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By one-dimensional particle-in-cell (PIC) simulations, the propagation and stability of relativistic electromagnetic
(EM) solitary waves as well as modulational instability of plane EM waves are studied in uniform cold electron-ion plasmas.
The investigation not only confirms the solitary wave motion characteristics and modulational instability theory, but more
importantly, gives the following findings. For a simulation with the plasma density 1023 m−3 and the dimensionless vector
potential amplitude 0.18, it is found that the EM solitary wave can stably propagate when the carrier wave frequency is
smaller than 3.83 times of the plasma frequency. While for the carrier wave frequency larger than that, it can excite a
very weak Langmuir oscillation, which is an order of magnitude smaller than the transverse electron momentum and may
in turn modulate the EM solitary wave and cause the modulational instability, so that the solitary wave begins to deform
after a long enough distance propagation. The stable propagation distance before an obvious observation of instability
increases (decreases) with the increase of the carrier wave frequency (vector potential amplitude). The study on the plane
EM wave shows that a modulational instability may occur and its wavenumber is approximately equal to the modulational
wavenumber by Langmuir oscillation and is independent of the carrier wave frequency and the vector potential amplitude.
This reveals the role of the Langmuir oscillation excitation in the inducement of modulational instability and also proves
the modulational instability of EM solitary wave.

Keywords: electromagnetic solitary wave, particle-in-cell (PIC) simulation, modulational instability, Lang-
muir oscillation
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1. Introduction
The nonlinear interaction between an intense electromag-

netic (EM) pulse and plasmas is of great interest in vari-
ous fundamental research and technological applications, in-
cluding harmonic generation,[1–3] self-focusing,[4–6] wake-
field generation,[7,8] relativistic optical guiding,[9–11] x-ray,[12]

laser pulse frequency shifting,[13] pulse compression,[14] rel-
ativistic EM soliton propagation.[15–19] Among spectacular
phenomena in nonlinear interactions, relativistic EM soli-
tary waves have attracted a great deal of attention in a fun-
damental point of view, also due to their possible applica-
tions in inertial confinement fusion and the charged particle
acceleration.[20–23] In addition, as an important nonlinear pro-
cess, modulational instability is closely related to propagation
of EM waves. The development of modulational instability
may induce a variety of nonlinear behaviors such as field col-
lapse and localization, filamentation, envelope solitons, enve-
lope shocks.[24–27]

As displayed in Refs. [28,29], nearly 25–40 percent of
the laser pulse energy goes into the generation of well local-
ized concentrations of electromagnetic energy in the form of

solitary waves or soliton-like structures, which can play a sig-
nificant role in the laser plasma interaction process. The EM
solitary waves have been observed in experiment,[30,31] and
the existence of relativistic solitary waves was predicted the-
oretically in plasmas[16,32–35] and found in the short and high
intensity laser pulse interaction with under dense plasmas by
particle-in-cell (PIC) simulations.[28,29,36–44] The EM solitary
waves can be popularly regarded as the EM waves trapped lo-
cally in plasmas, and are generally interpreted as the result
of the counterbalance between the nonlinearity and dispersion
in nonlinear media. Similarly, modulational instability is also
seen to be the outcome of the interplay between nonlinearity
and dispersive effects. It is a symmetry-breaking instability so
that the perturbation to the laser pulse experiences exponential
growth, and this leads to beam breakup in either space or time.
The modulational instability is general in plasmas[45–51] and
other nonlinear media.[52,53]

In recent decades, relativistic EM solitary waves have
been widely studied.[16,34,35,54–68] Theoretically, the exis-
tences and characteristics of different types of solitary wave
in plasmas have attracted attention.[16,34,35,54–59] The one-
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dimension (1D) relativistic standing solitary waves in unmag-
netized plasmas at arbitrary temperatures were investigated in
Refs. [35,54,55] These results showed that the amplitude and
shape of standing solitary waves depend on the plasma temper-
ature. In Ref. [56], the dissipative EM stationary and breathing
solitary waves in electron-ion collisional plasmas were stud-
ied by using the multi-scale reduced perturbation method. The
parameter regions for the existence of the solitary waves were
given and the dependence of the shape of the solitary waves
on the parameters was discussed. Electromagnetic envelope
solitary waves were also studied in warm plasmas,[34] mag-
netized pari plasmas,[57] magnetized electron-ion plasmas[58]

and unmagnetized electron-positron plasmas.[59] It was shown
that electromagnetic envelope solitary waves can exist in these
plasmas under appropriation conditions, and their shapes and
group velocities are related to plasma temperatures,[34] mag-
netic field strength[57,58] and the number density ratio of
positrons to electrons.[59] With the development of comput-
ing technology, the simulation of a system of several partial
differential equations can be performed, for example, the fluid
simulation. The fluid simulation can be used to solve some
problems that are difficult or cannot be dealt with in theory,
such as the instability,[61,63] the generation[66–68] of solitary
waves and the interaction[64,65] between them. For the insta-
bility of EM solitary waves, some works have been carried out
theoretically by numerical simulation of wave equation before
using fluid simulation. The stability of 1D relativistic stand-
ing solitary waves with single hump was primitively studied in
plasmas theoretically.[60] Their results showed that the small-
amplitude linearly polarized solitary waves within the weakly
relativistic model are stable and are verified by the numerical
simulation of the wave equation (i.e., generalized nonlinear
Schrödinger equation). Based on the similar wave equation,
the evolution of single hump envelope solitary wave was sim-
ulated by means of the split-step Fourier method with a fourth-
order Runge–Kutta method to advance in time,[58] and it was
found that the amplitude and shape of the solitary wave prop-
agated in magnetized plasmas do not change substantially. A
fluid simulation about multihump standing solitary waves[61]

indicated that the multihump standing solitary waves are sta-
ble in electronic time scale, but become unstable as soon as
the motion of ions is taken into account. A following theoret-
ical investigation revealed that the instability of these multi-
hump standing solitary waves can be understood on the basis
of the simulated Raman scattering phenomenon and the oc-
currence of density bursts in the trailing edge of the modu-
lated structures are a manifestation of an explosive instabil-
ity arising from a nonlinear phase mixing mechanism.[62] By
fluid simulation, the study of travelling single hump and mul-
tihump solitary waves in cold electron-ion plasmas showed
that the single hump solitary waves are stable in the propa-

gation process, while the multihump solitary waves are unsta-
ble and the instability occurs first from the trailing edge.[63].
It is noted that the single hump EM solitary waves seem to
be always stable in the above investigations. More powerful
than fluid simulation, the PIC technology was proposed and
applied in the field of electromagnetic field and plasmas in re-
cent decades.[28,29,69–71] PIC simulation is different from the
simulation of macroscopic equations in the usual numerical
methods, but uses macro particles to represent the real charged
particles and simulate the self-consistent variation of particles
positions and electromagnetic fields,[72] which is closer to the
real physical process and helped researchers to achieve much
progress that is difficult for other methods. Recently, PIC tech-
nology has begun to be used in the study of EM solitary waves
in plasmas. It was found that the EM solitary waves can be
formed by the interaction of two-color laser and plasma,[73]

and can also be excited by the linearly polarized laser in over-
dense plasmas.[74] Up to date, we do not see a report about the
EM solitary wave instability and the test of the EM solitary
wave characteristic theory by PIC simulation.

In addition, some progress has been made in the study for
modulational instability of plane EM waves in plasmas. For
example, the effects of different physical parameters on the
EM wave modulational instability in plasmas were studied in
Refs. [27,58,75,76]. These results showed that the instability
growth rate and the wavenumber range are related to plasma
temperatures,[75] magnetic field strength[58,76] and the num-
ber density ratio of positrons to electrons.[27] In Ref. [77], the
modulational instability of coupled plane EM waves in plas-
mas was studied and the dependence of the instability growth
rate and the wavenumber range on the system parameters was
discussed. Although many important results have been ob-
tained, they are only in theory. We have not seen a report on
the numerical test of the modulational instability of EM waves
in plasmas.

Therefore, based on the above research status, we decide
to test the theories of solitary wave characteristics and mod-
ulational instability, and study the solitary wave stability in
plasmas by PIC simulation. As a beginning and for simplic-
ity, we take the theories of a 1D relativistic EM solitary wave
and modulational instability in uniform cold electron-ion plas-
mas as our test object, and perform more in-depth study of
the solitary wave propagation dynamics (including stability)
and modulational instability in this paper. Here we use the
one-dimensional (1D) PIC technology to simulate a linear po-
larization electromagnetic wave propagating in one direction.
The results cannot just confirm the correctness of the solitary
wave motion characteristic and modulational instability theory
but show the main physical parameters influencing the stable
propagation of EM waves in uniform cold electron-ion plas-
mas. More importantly, the simulation gives the three find-
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ings: (1) It is found for the first time that the stable propaga-
tion of envelope solitary waves may be destroyed by modula-
tional instability. It was previously thought that a monochro-
matic plane wave may eventually develop into several solitary
waves due to modulational instability. However, this work
completely renews the understanding of the relationship be-
tween solitary wave and modulational instability. (2) The sim-
ulation reveals the importance of the excitation of the Lang-
muir oscillation to the modulational instability and the stable
propagation of EM solitary waves, which has never been no-
ticed in the corresponding theory before. (3) The simulation
also refreshes our knowledge of the stability of single hump
EM solitary waves, noting the previous common stable results
without the consideration of electron modulation. The studies
of the modulational instability in this paper have some spe-
cific applications. For example, it could be used for the design
of plasma modulators for the generation of broadband high-
power laser pulses,[78] which play a positive role in the sup-
pression of laser-plasma instabilities in ICF. Further, the mod-
ulational instability can result in the self-compression effect of
an intense laser pulse.[79] This could be used for the amplifi-
cation of high-power laser pulses for broad applications.

The paper is arranged as follows: In Section 2, the basic
model is listed, the main theoretical results of the EM envelope
solitary wave and modulational instability are given by ob-
servable parameters suitable for PIC simulation. In Section 3,
propagation dynamics and stability of EM solitary wave are
carried out by PIC simulation. In Section 4, the PIC simula-
tion results of modulational instability are given and discussed.
Conclusions are briefly presented in Section 5.

2. Basic model as well as solitary wave solution
and modulational instability

2.1. Theoretical model

The main purpose of the present article is to study the
propagation dynamics of relativistic EM wave in uniform
cold electron-ion plasmas. Assuming that the ion is immo-
bile and that a linearly polarized electromagnetic pulse prop-
agates along the x̂ axis, applying the Coulomb specification
(∇ ·𝐴 = 0),[80] the governing equations of the electromag-
netic wave based on relativistic fluid model can be written in
the form[56,80]

∂ 2𝐴̃

∂ x̃2 −
∂ 2𝐴̃

∂ t̃2 =
∂ 2φ̃

∂ t̃∂ x̃
x̂+

ñ
γ
𝑃̃ , (1)

∂ 2φ̃

∂ x̃2 = ñ−1, (2)

∂ ñ
∂ t̃

+
∂ (ñũ)

∂ x̃
= 0, (3)

∂ (𝑃̃ − 𝐴̃)

∂ t̃
=

∂ (φ̃ − γ)

∂ x̃
x̂+ 𝑉̃ × (

∂

∂ x̃
)x̂× (𝑃̃ − 𝐴̃), (4)

γ =

√
1+ |𝑃̃ |2, (5)

where 𝑃̃ = p̃y(x, t)ŷ + γ ũ(x, t)x̂ is the electron momentum,
p̃y is the transverse electron momentum, ũ is the longitudinal
component of the electron velocity, γ is the relativistic factor,
𝑉̃ = 𝑃̃ /γ is the fluid velocity, 𝐴̃= Ã(x, t)ŷ and φ̃ are the vec-
tor and scalar potentials of the electromagnetic wave, ñ is the
plasma density. Equations (1)–(5) have been normalized, and
the normalization methods of the physical parameters are as
follows:

𝐴̃=
e

mc2𝐴, φ̃ =
e

mc2 φ , ñ =
n
n0

,

ω̃ =
ω

ωpe
, k̃ =

k
kpe

, 𝑃̃ =
𝑃

mc
, 𝑣̃ =

𝑣

c
,

t̃ = ωpet, x̃ =
ωpe

c
x, 𝐸̃ =

e
mcωpe

𝐸, (6)

where ωpe = (n0e2/ε0m)1/2 is the plasma frequency, n0 is
the initial plasma density, m is the electron mass, e is the
charge of the electron, ε0 is the dielectric constant in vacuum,
kpe = ωpe/c is the plasma wave number, c is the velocity of
light in vacuum, and 𝐸 is the electric field.

Integrating Eq. (4) gives[56]

p̃y = Ã. (7)

In the weak relativistic approximation (Ã� 1)[34,81,82] and by
using the multiscale perturbation method, Eqs. (1)–(5) and (7)
give the following total vector potential[56]

Ã(x, t)' εψ̃(x, t)e i(k̃x̃−ω̃ t̃)+ c.c., (8)

where ε is a small dimensionless parameter, c.c. denotes com-
plex conjugation, k̃ and ω̃ are the frequency and wave num-
ber of the carrier wave, which are normalized by ωpe and
kpe = ωpe/c, respectively, and satisfy the linear dispersion re-
lation approximately

ω̃
2 = k̃2 +1, (9)

and the slowly varying amplitude ψ̃(x, t) obeys the nonlinear
Schrödinger equation

i
∂ψ̃

∂ τ̃
+D

∂ 2ψ̃

∂ η̃2 +N|ψ̃|2ψ̃ = 0, (10)

where η̃ = ε(x̃− ṽgt̃), τ̃ = ε2t̃, ṽg ≈ k̃/ω̃ is the group veloc-
ity of electromagnetic wave, D and N represent the dispersion
coefficient and the nonlinear coefficient respectively, and their
expressions are as follows:

D =
1

2ω̃3 , (11)

N =
3

4ω̃
− ω̃2−1

ω̃2(4ω̃2−1)
. (12)

When the collision effect is not considered in Ref. [56], the
dispersion relation Eq. (18) and the nonlinear Schrödinger
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Eq. (29) in Ref. [56] can be reduced to Eqs. (9) and (10) here,
respectively. The electron density ñ, the longitudinal compo-
nent ũ of the electron velocity and electrostatic potential φ̃ are
ñ' 1+ 2k̃2

4ω̃2−1 (Ã)
2, ũ' 2k̃ω̃

4ω̃2−1 (Ã)
2, and φ̃ '− 1

2(4ω̃2−1) (Ã)
2+

1
2 |Ã|

2, respectively.[56] According to 𝐸 = −Oφ − ∂𝐴
∂ t and

Eq. (7), the electric field 𝐸̃ and p̃y are expressed as

𝐸̃ = Ẽyŷ'−2εω̃|ψ̃(x, t)|sin(k̃x̃− ω̃ t̃

+Θ(ψ(x, t)))ŷ, (13)

p̃y = 2ε|ψ̃(x, t)|cos(k̃x̃− ω̃ t̃ +Θ(ψ(x, t))), (14)

where |ψ̃(x, t)| and Θ(ψ(x, t)) are respective the modulus and
amplitude angle of ψ(x, t). From these results, it is noted that
only the electric field 𝐸̃ and transverse electrons momentum
p̃y are first-order parameters, while the electron density ñ, lon-
gitudinal electrons velocity ũ and electrostatic potential φ̃ are
second-order parameters, so we mainly observe the electric
field 𝐸̃ and transverse electrons momentum p̃y in the follow-
ing discussion. In Eqs. (13) and (14), 2ε|ψ̃(x, t)| � 1 is re-
stricted by the weak relativistic condition Ã� 1.

2.2. Envelope EM solitary wave

The propagation of EM waves in plasmas requires
ω̃ > 1, which means D/N > 0. Thus, Eq. (10) ad-
mits the bright envelope solitary wave solution[83] ψ̃ =

ρ̃0sech( η̃−Ũs τ̃

W̃ )ei( 1
2D [η̃Ũs−(DNρ̃2

0+
1
2 Ũ2

s )τ̃]), where Ũs represents
the constant velocity of the bright solitary wave in coordi-
nates (η ,τ), and width W̃ is inversely proportional to the am-
plitude ρ̃0 as W̃ ρ̃0 = (2D(ω̃)/N(ω̃))1/2 = constant. Setting
ã0 = 2ερ̃0, ũs = εŨs, and using Eqs. (13) and (14), Ẽy and p̃y

can be written as follows:

Ẽy = −Ẽ0sech
[

x̃− (ṽg + ũs)t̃
r̃0

]
sin
[

k̃x̃− ω̃ t̃

+
1

2D

[
ũs(x̃− ṽgt̃)−

(
1
4

DNã2
0 +

1
2

ũ2
s

)
t̃
]]

, (15)

p̃y = ã0sech
[

x̃− (ṽg + ũs)t̃
r̃0

]
cos
[

k̃x̃− ω̃ t̃

+
1

2D

[
ũs(x̃− ṽgt̃)−

(
1
4

DNã2
0 +

1
2

ũ2
s

)
t̃
]]

, (16)

where Ẽ0 = ã0ω̃ is the amplitude of the electric field, ã0� 1
is the amplitude of the dimensionless vector potential Ã (re-
stricted by the weak relativistic condition Ã � 1), ṽg + ũs

represents the velocity of the solitary waves with ũs � 1,
r̃0 = 2

√
2D(ω̃)/N(ω̃)/ã0 represents the width of the envelope

solitary waves, and the amplitudes and width satisfy Ẽ0r̃0 =

2ω̃
√

2D(ω̃)/N(ω̃) = constant, ã0r̃0 = 2
√

2D(ω̃)/N(ω̃) =

constant for a given ω̃ . As can be seen from Eqs. (15) and
(16), the envelope solitary wave structures for the electric field
Ẽy and the transverse electron momentum p̃y have the same
constant velocity ṽg + ũs, the same wave width r̃0, but differ in
the phase by π/2.

2.3. Modulational instability

Equation (10) supports an exact plane wave solution
which gives the following electric field Ẽy,

Ẽy =−Ẽ0sin
(

k̃x̃− ω̃ t̃ +
1
4

Nã2
0t̃
)
, (17)

where Ẽ0 = ã0ω̃ . To study the linear stability of the plane
wave, a small perturbation[84] (with a frequency Ω̃� ω̃ , and a
wavenumber K̃� k̃) leads to a dispersion relation of the form
Ω̃2 = D2K̃2(K̃2−2 N

D ã2
0). From this nonlinear dispersion rela-

tion, it is found that the modulational instability occurs when
K̃ is in the range of

0 < |K̃|< K̃c = ã0
√

2N(ω̃)/D(ω̃), (18)

where K̃c represents the maximum critical wavenumber of the
modulational instability, and the corresponding growth rate for
K̃ is

Γ̃ = D(ω̃)K̃(2
N(ω̃)

D(ω̃)
ã2

0− K̃2)1/2. (19)

The modulational instability growth rate attains a maximum

Γ̃max = ã2
0N(ω̃) (20)

for K̃ = K̃Γ max = ã0
√

N(ω̃)/D(ω̃) the most probable wave
number. The dependence of K̃c and Γ̃max on ã0 and ω̃ is shown
in Fig. 1. These theoretical results of modulational instabil-
ity are calculated and represented by observable parameters in
PIC simulation here.
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Fig. 1. The dependence of the maximum critical wave number K̃c (a)
and the maximum growth rate Γ̃max (b) of the modulational instability
on ã0 and ω̃ .
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3. Propagation dynamics and stability of EM
solitary wave by PIC simulation
The propagation dynamics and stability of EM solitary

wave will be investigated by 1D PIC simulation based on the
above theoretical model here. The total length of the x di-
rection is Lx = 35λ0, where λ0 = 2πc/ω is the wavelength
of the carrier. The grid step is ∆x = 0.02λ0, and the time
step is ∆t = 0.003T0 with T0 = 2π/ω the period of the car-
rier wave. The macro-particles are uniformly distributed in
the whole simulation region. In the initial period of time, an
oscillating electric field is applied at the left boundary to ex-
cite the EM pulse. After the EM pulse moves to the center
of the calculation window, a moving window is used in the
propagation direction to save computation time and to avoid
the reflection of EM wave at the boundary. All the physical
parameters in our PIC simulation program are in International
System of Units, and the basic physical parameters conversion
relations are listed in Eq. (6), based on which the parameters of
solitary waves and modulational instability are E0 = Ẽ0

m0cωpe
e ,

a0 = ã0
mc2

e , r = r̃0
c

ωpe
, v=(ṽg+ ũs)c, K = K̃kpe, and Γ = Γ̃ ωpe

here.
Now, we study the propagation dynamics of EM solitary

wave and verify the correctness of the theory. To excite a soli-

tary wave like Eq. (15), we add an oscillating electric field at
x = 0 (the left boundary) as follows:

Ey = Ẽ0
mcωpe

e
sech

[
−(ṽg + ũs)cωpet

r̃0c

]
×sin

[(
ω̃ +

1
2D

ũsṽg +
1
8

Nã2
0 +

1
4D

ũ2
s

)
ωpet

]
, (21)

where Ẽ0 = ã0ω̃ is the initial amplitude of the oscillating elec-
tric field. By changing the amplitude Ẽ0 at x = 0, one can
control the shape of the excited wave. Thus the solitary wave
can be investigated for different ã0 or ω̃ clearly. In the follow-
ing calculation, we set ũs = 0.006 in Eq. (21) and adopt the
plasma density ne = 1×1023 m−3.

Through 1D PIC simulation, it is found that the excited
EM solitary wave can propagate stably in a long time, in which
the shape and the group velocity of the solitary wave do not
change. After this period of time, the solitary wave begins to
deform and become unstable. An example is shown in Fig. 2,
where the stable propagation of the solitary wave and the in-
stability after x ≈ 30.5 mm are well displayed. In the follow-
ing, we mainly investigate the stable motion characteristics in
comparison with the theoretical prediction and the instability
of the solitary wave.
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Fig. 2. The PIC simulation results of the evolution of solitary wave at different times. The boundary condition is given by Eq. (21) with ω̃ = 7.0
(the frequency ω is about 1.25×1014 s−1), ã0 = 0.18 (the peak intensity I is about 1.95×1014 W/cm2). Here (a1)–(a4) and (b1)–(b4) display
the electric field Ey and transverse electron momentum py.

Figure 3 shows the PIC simulation results (black rhom-
buses) of the motion characteristics of the EM solitary wave
compared with the theoretical results (blue lines) before insta-
bility occurs. Dependences of the electric field amplitude Ẽ0,
width r̃0, and the group velocity ṽ of the solitary wave on the
frequency ω̃ and the dimensionless vector potential amplitude
ã0 are shown in the two columns of Fig. 3. It is observed that
the amplitude Ẽ0 and width r̃0 are in good agreement with the
theoretical results for different solitary wave shapes. The ve-
locities are also consistent with those shown in Eq. (15) except
a slight reduction for the larger ω̃ .

To investigate the instability of the solitary wave, the
propagation distance L before the laser becomes unstable
is measured. The distance L versus the frequency ω̃ and
the dimensionless vector potential amplitude ã0 is shown in
Figs. 4(a) and (b). From Fig. 4(a), it can be seen that there
exists a catastrophe point at ω̃ ' 3.83. The distance L is very
long for ω̃ < 3.83, but suddenly drops by two orders of mag-
nitude when ω̃ ' 3.83 and begins to increase with the further
increase of ω̃ . Figure 4(b) shows that L decreases with the
increase of ã0, which means that the solitary wave becomes
more unstable as ã0 increases. In Fig. 4(a), the frequencies of
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the EM wave are respectively ω̃ = 2.0, 2.5, 3.0, 3.5, 3.8, 3.85,
4.0, 4.5, 5.0, 5.5, 6.0, 6.5, 7.0, 8.0. The corresponding disper-
sion coefficient D and the nonlinear coefficient N are, respec-
tively, D = 0.0625, N = 0.325; 0.032, 0.265; 0.0185, 0.2246;
0.0117, 0.1951; 0.0091, 0.1810; 0.0088, 01788; 0.0078,
0.726; 0.0055, 0.1548; 0.0040, 0.1403; 0.0030, 0.1283;
0.0023, 0.1182; 0.0018, 0.1096; 0.0016, 0.1021; 0.0010,
0.0899. In Fig. 4(b), ω̃ = 6.0, D = 0.0023, N = 0.1182.
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Fig. 3. The comparison between the theoretical results given by
Eq. (15) and the PIC numerical ones of the solitary wave. The de-
pendences of the amplitude, width, and velocity of the solitary wave
on ω̃ and ã0 are shown in (a1)–(a3) and (b1)–(b3); ã0 = 0.18 in
(a1)–(a3), ω̃ = 6.0(1.07× 1014 s−1) in (b1)–(b3). In (a1)–(a3), the
range of the frequency ω̃ is 2ωpe − 8ωpe, and the corresponding spe-
cific value is about 3.57× 1013 s−1 − 1.43× 1014 s−1, the range of
peak intensity is about 1.59× 1013 W/cm2 − 2.55× 1014 W/cm2. In
(b1)–(b3), the range of the dimensionless vector potential amplitude
ã0 is 0.06–0.39, the corresponding range of peak intensity is about
1.59× 1013 W/cm2 − 6.72× 1014 W/cm2. The input envelope is ac-
tually the shape of the EM solitary wave with a wave width of about
17 µm–110 µm.
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peak intensity in (a) are corresponding to Figs. 3(a1)–3(a3), and in (b)
are corresponding to Figs. 3(b1)–3(b3).

To show the comparison of propagation between PIC sim-
ulation and theoretical results clearly and understand the above
instability phenomena, it is necessary to display the process of
solitary wave evolution under different parameters. Figure 5
shows the evolution of the excited solitary wave with differ-
ent ω̃ for ã0 = 0.18. From Figs. 5(a1)–5(a2), 5(a5)–5(a6), and

(a9)–(a10), we can see that the shapes of the excited (black
line) EM solitary waves are in good agreement with the theo-
retical results (blue dashed line) of Eq. (15) in the stable prop-
agation stage for different ω̃ . Meanwhile, the PIC simulation
results lag behind the theoretical ones, which means that the
velocity of the excited solitary wave is slightly smaller than
that of Eq. (15). With the increase of ω̃ , the lag phenomenon
appears earlier. Now we pay attention to the instability of soli-
tary waves. It can be obviously seen from Figs. 5(a3)–5(a4),
(a7)–5(a8), and (a11)–(a12) that the stable propagation dis-
tance of solitary wave for ω̃ = 2.0 is much longer than others,
and the instability in Fig. 5(i) is quite different from those in
Figs. 5(ii) and 5(iii). It seems that the instability in Fig. 5(i)
is related to the calculation errors in PIC simulation (we have
verified this point by higher resolution simulations in space
and time, and found that the stable propagation distance will
increase at a higher resolution in space and time), while the de-
formations in Figs. 5(ii) and 5(iii) are due to the real physical
instability in the interaction between the EM solitary waves
and plasmas. For understanding the real physical instabil-
ity in Figs. 5(ii) and 5(iii), we measured the instability space
periods λin and found λin ' 110× 10−6 m in Fig. 5(ii) and
λin' 102×10−6 m in Fig. 5(iii), which just respectively fall in
the theoretical wavelength ranges of modulational instability
λ > 58.05×10−6 m for Fig. 5(ii) and λ > 43.23×10−6 m for
Fig. 5(iii) calculated by Eq. (18). For other values of ω̃ ≥ 3.83
shown in Fig. 4(a), the similar instability space periods and
deformations are also found. Thus we think that the deforma-
tions in Figs. 5(ii) and 5(iii) may be caused by the modula-
tional instability. Moreover, the fact that the increase of L with
ω̃ > 3.83 displayed in Figs. 4(a), 5(a7), and 5(a11) is con-
sistent with that shown by the modulational instability growth
rate Eq. (19), i.e., the growth rate Γ̃ decreases with the in-
crease of ω̃ (see Fig. 1(b)). In a word, after stable propagation
over a long distance, the occurrence of modulational instabil-
ity causes the deformation of the solitary wave for ω̃ ≥ 3.83.
Increasing ω̃ can reduce the growth rate Γ̃ of modulational in-
stability and delay the wave deformation, thereby allows the
EM wave to stably propagate for longer distance. Why mod-
ulational instability does not observe for ω̃ < 3.83. We think
that, in addition to its own very small instability growth rate,
the key is related to the slight disturbance of the EM wave in
the interaction between the EM solitary wave and plasmas. To
demonstrate this, the longitudinal electronic momentum px at
t = 20 ps long before the occurrence of the instability for dif-
ferent ω̃ are shown in Figs. 6(a1)–6(a3), associating with the
corresponding electric field Ey in Figs. 6(b1)–(b3) for compar-
ison. It can be seen from Figs. 6(a1) and 6(b1) that the profile
of px is basically the same as that of the EM solitary wave,
which means that the plasma nearly does not disturb the pro-
file of the EM solitary wave for ω̃ = 2.0. For ω̃ = 6.0 and
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8.0, however, Figs. 6(a2)–6(b2) and 6(a3)–6(b3) show that,
around and behind the “hillsides” marked by the red dashed
lines, there are relatively obvious inconsistencies between the
distributions of px and the EM solitary waves, which then give
disturbances to the EM solitary waves and induce the modu-
lational instability. In Figs. 5(ii) and 5(iii), the initial defor-
mations of the EM solitary waves are just around the “hill-
sides” of the EM solitary waves and this confirms the role of
the disturbances for modulational instability. Figure 7 shows
the evolution of the excited envelope solitary waves with dif-
ferent ã0 for ω̃ = 6.0. From Figs. 7(a1)–7(a2), (a5)–(a6), and

(a9)–(a10), we can see that the shapes of the excited (black
line) EM solitary waves are in good agreement with the theo-
retical results (blue dashed line) of Eq. (15) in the stable prop-
agation stage for different ã0. Compared with the theoreti-
cal results, the lag phenomenon is also observed. It can be
seen from Figs. 7(a3)–7(a4), 7(a7)–7(a8), 7(a11)–7(a12), and
6(a4)–6(b4), 6(a5)–6(b5), 6(a6)–6(b6) that the deformations
of the EM solitary waves here are due to modulational instabil-
ity. Since the growth rate Γ̃ increases with the increase of ã0,
the stable propagation distance L decreases with the increase
of ã0 as displayed in Fig. 4(b).
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Fig. 5. The evolution of the excited solitary wave with ω̃ = 2.0 (i), 6.0 (ii), and 8.0 (iii) for ã0 = 0.18. The peak intensities I of the solitary
waves are respectively 1.59×1013 W/cm2 (i), 1.43×1014 W/cm2 (ii) and 2.55×1014 W/cm2 (iii). The frequencies ω are respectively about
3.57×1013 s−1 (i), 1.07×1014 s−1 (ii) and 1.43×1014 s−1 (iii). Here (a1)–(a12) and (b1)–(b12) display the electric fields Ey and transverse
electron momentums py at different times. The theoretical results of the electric field Eq. (15) and the transverse electron momentum Eq. (16)
are only shown in the stable propagation stage.
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Fig. 6. PIC simulation results of the longitudinal electronic momentum px and the corresponding electric field Ey at t = 20 ps long before the
occurrence of the instability. Here upper six panels (i) show these parameters with different ω̃ for ã0 = 0.18; and lower six panels (ii) with
different ã0 for ω̃ = 6.0.

From Figs. 5 and 7, it is found that the evolution of the
excited (black line) transverse electron momentum p̃y is syn-
chronous with the evolution of the EM solitary waves. That
is to say, it experiences the same long-distance stable propa-
gation and becomes unstable at the same time and position. It
is also noted that for the small ω̃ and ã0 (Figs. 5(i) and 7(i)),
the amplitudes of p̃y are basically consistent with the theoret-
ical results (blue line) of Eq. (16), but for the large ω̃ and ã0

(Figs. 5(ii)–5(iii) and Figs. 7(ii)–7(iii)), the amplitudes of p̃y

are slightly smaller than the theoretical ones.
From Fig. 6, it is found that the EM solitary wave may ex-

cite the wakefield. We measured the oscillation frequency ωwe

of the electron in the wakefield and found ωwe ' 1.7894×
1013 s−1 in Figs. 6(a2)–6(a6). Noting the plasma frequency
ωpe = 1.7840×1013 s−1 and the cold plasmas here, we think
that the wakefield is a Langmuir oscillation. Detailed simu-
lation indicates that, for ne = 1× 1023 m−3 and ã0 = 0.18,
the Langmuir oscillation is only excited when the frequency
ω̃ ≥ 3.83 (Figs. 6(a2) and (a3)), while the wakefield is not ob-

vious when ω̃ < 3.83 (such as Fig. 6(a1) for ω̃ = 2.0). The fre-
quency of Langmuir oscillation has nothing to do with ω̃ and
ã0, but only is related to the plasma background (plasma den-
sity). The amplitude of Langmuir oscillation changes slightly
with the increase of ω̃ but obviously increases with the in-
crease of ã0.

Finally, it will be seen in the next section that Langmuir
oscillation plays the key modulational role in the modulational
instability of plane EM wave. With noting the “hillsides” cor-
responding to the excitation positions of Langmuir oscillation
in Fig. 6 and the wavelength of modulation by Langmuir os-
cillation 2πc/ωpe ' 105.7× 10−6 m approximately identical
to the measured instability space periods λin ' 110×10−6 m
in Fig. 5(ii) and λin ' 102×10−6 m in Fig. 5(iii), we can also
directly say that the excited Langmuir oscillation plays an im-
portant modulational role here and induces the instability of
EM solitary wave finally. The sudden variation of L around
ω̃ ' 3.83 in Fig. 4(a) is due to the excitation of Langmuir os-
cillation.
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Fig. 7. The evolution of the excited solitary wave with ã0 = 0.12 (i), 0.24 (ii), and 0.33 (iii) for ω̃ = 6.0 (1.07×1014 s−1). The peak intensities
I of the solitary waves are respectively about 6.36×1013 W/cm2 (i), 2.55×1014 W/cm2 (ii), and 4.81×1014 W/cm2 (iii). Here (a1)–(a12) and
(b1)–(b12) display the electric fields Ey and transverse electron momentums py at different times. The theoretical results of the electric field
Eq. (15) and the transverse electron momentum Eq. (16) are only shown in the stable propagation stage.

4. PIC simulation of modulational instability
In this section, the modulational instability of plane EM

wave is studied by 1D PIC simulation. The total length of x
direction is Lx = 152λ0, the grid step is ∆x = 0.07λ0, and the
time step is ∆t = 0.002T0. To excite a plane EM wave, we
add an oscillating electric field at x = 0 (the left boundary) as
follows:

Ey = Ẽ0
mcωpe

e
sin
(

ω̃ωpet−
1
4

Nã2
0ωpet

)

×


sin(αt), 0 < t < t1,
1, t1 < t < t2,
sin[π

2 +α(t− t2)], t2 < t < t1 + t2,
(22)

where α = π

2 /t1, t1 = 0.85 ps, t2 = 10 ps. In Eq. (22), the
time from 0 < t < t1 corresponds to the excitation of the rising
edge, the time from t1 < t < t2 corresponds to the excitation
of the plane wave with constant amplitude, and the time from
t2 < t < t1+t2 corresponds to the excitation of the falling edge.
The plasma density is ne = 0.2×1023 m−3.

To get a knowledge of the occurrence and evolution of
the modulational instability, the evolution of the plane EM
wave with ã0 = 0.12 and ω̃ = 6.0 is plotted in Fig. 8. It
can be seen from Fig. 8(a2) that a ripple with equal inter-
vals appears with the evolution of time, which indicates the
occurrence of instability. The ripple depth gradually deepens
from the front of the plane wave to the back. With the further
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evolution of time, Fig. 8(a3) shows that the instability con-
tinues to develop, and the instability at the back of the plane
wave grows faster than that at the front. The wave number
of the instability can be measured from Figs. 8(b1)–8(b3) of
the wave number spectra. The highest peak in Figs. 8(b1)–
8(b3) corresponds to k = 159.1 mm−1 of the carrier wave.
From Fig. 8(b2), we can see that the corresponding insta-
bility wave number K ' (187.3− 159.1) mm−1 ' (159.1−
130.8) mm−1 ' 28.2 mm−1. After a period time of the in-
stability evolution, it is noted from Fig. 8(b3) that the propor-
tion of this wave number increases significantly, and a new
component of (159.1− 102.6) mm−1 ' 56.5 mm−1 ' 2 K
appears. With the instability development, higher-time com-
ponents appear one after another, and are not further dis-
played here. The wave number range for modulational insta-
bility obtained by theoretical analysis is (0,Kc ' 32.3 mm−1)

and this wave number K ' 28.2 mm−1 is just in it. To in-
vestigate the speed of the instability development, we mea-

sured the instability growth rate at the front, middle and back
of the plane wave, and found that Γfront ' 1.48× 10−2/ ps,
Γmiddle ' 2.50× 10−2/ ps, and Γback ' 3.49× 10−2/ ps. The
reason for Γback > Γmiddle > Γfront is that the local plasma inter-
acting with the middle part of the plane electromagnetic wave
has already experienced a continuous disturbance by the first
half of the wave train for a time (t2− t1)/2, and similarly, the
local plasma interacting with the back part of the plane elec-
tromagnetic wave has already experienced a continuous distur-
bance by the full wave train for a time t2− t1. Because of the
same reason, we think that Γfront is more in line with the con-
dition of theoretical analysis in subsection 2.3. Equation (19)
tells us that the theoretical growth rate for K ' 28.2 mm−1

is Γtheoretical ' 1.202×10−2/ ps. Considering K ' 28.2 mm−1

∈ (0,Kc' 32.3 mm−1) and Γfront'Γtheoretical, we think that the
observed instability in Fig. 8 is the modulational instability.
This also confirms the theory of the modulational instability.
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Fig. 8. The PIC simulation results of the evolution of plane wave at different times. The boundary condition is given by Eq. (22) with ã0 = 0.12
(the intensity I of the plane wave is about 1.27×1013 W/cm2) and ω̃ = 6.0 (the frequency ω is about 4.78×1013 s−1). Here (a1)–(a3) display
the electric field Ey of the plane wave, (b1)–(b3) illustrate the wave number spectra of (a1)–(a3) by FFT, and (c1)–(c3) show the longitudinal
momentum px corresponding to (a1)–(a3).

To investigate the influence of the carrier wave frequency
ω̃ and the dimensionless vector potential amplitude ã0 on
modulational instability and further check the instability the-
ory, we give the wave numbers K of the instability and the cor-
responding growth rate Γ for different ω̃ and ã0 in Fig. 9. The
observed wave numbers K of the modulational instability in
PIC simulation are indicated by black rhombus in Figs. 9(a1)
and 9(a2). The maximum critical wave number Kc for the
instability occurrence and the most probable wave number
KΓ max obtained by theoretical analysis are also plotted by the

blue dashed line and the blue line, respectively. It can be seen
that the observed wave numbers are just in the theoretical wave
number range of modulational instability, i.e., K < Kc. An in-
teresting finding is that the observed wave numbers seem to
have nothing to do with the most probable wave numbers and
are closely around a value K ' 27.9 mm−1, independent of
ω̃ and ã0. We think that the reason is related to Langmuir
oscillation caused by the EM wave. The excited Langmuir os-
cillation gives a continuous modulation to the EM wave and
then induces the modulational instability. The spatial wave
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number of the modulation by Langmuir oscillation can be es-
timated to be ωpe/c ' 27.3 mm−1, which is just consistent
with the observed wave number K ' 27.9 mm−1 of the in-
stability. To verify this point further, we measured the wave
numbers K of the instability under other plasma frequencies,
which are found to be also approximately equal to ωpe/c. The
Langmuir oscillation of px just like Figs. 8(c1)–8(c3) is also
observed. This confirms the correctness of the explanation
and reveals the role of the modulation by Langmuir oscilla-
tion in the instability. The growth rate Γ of the modulational
instability depending on the frequency ω̃ and the dimension-
less vector potential amplitude ã0 is shown in Figs. 9(b1) and
9(b2). It can be found from Fig. 9(b1) that the growth rate
Γ of the instability slowly decreases with the increase of ω̃ .
From Fig. 9(b2), we can see that the growth rate Γ increases
with the increase of ã0, which means that the EM wave be-
comes more unstable as ã0 increases. Comparing Fig. 9(b1)
with (b2), we find that the change of instability growth rate Γ

with ã0 is more obvious than that with ω̃ , so the main factor
influencing the modulational instability growth rate is ã0. Fi-
nally, Fig. 9 shows that the measured instability growth rate
Γ is basically consistent with the theoretical value within the
error range, which once again confirms the correctness of the
theory of the modulational instability.
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Fig. 9. The dependence of the observed wave number K and the cor-
responding instability growth rate Γ in PIC simulation on ω̃ and ã0,
for ã0 = 0.12 in (a1) and (b1), ω̃ = 6.0(4.78× 1013 s−1) in (a2) and
(b2). The maximum critical wave number Kc of the modulational insta-
bility and the most probable wave number KΓ max obtained by theoret-
ical analysis are also plotted in (a1)–(a2). The theoretical growth rate
Γtheoretical is also displayed in (b1) and (b2). In (a1) and (b1), the range
of the frequency ω̃ is 6ωpe−8ωpe (4.78×1013 s−1−6.38×1013 s−1),
and the range of peak intensity is about 1.27× 1013 W/cm2 − 2.26×
1014 W/cm2. In (a2) and (b2), the range of the dimensionless vector
potential amplitude ã0 is 0.12− 0.24, the corresponding range of peak
intensity is about 1.27×1013 W/cm2−5.08×1013 W/cm2.

5. Conclusions
In summary, we have studied the propagation dynamics

of EM solitary waves in uniform cold electron-ion plasmas
by 1D PIC simulation. The EM solitary wave is excited by
applying an oscillating electric field at the left boundary. It

is found that the shape of the excited solitary wave, i.e., the
amplitude and width, can remain unchanged and is identical
to the theoretical profile in a long-distance stable propagation.
The velocity is also consistent with the theoretical one except a
very slight reduction for the larger carrier wave frequency. The
instability study of the solitary wave indicates that, under the
conditions of the plasma density ne = 1×1023 m−3 and the di-
mensionless vector potential amplitude ã0 = 0.18, the solitary
wave can stably propagate in the distance range of stable PIC
calculation for the carrier wave frequency ω < 3.83ωpe. How-
ever, for ω ≥ 3.83ωpe, the EM solitary wave deforms after a
long enough distance. Further investigation shows that the de-
formation is closely related to the modulational instability and
the wakefield excitation in the interaction between the solitary
wave and the plasma. Concretely, the EM solitary wave may
excite a weak Langmuir oscillation, which in turn modulates
the EM solitary wave and thus induces modulational instabil-
ity. For ω ≥ 3.83ωpe, the measured stable propagation dis-
tance of EM solitary wave increases with the increase of the
carrier wave frequency and decreases with the increase of the
dimensionless vector potential amplitude obviously. In these
simulations, the transverse electron momentum also presents
a solitary wave shape, and its evolution is fully synchronous
with the EM solitary wave. In addition, about the catastrophe
point ω ' 3.83ωpe, there are some remaining problems, e.g.,
why is this value and how does this critical value relate to the
physical background, which will be studied in our future work
considering the corresponding workload.

Modulational instability is studied by exciting a plane EM
wave. The simulation study shows that the observed spatial
wave number of the modulational instability has nothing to do
with the carrier wave frequency and the dimensionless vector
potential amplitude, but is closely related to the plasma den-
sity and is approximately equal to the spatial modulated wave
number of Langmuir oscillation. This obviously indicates that
the occurrence of modulational instability is excited through
the continues modulation of Langmuir oscillation induced by
the EM wave itself. This also directly reveals the importance
of the excitation of wakefield, i.e., the Langmuir oscillation, in
the stable propagation of the EM wave. Observing a plane EM
wave with instability, it can be found that the amplitude and the
growth rate of the modulational instability become larger from
the front to the back of the wave tain. The instability growth
rate at the front of the wave is consistent with the theoretical
value, which verifies the correctness of the theory of modula-
tional instability. Further investigation shows that the dimen-
sionless vector potential amplitude is the main factor affecting
the modulational instability, and increasing it can significantly
increases the growth rate of the modulational instability.

This study not only verifies the theory of EM solitary
wave and modulational instability, but more importantly re-

015201-11



Chin. Phys. B Vol. 30, No. 1 (2021) 015201

ports the modulational instability of solitary wave for the first
time, and reveals the importance of the excitation of Langmuir
oscillation to the induction of modulational instability of EM
wave, which has never been noticed before. Other main physi-
cal parameters influencing the stable propagation of EM waves
are also illustrated. These results may also be important to the
guidance of light, electron acceleration, wakefield generation
and harmonic generation, etc.
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