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We theoretically introduce two new photon-modulated atomic coherent states (ACSs) via using the Schwinger bosonic
representation of the angular momentum operators (the sequential operations Jn

±) on an ACS, and investigate their nonclas-
sicality using the Wigner distribution, photon number distribution, and entanglement entropy. It is found that photon-
modulated ACSs possess more stronger nonclassicality than the original ACS in certain regions of τ , the nonclassicality
enhances with increasing number n of the operations J± and the operation Jn

+(−) enhances the entanglement in the region
of small (large) τ .
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1. Introduction
Non-Gaussian entangled states can frequently be used as

a new class of physical carriers in quantum computation and
quantum information. This is principally because such states
can compensate for the shortcomings of traditional Gaussian
states in quantum information processing, for instances, com-
pleting universal quantum computation and realizing the best
entanglement distillation that determines the success or failure
of quantum communication.

Among all the non-Gaussian entangled states, atomic co-
herent state (ACS) is widely used in various fields of quantum
physics since it exhibits some remarkable nonclassicality and
entanglement. Using the ACS, light scattering from an atomic
system under cooperative conditions is examined,[1] and the
interference pattern with steady relative phase in the interfer-
ence between two Bose–Einstein condensates is analytically
calculated.[2] In terms of the entangled state representation of
ACS, the ACS can be viewed as the energy eigenstates of the
anisotropic harmonic oscillator in a uniform magnetic field,[3]

and we prove that the ACS keeps its form-invariant with time
evolution when it is governed by a particular Hamiltonian.[4]

Experimentally, the ACSs can be generated using many meth-
ods, for instance, using cavity QED and trapped ions.[5] Be-
sides, the ACSs can be used to construct some generalized
quantum states with spin squeezing and entanglement, such as
excited ACSs,[6] superpositions of ACSs,[7] and hole-burning
in ACSs,[8] etc.

Photon addition, photon subtraction, and their coherent

superpositions are considered as a class of effective methods
for preparing the non-Gaussian entangled states,[9–14] which
is because these operations lead to some remarkable physical
properties such as non-Gaussian, nonclassicality, and entan-
glement that completely differ from the initial Gaussian states.
For example, photon addition and photon subtraction can en-
hance the entanglement of a two-mode squeezed state.[15,16]

Reference [5] pointed out that the spin squeezing behavior of
the so-called spin squeezing states is generated in some certain
ranges of the relevant parameters via performing the ladder
operations on an ACS. Enlightened by this, in this paper, we
introduce two new photon-modulated ACSs in the Schwinger
bosonic realization and investigate how the sequential opera-
tions can enhance the nonclassicality of the original ACS in
terms of the Wigner distribution (WD), photon number distri-
bution, and entangled entropy.

This paper is organized as follows. In Section 2, the WD
for the ACS and its negative volume are discussed analytically
and numerically. In Section 3, two new photon-modulated
ACSs are theoretically constructed via the Schwinger bosonic
representation of the angular momentum operators. Section 4
is devoted to investigating the WDs for the new photon-
modulated ACSs and showing how the sequential operations
enhance the nonclassicality of the original ACS in terms of the
partial negativity of the WDs. In Section 5, the photon num-
ber distributions and Neumann entropy (entanglement) of the
photon-modulated ACSs are investigated. Several main results
are presented in Section 6.
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2. Atomic coherent state and its Wigner distri-
bution
The Schwinger bosonic representation of the angular mo-

mentum operators is

J+ = a†b, J− = ab†, Jz =
a†a−b†b

2
, (1)

which yield the following SU(2) Lie algebra:

[J+,J−] = 2Jz, [Jz,J±] =±J±, (2)

where a† and b† are the bosonic creation operators of two-
mode light fields. So the ACS in the Schwinger bosonic real-
ization is expressed as[17,18]

|τ⟩ = exp(µJ+−µ
*J−)|0,2 j⟩

= (1+ |τ|2)− j
2 j

∑
l=0

(
2 j
l

)1/2

τ
l |l,2 j− l⟩, (3)

where µ = θ e−iϕ/2 and τ = e−iϕ tan(θ/2). It then follows
that the set of the ACSs can form a completeness quantum
mechanics space since there is the relation

∞

∑
j=0,1/2,1,3/2,...

(2 j+1)
∫ sinθ dθ dφ

4π
|τ⟩⟨τ|= 1. (4)

Using the coherent state representation of the two-mode
Wigner operator, namely, ∆(α,β ), we obtain the WD of two-
mode Fock state |l,2 j− l⟩ as

𝒲 =
1

π2l!(2 j− l)!
Hl,l(2α,2α

*)

×H2 j−l,2 j−l(2β ,2β
*)e−2(|α|2+|β |2), (5)

which is proportional to the product of two two-
variable Hermite polynomials of different orders, i.e.,
Hl,l(2α,2α*)H2 j−l,2 j−l(2β ,2β *), namely, no entanglement
and squeezing in the state |l,2 j − l⟩. By combining Eqs. (3)
and (5), and using the generalized binomial theorem involving
two-variable Hermite polynomials[19]

m

∑
l=0

n

∑
k=0

(
m
l

)(
n
k

)
f lgkHl,k (µ,ν)Hm−l,n−k(x,y)

=
(√

1+ f g
)m+n

Hm,n

(
f µ + x√
1+ f g

,
gν + y√
1+ f g

)
, (6)

the WD for the ACS is obtained as

WACS =
(−1)2 j

π2 L2 j

(
4 |τα +β |2

1+ |τ|2

)
e−2(|α|2+|β |2), (7)

where the relation (−1)nn!Ln(|α|2) = Hn,n(α,α*) is used,
Ln(·) is the Laguerre polynomial.[20] This indicates that the
WD for the ACS in the Schwinger bosonic representation just
corresponds to a Laguerre polynomial. Hence, we conclude
that the ACS is said to be an entangled state due to the cross
term between the variables α and β in L2 j(·), and the expo-
nential term (−1)2 j causes the ACS to be non-Gaussian. In-

deed, the EPR entangled state |η⟩ representation of two-mode
Wigner operator ∆(α,β ) is expressed as[21,22]

∆ (ρ,κ) =
∫ d2η

π3 |ρ −η⟩⟨ρ +η |exp(ηκ*−η
*κ) , (8)

where the distribution WACS can also be obtained after a rigor-
ous calculation, ρ,κ are complex, and the EPR entangled state
|η⟩ = e−|η |2/2+ηa†−η*b†+a†b† |00⟩ (η = η1 + iη2) is the com-
mon eigenstate of two particles’ relative position Q1 −Q2 and
the total momentum P1 +P2 in two-mode Fock space. When
taking ρ = α +β * and γ = α −β *, we can write ∆(ρ,γ) as
two-mode Wigner operators ∆(α,β ) in the coherent state rep-
resentation.

In Fig. 1, we plot the WD for the ACS as a function of
Reβ (Imβ = α = 0) for different parameter values of j and
τ . From Figs. 1(a) and 1(b), we clearly see that the WD al-
ways shows an upward major peak for a natural number j but
a downward major peak for a semi-integer j at the central po-
sition of the phase space. With increasing natural number (or
semi-integer) j, the position and the value of the major peak
remain unchanged but its peak width gradually narrows. Also,
the downward minor peaks gradually move closer to the center
of the phase space and its numbers significantly increase since
the total number is always two-mode photon number sum 2 j of
the ACS. Intuitively, it seems that the negative volume of the
WF for a semi-integer j always larger than that for a natural
number j as a result of the downward major peak for semi-
integer j, which shows that the nonclassicality of the ACS for
a semi-integer j can be more stronger than that for a natural
number j.

On the other hand, for a given value of j (e.g., j = 3 or
3.5), the peak value and the position of the major peak remain
unchanged and the major peak width widens as τ increases.
However, the minor peaks move away from the center of the
phase space and its numbers and peak values gradually de-
crease. For a certain threshold value of τ , all the minor peaks
completely disappear and only the downward major peak is
preserved for a semi-integer j. However, for a natural number
j, the WD for the ACS always has two downward minor peaks
adjacent to the upward major peak in the phase space, even for
a large enough value of τ . This shows that the increase of the
parameter τ can decrease the nonclassicality of the ACS but
cannot completely lead to the disappearance of its nonclassi-
cality.

Further, in order to clearly see how the parameters τ and
j affect the nonclassicality of the ACS, we here quantify the
negative volume of the WD w(p,q) that is represented as the

integral V =
1
2

∫
dqd p[|w(p,q)|−w(p,q)].[23,24] Substituting

Eq. (7) into this integral formula, we numerically plot the neg-
ative volumes with the parameters τ and j in Fig. 1(c). Clearly,
the negative volume for semi-integer j is generally larger than
that for natural number j. The negative volume increases at
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the initial stage of τ and then decreases at the remaining stages
with natural number j, but it always decreases in the whole re-
gion of τ with semi-integer j. Hence, when the semi-integer
j is large enough, the negative volume with a semi-integer j
may be smaller than that with a natural number j. Besides,

for a given j, the negative volume always decreases monoton-
ically as τ increases. In summary, the ACS for semi-integer
j has usually much stronger nonclassicality than that for nat-
ural number j, and the nonclassicality of the ACS gradually
decreases with the parameter τ .
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Fig. 1. Wigner distribution WACS for the ACS as a function of Reβ (Imβ = α = 0) at (a) τ = 0.3 and q = 0 (black solid), 3 (red dashed),
5 (green dotted); j = 3 and τ = 0.6 (blue dash-dotted), 0.8 (magenta dash-dot-dotted); (b) τ = 0.3 and j = 0.5 (black solid), 1.5 (red dashed),
3.5 (green dotted); j = 3.5 and τ = 0.6 (blue dash-dotted), 0.8 (magenta dash-dot-dotted); (c) the negative volume of the distribution WACS
as a function of τ for j = 2 (black solid), 3 (red dashed), 5 (green dotted), 0.5 (blue dash-dotted), 1.5 (cyan dash-dot-dotted), 3.5 (magenta
short-dashed).

3. Photon-modulated ACS
Motivated by the significant work of Gerry and co-

workers that investigates the effect of the angular momentum
ladder operations on the ACS, in this section we introduce two
new photon-modulated ACSs via repeatedly performing the
sequential operations J± on the initial ACS, which are specifi-
cally expressed as

|τ;J+,n⟩=𝒩 1/2
+ (J+)n|τ⟩

=
𝒩 1/2

+

(1+ |τ|2) j

2 j

∑
l=n

(
2 j
l

)1/2 l!τ l−n

(l −n)!
|l,2 j− l⟩ , (9)

|τ;J−,n⟩=𝒩 1/2
− (J−)n |τ⟩

=
𝒩 1/2

−
(1+ |τ|2) j

2 j−n

∑
l=0

(
2 j
l

)1/2 (2 j− l)!τ l+n

(2 j− l −n)!
|l,2 j− l⟩, (10)

where the normalized factors N± are

𝒩+ =

[
∑

2 j
l=n

(2 j)!l! |τ|2(l−n)

(2 j− l)![(l −n)!]2(1+ |τ|2)2 j

]−1

,

𝒩− =

[
∑

2 j−n
l=0

(2 j)!(2 j− l)! |τ|2(l+n)

l![(2 j− l −n)!]2(1+ |τ|2)2 j

]−1

. (11)

Specially, assuming τ ≪ 1 and n = 1, j = 1, thus the states
|τ;J±,n⟩ become the superpositions of several special Fock
states, which can be physically realized, i.e.,

J+|τ⟩ ≈ |1,1⟩+ e−iϕ |2,0⟩,
J−|τ⟩ ≈ e−i2ϕ |1,1⟩+ e−iϕ |0,2⟩, (12)

which easily leads to

tJ++ rJ−|τ⟩
≈ (t + r e−i2ϕ)|1,1⟩+ t e−iϕ |2,0⟩+ r e−iϕ |0,2⟩, (13)

where t and r are respectively the real ratios of the operations
J+ and J−. Furthermore, for the case of n = 1 and j = 3/2, we
similarly have

J+|τ⟩ ≈ |1,2⟩+ e−iϕ |2,1⟩+ e−i2ϕ |3,0⟩,

J−|τ⟩ ≈ e−iϕ |0,3⟩+ e−i2ϕ |1,2⟩+ e−i3ϕ |2,1⟩. (14)

It then follows

tJ++ rJ−|τ⟩ ≈
(

t + r e−i2ϕ

)
|1,2⟩+ t e−i2ϕ |3,0⟩

+e−iϕ
(

t + r e−i2ϕ

)
|2,1⟩+ r e−iϕ |0,3⟩. (15)

4. Wigner distribution
Similar to obtaining the WD of the ACS, using the WD

𝒲 of the state |l,2 j− l⟩ in Eqs. (5) and (9)–(11), the WDs of
the states |τ;J±,n⟩ are respectively given as

𝒲+ =
2 j

∑
l=n

d2
+𝒲, 𝒲− =

2 j−n

∑
l=0

d2
−𝒲, (16)

where

d2
+ = 𝒩+

l!(2 j)! |τ|2(l−n)

(2 j− l)! [(l −n)!]2 (1+ |τ|2)2 j
,

d2
− = 𝒩−

(2 j)!(2 j− l)! |τ|2(l+n)

l! [(2 j− l −n)!]2 (1+ |τ|2)2 j
. (17)

Noting that the distribution 𝒲 cannot show any entanglement
and squeezing in terms of the natural characters of Fock states,
thus we say that the entanglement and squeezing of the states
|τ;J±,n⟩ completely come from the superposition of the dis-
tribution 𝒲 .

In Fig. 2, we plot the WD of the state |τ;J+,n⟩ as a func-
tion of Reβ (Imβ = α = 0) for τ = 0.3 and different values
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of j and n. Figures 2(a) and 2(b) show that, for any parame-
ter value of j,τ , or n, the peak value and the position of the
upward major peak remain unchanged, which is similar to the
result of the WD for the original ACS. Compared with the
original ACS, the peak width of the major peak widens and
the number and the peak values of the minor peaks decrease as
the number n of the operation J+ is increased. Specially, when
n = 2 j, the distributions 𝒲+ lose all the minor peaks and only
show the major peak. This major peak cannot change with the
parameter τ since the terms on τ disappear in the analytical
result (16).

Figure 2(c) shows that the negative volume of the distri-
bution 𝒲+ is always much larger than that of the original ACS
in the whole region of τ for a natural number j or in the region
of large τ for a semi-integer j, and gradually increases with
increasing n in the region of large τ for a fixed value of j. So,
we conclude that the state |τ;J+,n⟩ has much stronger non-

classicality than the original ACS for all τ when j is a natural
number or for large τ when j is a semi-integer, and the non-
classicality can be enhanced with increasing n for large τ .

Figure 3 presents the WD of the state |τ;J−,n⟩ of Reβ

(Imβ = α = 0) for different parameter values of j and n. Ob-
viously, the major peaks of the distributions 𝒲− are almost
coincident for any value of j,τ , and n, but the peak values
of the minor peaks far from the major peak significantly in-
crease with increasing n for any j. The distribution 𝒲− of
the state |τ;J−,n⟩ has much larger negative volume than that
of the original ACS for all τ (except for τ = 0) and a fixed j,
and the negative volume increases with increasing number n
of the operation J−. This result shows that the state |τ;J−,n⟩
exhibits much stronger nonclassicality than the original ACS
in the whole region of τ for all j and the nonclassicality can
be enhanced with the increase of n.
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Fig. 2. Wigner distribution 𝒲+ for the photon-modulated ACS |τ;J+,n⟩ of Reβ (Imβ = α = 0) for τ = 0.3 and its negative volume. (a) j = 3
with n = 0 (black solid), 1 (red dashed), 3 (green dotted), and 6 (blue dash-dotted), (b) j = 3.5 with n = 0 (black solid), 2 (red dashed), 5 (green
dotted), and 7 (blue dash-dotted), (c) the negative volume of the distribution 𝒲+ for j = 3 with n = 0 (black solid), 1 (red dashed), 3 (green
dotted); j = 3.5 and n = 0 (blue dash-dotted line), 2 (cyan dash-dotted-dotted), and 5 (magenta short-dashed).
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Fig. 3. Wigner distribution for the photon-modulated ACS |τ;J−,n⟩ of Reβ (Imβ = α = 0) in (a) and (b) and its negative volume in (c) for
different parameter values of τ , j, and n, where the values of τ , j, and n are the same as those in Fig. 2.

5. Photon number distribution and entangle-
ment entropy

For the photon-modulated ACSs |τ;J±,n⟩, the photon

number distributions |⟨ma,mb|τ;J±,n⟩|2 refer to the probabili-

ties of finding (ma,mb) photons in the light fields,[25,26] which

is usually used as an important quantum statistical property.

Thus, we give the photon number distributions of the states

|τ;J±,n⟩ respectively as

P+(ma,mb) =
𝒩+(2 j)!ma! |τ|2(ma−n)

δmb,2 j−ma

(1+ |τ|2)2 j(2 j−ma)! [(ma −n)!]2
,

P−(ma,mb) =
𝒩−(2 j)!(2 j−ma)! |τ|2(ma+n)

δmb,2 j−ma

(1+ |τ|2)2 jma! [(2 j−ma −n)!]2
, (18)

which show that the photon number distributions P±(ma,mb)

are governed by the restraint condition mb = 2 j−ma. Specif-
ically, the probabilities of finding only several (ma,mb)
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Fig. 4. Photon number distributions (PNDs) P±(ma,mb) of photon-modulated ACSs |τ;J±,n⟩ in the two-mode Fock space (ma,mb) for j = 3
and different values of (τ,n): (a), (d) (0.3,0); (b), (e) (0.3,3); and (c), (f) (1,3).

numbers of photons in the states |τ;J±,n⟩ cannot be zero as a
result of the restraint condition ma +mb = 2 j, but the photon
number distribution is always zero for mb ̸= 2 j−ma. It seems
reasonable because the sum of photon numbers of two modes
for the states |τ;J±,n⟩ is always 2 j.

Figure 4 shows the photon number distributions
P±(ma,mb) of the states |τ;J±,n⟩ in (ma,mb) for different n
and τ when j = 3. Clearly, the photon number distribution
only appears in several (ma,mb) photon numbers and is zero
for others because of the restraint condition ma +mb = 2 j in
the analytical result (18). Compared with the original ACS,
the operation J+ can lead to the fact that photons appear in
many more Fock states, but the role of J+ is opposite. With
increasing τ , more photons appear in Fock states and the peak
value of the photon number distribution moves diagonally to-
ward the smaller mb photon numbers. And, as noted, the above
results apply to all values of j.

For a two-mode entangled pure state |Φ⟩ab, if there is the
Schmidt decomposition

|Φ⟩ab = ∑
n=1

dn|αn⟩a|βn⟩b

with the mutually orthonormal states |αn⟩a, |βn⟩b, and the real
positive coefficient dn, then the entanglement of this state can
be quantified using the partial Neumann entropy[27,28]

ℰ(|Φ⟩ab) =− ∑
n=1

d2
n log2 d2

n .

Using the Schmidt decomposition of the states |τ;J±,n⟩ in
Eqs. (9)–(11), their Neumann entropy can be directly obtained

as

ℰ+ =−
2 j

∑
l=n

d2
+ log2 d2

+, ℰ− =−
2 j−n

∑
l=0

d2
− log2 d2

−. (19)
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Fig. 5. (a), (b) Entanglement entropy of the photon-modulated ACSs
(a) |τ;J+,n⟩ and (b) |τ;J−,n⟩ as a function of the parameter τ for j = 3
with n = 0 (black solid), 1 (red dashed), 3 (green dotted); j = 3.5 and
n = 0 (blue dash-dotted), 2 (cyan dash-dot-dotted), and 5 (magenta
short-dashed), respectively.

In Fig. 5, we plot the entanglement entropy of the states
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|τ;J±,n⟩ as a function of τ for different parameter values of j
and n. Figure 5 shows that, for any j, the entanglement of the
states |τ;J±,n⟩ always increases rapidly and then decreases
gradually with increasing τ , and always tends to zero when
the value of τ is large enough. For any j, the state |τ;J+,n⟩
(|τ;J−,n⟩) has much stronger entanglement than the original
ACS in the region of small (large) τ . Also, with increasing n,
the entanglement of the states |τ;J±,n⟩ increases for a natural
number j but decreases for a semi-integer j.

6. Conclusions
In summary, we have introduced two new photon-

modulated ACSs via repeatedly acting the sequential opera-
tions J± on an ACS and discussed its WD, photon number dis-
tribution, and entanglement entropy. By analytical and numer-
ical analysis, we have shown that, compared with the original
ACS, the operations Jn

± can enhance the nonclassicality in cer-
tain regions of τ , which gradually increases with increasing
operation numbers n. Also, the entanglement of the photon-
modulated ACSs can be enhanced by the operation Jn

+(−) for
small (large) τ . Besides, the photon number distribution is
controlled by the condition ma +mb = 2 j, that is, two-mode
photon number sum 2 j of the photon-modulated ACSs, and
the operations J± have different effects on the photon number
distributions of the original ACS.
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