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Within the framework of four-dimensional quadratic curvature gravities in the appearance of a negative cosmological
constant, a definition for the gravitational energy of solutions with anti-de Sitter (AdS) asymptotics was put forward by
Giribet et al. [Phys. Rev. D 98 044046 (2018)]. This was achieved by adding proper topological invariant terms to the
gravity action to render the variation problem well-posed. We prove that the definition via the procedure of topological
regularization can be covered by our previous work [Int. J. Mod. Phys. A 35 2050102 (2020)] in four dimensions.
Motivated by this, we further generalize the results to generic diffeomorphism invariant theories of gravity in arbitrary even
dimensions.
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1. Introduction
Recently, the authors of Ref. [1] have put forward a novel

definition of the gravitational energy for the most general four-
dimensional quadratic curvature gravity theory under asymp-
totically anti-de Sitter (AdS) boundary conditions, whose La-
grangian takes the form

ℒQG =
√
−gLQG,

LQG = R−2Λ +αRµν Rµν +βR2, (1)

where Λ is the conventional negative cosmological constant,
α and β are coupling constant parameters. Their main idea
is to follow the procedure proposed in the case of general
relativity[2] to add a Gauss–Bonnet term (i.e., a topological
invariant term in four dimensions) with some weight factor to
the gravity action, for the sake of guaranteeing that the total
action exhibits well-posed variational principle when evalu-
ated on the four-dimensional maximally symmetric solution,
that is, the global AdS4 spacetime. Adding the term yields the
modified Iyer–Wald prepotential qµν

top given in Ref. [3]. How-
ever, there exists a typo in qµν

top given in Ref. [1], where the
plus + between the two terms should be minus −, i.e.,

qµν

top =
1
2
(
∇

ρ
ξ

σ
)[

δ
µν

ρσ +2βRδ
µν

ρσ +4αR[µ
[ρ

δ
ν ]
σ ]

+
ℓ2

4
(1+2Λ(α +4β ))Rθω

γλ
δ

γλ µν

θωρσ

]
−2ξ

σ
∇

ρ

(
βRδ

µν

ρσ +2αR[µ
[ρ

δ
ν ]
σ ]

)
. (2)

As a convention, hereafter a pair of square brackets on m in-
dices can refer to the anti-symmetrization over those indices

with the common factor of (m!)−1, and the generalized Kro-
necker delta δ

µ1···µm
ν1···νm is given by δ

µ1···µm
ν1···νm = m!δ [µ1

[ν1
· · · δ

µm]
νm]

.

For example, δ
µν

ρσ = δ
µ

ρ δ ν
σ − δ ν

ρ δ
µ

σ , and R[µ
[ρ

δ
ν ]
σ ]

=
(
Rµ

ρ δ ν
σ −

Rν
ρ δ

µ

σ −Rµ

σ δ ν
ρ +Rν

σ δ
µ

ρ

)
/4. In addition, the radius ℓ of the D-

dimensional AdS solution is associated with the negative cos-
mological constant Λ via

ℓ2 =− (D−1)(D−2)
2Λ

, (3)

while ξ µ denotes a Killing vector field. Based on the prepoten-
tial (2), the gravitational energy Qtop for the four-dimensional
quadratic curvature gravities was proposed via the surface in-
tegral of qµν

top in a subregion, which is given by a (D − 1)-
dimensional hypersurface Σ with the boundary ∂Σ , namely,

Qtop =
1

8π

∫
∂Σ

qµν

top dΣµν . (4)

It has been testified[1] that Qtop is consistent with the
one obtained using the well-known covariant phase space
method.[3–5] What’s more, Qtop yields the gravitational energy
and angular momentum of the solutions of black holes and
gravitational waves in perfect agreement with the ones via the
so-called Abbott–Deser–Tekin (ADT) formalism.[6–9]

On the other hand, quite recently, in Ref. [10], within
the framework of a general D-dimensional gravity theory de-
scribed by the Lagrangian

ℒRiem =
√
−gLRiem

(
gαβ ,Rµνρσ

)
, (5)

a Komar-like formula for the conserved charges was defined
*Project supported by the National Natural Science Foundation of China (Grant Nos. 11865006 and 11847152).
†Corresponding author. E-mail: mengliang.wang@mail.gufe.edu.cn
‡Corresponding author. E-mail: pengjjph@163.com
© 2020 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

120401-1

http://dx.doi.org/10.1088/1674-1056/abb3e0
mengliang.wang@mail.gufe.edu.cn
mailto:pengjjph@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 29, No. 12 (2020) 120401

by

𝒬Riem =
1

8π

∫
∂Σ

𝒦µν dΣµν (6)

in terms of the 2-form potential 𝒦µν (it is expressed in the fol-
lowing equation), provided that this gravity theory allows the
existence of the negative cosmological constant Λ and pos-
sesses aymptotically AdS boundary conditions. To the La-
grangian ℒRiem, it is worth noting that derivatives with respect
to the metric tensor gµν are involved only in the Riemann cur-
vature tensor Rµνρσ , not anywhere else.

The purpose of this paper is to demonstrate that the mod-
ified prepotential qµν

top is identified with the 2-form 𝒦µν in the
context of the most general four-dimensional quadratic curva-
ture gravity theory. As a consequence, the gravitational energy
Qtop =𝒬Riem in four dimensions. What’s more, inspired with
the consistence of both the formulas in four dimensions, we
are going to extend the method of topological regularization
to the generic gravity theories described by the Lagrangian (5)
in arbitrary even dimensions.

2. A comparison of the potential qµν

top with 𝒦µν

and a generalization of qµν

top in any even dimen-
sion
In the present section, we demonstrate explicitly that the

prepotential qµν

top for the four-dimensional quadratic curvature
gravity theories is completely consistent with 𝒦µν in four di-
mensions. Furthermore, qµν

top will be generalized to generic
gravity theories described by the Lagrangian (5) in arbitrary
even dimensions.

As a warmup, we follow the work[10] to present the con-
crete expression of the 2-form potential 𝒦µν in the formula
(6). It is read off as

𝒦µν = 𝒫µν

ρσ ∇
ρ

ξ
σ −2ξ

σ
∇

ρ𝒫µν

ρσ , (7)

with the tensor 𝒫µνρσ defined through

𝒫µν

ρσ = Pµν

Rρσ
− k

4(D−3)Λ̂
Rαβ

γλ
δ

γλ µν

αβρσ
+

k(D−4)
2

δ
µν

ρσ (8)

in terms of the tensor Pµνρσ

R in the form

Pµνρσ

R =
∂LRiem

∂Rµνρσ

. (9)

In Eq. (8), both the constant parameters Λ̂ and k can be ex-
pressed as

Λ̂ =− 1
ℓ2 , 𝒫µν

ρσ

(
gαβ → ḡαβ

)
= 0. (10)

Alternatively, the parameter k can be solved from the equation
Pµν

Rρσ

(
gαβ → ḡαβ

)
= kδ

µν

ρσ , where the background metric ḡαβ

is of the maximally symmetric AdS spacetime with the Rie-
mann curvature tensor R̄µν

ρσ (ḡαβ ) = Λ̂δ
µν

ρσ . In addition, with
the help of Eq. (8), the potential 𝒦µν can be further expressed
as

𝒦µν = Kµν

R − 6k
(D−3)Λ̂

R[ρσ

ρσ ∇
µ

ξ
ν ]+ k(D−4)∇[µ

ξ
ν ],

Kµν

R = Pµν

Rρσ
∇

ρ
ξ

σ −2ξ
σ

∇
ρ Pµν

Rρσ
, (11)

where the 2-form Kµν

R is one half of the Noether potential ob-
tained via the covariant phase space method.[3–5] It should be
pointed out that it has been illustrated[10] that the perturbation
of the potential 𝒦µν on the background AdS spacetime coin-
cides with the result via the covariant phase space method, as
well as that through the (off-shell) ADT approach.[6–9,11]

Now, we concentrate on the most general four-
dimensional quadratic curvature gravity with the Lagrangian
(1). According to the definition (9), the rank-4 tensor Pµνρσ

QG
corresponding to such a Lagrangian reads

Pµν

QGρσ
=

1
2

(
δ

µν

ρσ +2βRδ
µν

ρσ +4αR[µ
[ρ

δ
ν ]
σ ]

)
. (12)

By substituting the metric ḡµν of the background AdS4 into
Pµν

QGρσ
and making use of R̄µν

ρσ = Λ̂δ
µν

ρσ , we arrive at

Pµν

QGρσ

(
gαβ → ḡαβ

)
= kQGδ

µν

ρσ , (13)

where the constant parameter kQG is given by

kQG =
1
2
[
1+2(D−1)(Dβ +α)Λ̂

]
=

1
2
(
1+2Λ(α +4β )

)
. (14)

It assists the general forth-rank tensor 𝒫µν

ρσ given by Eq. (8)
to turn into

𝒫µν

QGρσ
= Pµν

QGρσ
+

ℓ2
(
1+2Λ(α +4β )

)
8

Rαβ

γλ
δ

γλ µν

αβρσ
. (15)

Correspondingly, the potential 𝒦µν

QG for the four-dimensional
quadratic curvature gravity theories is expressed as

𝒦µν

QG = 𝒫µν

QGρσ
∇

ρ
ξ

σ −2ξ
σ

∇
ρ Pµν

QGρσ

= qµν

top. (16)

This further implies that the formula for the gravitational
energy via the topological regularization scheme coincides
with the formulation of the conserved charges proposed
in Ref. [10]. Compared to the (off-shell) ADT potential
qµν

ADT,[8,9,11] we have

qµν

ADT = δ
(
Pµνρσ

QG ∇ρ ξσ

)
−2ξ̄

σ
∇̄

ρ
δPµν

QGρσ
+ kQGh∇̄

[µ
ξ̄

ν ]

−2kQGξ̄
[µ

δ
ν ]λ
ρσ ∇̄

σ hρ

λ
, (17)

where hµν = gµν − ḡµν . One can see that the perturbation of
𝒦µν

QG on the AdS4 background, given by

δ𝒦µν

QG = qµν

ADT +
ℓ2kQG

2
∇̄γ

[
δ

λγµν

αβρσ

(
∇̄

α hβ

λ

)
∇̄

ρ
ξ̄

σ

]
, (18)
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is equivalent with qµν

ADT since the difference between them is
just the divergence of a 3-form. Thus, as shown in Ref. [1], the
formula (4) naturally produces the same conserved charges as
the ADT method.

Next, under the guidance from the equivalence between
the potentials qµν

top and 𝒦µν in four dimensions, it is possible
for us to extend straightforwardly the procedure of topological
regularization to (2n+2)-dimensional gravity theories, where
the integer n ≥ 1. Specifically, we take into consideration of
the conserved quantities for the asymptotically AdS(2n+2) so-
lutions within the context of the gravities described by the La-
grangian (5) in the appearance of the negative cosmological
constant. By following Ref. [10], we introduce a Lovelock-
type tensor Pµνρσ

(2n+2) in 2(n+1) dimensions in the form[12]

Pµν

(2n+2)ρσ
=

1
4n Rα1β1

γ1λ1
· · ·Rαnβn

γnλn
δ

γ1λ1···γnλnµν

α1β1···αnβnρσ
, (19)

which inherits the symmetries of the Riemann curvature tensor
and is divergence-free, that is, ∇µ Pµνρσ

(2n+2) = 0. Apparently, the

value of Pµν

(2n+2)ρσ
on the AdS background spacetime is given

by

P̄µν

(2n+2)ρσ
= Pµν

(2n+2)ρσ

(
gαβ → ḡαβ

)
=

(2n)!Λ̂ n

2n δ
µν

ρσ . (20)

In algebraic computations the perturbation of the 2-form
Pµνρσ

(2n+2)∇ρ ξσ on the AdS(2n+2) spacetimes gives rise to[10]

2n

(2n)!Λ̂ n
δ

(
Pµν

(2n+2)ρσ
∇

ρ
ξ

σ

)
=

1
4(2n−1)Λ̂

δ

(
Rαβ

γλ
δ

γλ µν

αβρσ
∇

ρ
ξ

σ

)
−(n−1)δ

(
δ

µν

ρσ ∇
ρ

ξ
σ
)
. (21)

As a consequence, in 2(n+ 1) dimensions, the tensor 𝒫µνρσ

associated with the Lagrangian (5) can be alternatively defined
as

𝒫µν

(2n+2)ρσ
= Pµν

Rρσ
− 2nk

(2n)!Λ̂ n
Pµν

(2n+2)ρσ
. (22)

One can check that the tensor 𝒫µνρσ

(2n+2) vanishes on the
AdS(2n+2) spacetimes by making use of Eq. (20). Further-
more, the relevant potential 𝒦µν in Eq. (11) becomes

𝒦µν

(2n+2) = Kµν

R − 2nk
(2n)!Λ̂ n

Pµνρσ

(2n+2)∇ρ ξσ . (23)

In the requirement that the generalized prepotential qµν

top(2n+2)
for the 2(n+1)-dimensional Lagrangian (5) is identified with
𝒦µν

(2n+2), namely,

qµν

top(2n+2) =𝒦µν

(2n+2), (24)

the supplemental topologically invariant term to the (2n+2)-
dimensional Lagrangian could be proposed as follows:

ℰ(2n+2) = γ(2n+2)
√
−gPµν

(2n+2)ρσ
Rρσ

µν , (25)

where the coupling constant γ(2n+2) is determined by

𝒫µνρσ

(2n+2) =
∂LRiem

∂Rµνρσ

+
∂
(
ℰ(2n+2)/

√
−g
)

∂Rµνρσ

, (26)

giving rise to

γ(2n+2) =− 2nk
(2n)!(n+1)Λ̂ n

. (27)

As an example, in the context of the most general four-
dimensional quadratic curvature gravity, γ4 = ℓ2kQG/2 is
just the coupling constant γ presented in Ref. [1], and
ℰ(4)/(γ4

√
−g) becomes the Gauss–Bonnet term. What’s more,

in the case of (2n+ 2)-dimensional Einstein gravity, the con-
stant k = 1/2 and γ(2n+2) coincide with the coupling constant
αn+1 given in Ref. [13]. Indeed, making use of Eq. (27), one
can follow the procedure in Ref. [1] to check that the sur-
face term from the variation of the Lagrangian ℒRiem sup-
plemented with the topological term ℰ(2n+2) vanishes on the
AdS(2n+2) spaces, rendering the variation of the Lagrangian
well-behaved.

3. Summary

We have demonstrated that the definition for the grav-
itational energy of asymptotically AdS solutions via topo-
logical regularization is consistent with the one presented in
Ref. [10] in the framework of four-dimensional quadratic cur-
vature gravity theories with a negative cosmological constant.
What is more, we have generalized the results in four dimen-
sions to the generic gravity theories with AdS asymptotics in
arbitrary even dimensions. The Lagrangian describing such
gravities is supposed to be a functional built from the curva-
ture tensor.
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