ation of inter-electrode EHPs (process 4′ in Fig. 1).

Several comments are noteworthy before presenting the
numerical results.

Remark 1 We limit ourselves to the case of weak
electron–boson coupling such that the lowest order result
(Eq. (8)) is valid. There are cases where the lowest order result
fails qualitatively, see for example Ref. [36]. In that case, the
lowest order result shows some instability, indicating its fail-
ure. Thus, we have checked our results against more accurate
self-consistent Born approximation (SCBA) (dots in Figs. 3–
7) to ensure that we are always in the weak coupling limit.

Remark 2 One related issue is the energy conserva-
tion. Equation (8) can also be obtained from the Born ap-
proximation in the nonequilibrium Green’s function method, if
one considers energy transfer from the system to the ph-bath
and includes the electron ‘bubble’ self-energy to the phonon
Green’s function.[37] However, if one considers the energy cur-
rent from e-bath to the system using Born approximation, the
result will be different from that of Eq. (8). Thus, we conclude
that the Born approximation does not conserve energy. How-
ever, if one always keeps only the terms to the lowest order in
the electron–boson coupling (the second order),[33,35] the en-
ergy current from the above two points of view is still the same
and given by Eq. (8). In conclusion, the lowest order approxi-
mation is energy conserving, although it only works for weak
electron–boson coupling.

Remark 3 Equation (8) has been derived before.[35] The
focus of this work is to provide a physical transparent picture
to understand this result, such that the numerical results ob-
tained from it can be understood from the coherent bosonic
energy transport point of view. In doing so, it can be applied
to understand more cases including optoelectronic processes,
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heat rectification, and others, as we demonstrate in the next
section.
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Fig. 3. Non-reciprocal heat transport in a double-dot junction shown in
Fig. 2(a). (a) Heat current as a function of temperature difference ∆T/Tph for
different chemical potentials. The lines and dots correspond to results from
Eq. (8) and SCBA, respectively. The same applies to Figs. 6 and 7. (b) Recti-
fication ratio ρ = (|J(|∆T |)|− |J(−|∆T |)|)/(|J(|∆T |)|+ |J(−|∆T |)|)/2 as a
function of ∆T/Tph for different chemical potentials. We consider only one
bosonic mode, whose energy is taken as unit energy. The following parame-
ters are used in the calculation: εL = 0.5, εR =−0.5, γL = γR = 0.5,m= 0.05,
h̄Ω = 1, kB = 1.

3. Applications
3.1. Non-reciprocal heat transport

Firstly, we consider the situation where the e-bath and
ph-bath are in their own thermal equilibrium at two differ-

ent temperatures Te and Tph. This indicates that µL = µR

and TL = TR = Te. If we ignore the energy dependence of
A in Eq. (7), Λmn(ω) = h̄ωtr[MmAMnA] with A = AL + AR.
Consequently, the transmission 𝒯 = Tr[Λ𝒜ph] does not de-
pend on Te. Equation (8) reduces to the Landauer formula for
heat transport between two harmonic thermal baths. Thus, the
EHPs behave as linear harmonic oscillator thermal baths with
a common temperature Te.

On the other hand, if we consider the energy dependence
of A(ε) and Γ (ω), 𝒯 will depend on Te. Energy transport be-
comes anharmonic. In this case, non-reciprocal energy flow is
possible, i.e., J(∆T ) ̸= J(−∆T ), with ∆T = Te −Tph. We thus
find a necessary condition for non-reciprocal energy trans-
port in a hybrid electron–boson system: the electron DOS in
the thermal window near the chemical potential has to be en-
ergy dependent.[38,39] For a normal metal electrode, the energy
scale of electrons is much larger than the thermal energy, lead-
ing to a flat DOS. The energy dependence of A(ε) can be en-
gineered by changing the electronic states of the central part.
For example, discrete energy levels of a molecular junction or
quantum dot can be used.

In Fig. 3, we have considered a two-dot junction shown
in Fig. 2(a). We set µL = µR = µ and Te ̸= Tph to consider heat
transport. The energy dependent EHP DOS gives rise to tem-
perature dependent transmission function 𝒯 and consequently
heat rectification. Thus, we can manipulate energy current via
engineering the e-bath parameters. This shows the advantage
of hybrid energy transport compared to the pure bosonic sys-
tems.
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Fig. 4. (a) Heat current as a function of temperature difference ∆T/Tph for different coupling to phonon bath γph. (b) Rectification ratio ρ as a
function of ∆T/Tph for different γph. (c) EHP DOS Λ(Ω) as a function of γph for ∆T = 0.3 and ∆T = −0.3. (d) Similar to (c), but for Λ(Ω)
vs. µ . The other parameters are the same as those in Fig. 3.
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In Fig. 4(a), we show the heat current as a function of tem-
perature difference, but rectification ratio ρ is only weakly de-
pendent on the phonon–bath coupling strength γph in Fig. 4(b).
This is clearly seen in Fig. 4(c), where EHP DOS ratios (the
ratio of Λ(Ω) for ∆T = 0.3 and ∆T = −0.3) share a similar
trend. In Fig. 4(d), one can find that EHP DOS ratio vs. µ is
remarkable different. This is consistent with Fig. 3.

Te=0.4
Te=0.6
Te=0.8
Te=1.0
Te=1.2
Te=1.4
Te=1.6

0 1 2 3 4
0

0.0002

0.0004

0.0006

0.0008

ω/Ω

T

Fig. 5. Transmission 𝒯 as a function of phonon frequency ω at differ-
ent e-bath temperature Te, ∆T/Tph for µ = 3. The other parameters are
the same as those in Fig. 3.

3.2. Hybrid thermoelectric transport

We can also study the thermoelectric transport of the
temperature-biased electron–boson junction. When Tph ̸= Te,
in addition to the heat transport between system and e-bath,
an electrical current may also be induced between the two
electrodes.[40,41] In our EHP picture, this is realized through
coupling of the bosonic mode with two inter-electrode EHPs.
Since they contribute to the electrical currents of opposite di-
rections, in order to get a non-zero electrical current, these two
channels should not get canceled. We can write the electron
particle flux as

Ie = ∑
α,β

(δαLδβR −δαRδβL)
∫ +∞

0

dω

2π
Tr[Λ αβ (ω)𝒜ph(ω)]

× [nB(ω −µαβ ,Te)−nB(ω,Tph)]. (9)

Here, δα/β ,L/R are the Kronecker delta functions. For sim-
plicity, we introduce thermoelectric efficiency η as the ra-
tio between electron particle flux and phonon particle flux,
η = Ie/(Jph/h̄Ω).

The resonant situation in Fig. 2 can be used to enhance
one of the two channels. In Fig. 6(b), we show the thermo-
electric current induced by the temperature different ∆T for
different chemical potentials µL = µR in the case of Fig. 2(a).
The efficiency η in Fig. 6(a) is the largest when the chemi-
cal potential is in between εL and εR, where the resonant en-
hancement is the most prominent. Previously, the electrical
current generated from a phonon hot-spot (Tph > Te) has been
considered.[40] Our results show that the opposite (Tph < Te)
is also possible, where electricity is generated by cooling the
ph-bath.

Although it sounds a bit counter intuitive, we note that
generating electricity from a cold bosonic bath does not violate

the second law of thermodynamics. The energy flows from the
high temperature e-bath to the low temperature ph-bath in ac-
cordance with the second law. The energy source comes from
the recombination of the inter-electrode EHPs. During this
process, electronic charge is transferred from one electrode to
the other. Indeed, this kind of setup demonstrates the decou-
pling of heat and charge transport directions as an advantage
of thermoelectricity in hybrid nano-junctions.
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Fig. 6. (a) Thermoelectric efficiency η and (b) electron particle flux
Ie as a function of temperature difference between e-bath and ph-bath
∆T/Tph. The parameters are the same as those in Fig. 3.

3.3. Electronic cooling of bosonic mode

We now turn on the voltage bias in the e-bath. The ap-
plied voltage changes the initial and final electron states of
the EHP excitation. Thus, the EHP DOS can be modified by
voltage. More importantly, the inter-electrode EHPs acquire a
non-zero chemical potential, EHP-4 has a chemical potential
of µLR, while EHP-3 gets a chemical potential with opposite
value µRL. The change of the chemical potential breaks the
equilibrium in the reaction, and drives the energy transport be-
tween e-bath and the system. Direction of energy flow depends
on the relative magnitude of two fluxes. It can be engineered
by tuning the electronic band structure, or more specifically,
the transition probability of the two types of EHP excitations.

In the case shown in Fig. 2(b), process 4′ (accompanied
with phonon annihilation) is resonantly enhanced. The EHP
corresponding to this dominant process has a negative effec-
tive chemical potential µRL < 0 (gray shaded area in Fig. 7),
lower than that of the ph-bath, which is always zero. This un-
balance in the chemical potential drives an energy current from
the ph-bath to the e-bath. Electronic cooling becomes possi-
ble using this resonant enhancement. This is demonstrated in
Fig. 7, where the heat current from the e-bath to the system J
is plotted as a function of voltage bias µLR while keeping the
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temperature fixed Te = Tph = T . For the negative bias, we ob-
serve a negative J regime. The range of this regime gets larger
for higher temperature T . This is the electronic cooling of the
bosonic mode. Very recently, experimental demonstration of
near field radiative cooling using a reversely biased p–n junc-
tion has been demonstrated.[30] The experimental results can
be understood using this simple model.

T=0.1
T=0.4
T=0.7
T=1.0

-10 -5 0 5 10

-0.001

0

0.001

0.002
T=1.3
T=1.4
T=1.9

J
/
h

Ω
2

µLR/hΩ

Fig. 7. Energy current J from the e-bath to the bosonic mode as a
function of chemical potential µLR, corresponding to the situation in
Fig. 2(b). Negative J (gray shaded area) means cooling of the bosonic
mode.

4. Conclusions
In summary, we have shown that a normal two-probe co-

herent electron conductor can be effectively viewed as EHP
baths with chemical potential determined by the applied volt-
age bias. This is made possible by introducing the inter-
electrode charge transfer EHPs. Properties of the EHP baths
can be engineered through tuning the parameters of the con-
ductor and the external voltage bias. This bath engineering
provides an efficient way of controlling hybrid energy and
thermoelectric transport in electron–boson junctions. More-
over, this point of view can help one to understand qualita-
tively numerical results from more accurate calculations, i.e.,
SCBA, although it is quantitatively only applicable in the weak
electron–boson interaction regime.
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[20] Schneider N L, Lü J T, Brandbyge M and Berndt R 2012 Phys. Rev.

Lett. 109 186601
[21] Huang Z, Chen F, D’agosta R, Bennett P A, Di Ventra M and Tao N

2007 Nat. Nanotechnol. 2 698
[22] Ioffe Z, Shamai T, Ophir A, Noy G, Yutsis I, Kfir K, Cheshnovsky O

and Selzer Y 2008 Nat. Nanotechnol. 3 727
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[26] Härtle R, Schinabeck C, Kulkarni M, Gelbwaser-Klimovsky D, Thoss

M and Peskin U 2018 Phys. Rev. B 98 081404
[27] Galperin M, Saito K, Balatsky A V and Nitzan A 2019 Phys. Rev. B 80

115427
[28] Simine L and Segal D 2012 Phys. Chem. Chem. Phys. 14 13820
[29] Lykkebo J, Romano G, Gagliardi A, Pecchia A and Solomon G C 2016

J. Chem. Phys. 144 114310
[30] Zhu L, Fiorino A, Thompson D, Mittapally R, Meyhofer E and Reddy

P 2019 Nature 566 239
[31] Head-Gordon M and Tully J C 1995 J. Chem. Phys. 103 10137
[32] Dou W and Subotnik J E 2018 J. Chem. Phys. 148 230901
[33] Paulsson M, Frederiksen T and Brandbyge M 2005 Phys. Rev. B 72

201101
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