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A two-dimensional quantum walk driven by a single two-side coin∗
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We study a two-dimensional quantum walk with only one walker alternatively walking along the horizontal and
vertical directions driven by a single two-side coin. We find the analytical expressions of the first two moments of the
walker’s position distribution in the long-time limit, which indicates that the variance of the position distribution grows
quadratically with walking steps, showing a ballistic spreading typically for quantum walks. Besides, we analyze the
correlation by calculating the quantum mutual information and the measurement-induced disturbance respectively as the
outcome of the walk in one dimension is correlated to the other with the coin as a bridge. It is shown that the quantum
correlation between walker spaces increases gradually with the walking steps.
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1. Introduction
Quantum walks (QWs) as the quantum version of clas-

sical random walks (CRWs) have been extensively studied
in recent years due to striking nonclassical properties, and
have found applications in quantum algorithms,[1–6] univer-
sal quantum computing,[7,8] quantum simulations,[9–16] and
quantum measurements.[17,18] The simplest one-dimensional
discrete-time QW consists of a single walker, usually being
a quantum particle, who takes a step towards left or right
on a line according to the outcome of flipping a two-side
quantum coin, usually being the internal state of the quan-
tum particle.[19–33] A higher-dimensional QW has also been
proposed and investigated.[34–41] With the number of dimen-
sions increasing, QWs with higher-dimensional walker and
multiple-side coin exhibit richer properties[42–45] and can be
used in quantum simulations of many-body systems.[46–48]

In this paper, we study a two-dimensional discrete-time
QW with a single walker alternatively walking along the hori-
zontal and vertical directions driven by a two-side coin, which
shows a ballistic spreading of probability of the walker on a
two-dimensional lattice. We show the analytical expressions
of the first two moments of the walker’s position distribution
in the long-time limit and the variance of the position distri-
bution growing linearly with the walking steps. Moreover,
as the coin plays a role of bridge, the state of the walker in
one dimension is correlated to that in the other dimension.
We calculate quantum mutual information and measurement-
induced disturbance respectively in order to analyze the varia-
tion of the classical and quantum correlations during QWs. It

is shown that quantum correlations between two dimensions
of the walker-space increase gradually with the walking steps.
Thus, quantum correlations are created in QW dynamics.

The structure of this paper is organized as follows. In
Section 2, we introduce a two-dimensional discrete-time QW
driven by a two-side coin and then derive the analytical expres-
sions of the first two moments of the walker’s position distri-
bution in the long-time limit. In Section 3, we calculate the
quantum mutual information and measurement-induced dis-
turbance between the two dimensions of the walker-space and
analyze the numerical results to characterize the variation of
both the classical and quantum correlations. Finally, in Sec-
tion 4, we summarize the paper and give a conclusion.

2. A two-dimensional discrete-time quantum
walk
We introduce a two-dimensional discrete-time QW,[49]

including a walker and a two-side coin shown in Fig. 1. For
each course, the walker first takes a step along the x-axis (left
or right) according to the coin state after the first coin flipping,
and then the coin is flipped again to lead the walker’s move-
ment along the y-axis (up or down). After a long evolution
time, the walker exhibits a ballistic spreading of position dis-
tribution on a two-dimensional lattice. The initial state of the
walker can be chosen as |x0〉⊗ |y0〉, defining the position of
the walker on the two-dimensional lattice. The initial state of
the coin, |φ0〉, usually takes the form of the superposition of
the two sides of the coin, |φ0〉= α |0〉+β |1〉, where α and β

satisfy |α|2 + |β |2 = 1.
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Fig. 1. Schematic for the two-dimensional QW. At the beginning of the
walk, the single walker, starts from the position (x0 = 0,y0 = 0) with a
two-side quantum coin in his hand. Then the walker flips the coin and
takes a step along the x axis to the left or right if the coin turns out to be
head or tail. Hence, the walker is possible to appear at positions (−1,0)
and (1,0), i.e., the orange points. After this, the walker flips the coin
again and the outcome of the coin flipping decides the walker’s move-
ment along the y axis, up or down. Therefore, we may find the walker at
positions (−1,−1), (−1,1), (1,−1), and (1,1), i.e., the yellow points
in the figure with certain probabilities. We consider a step along the x
axis and a step along the y axis respectively of the walker as a single
course of our walk. During the second course, the walker possibly gets
to the positions of the green points after the first coin flipping and finally
arrives at the positions of the pink points and also the initial red point,
which are 9 possible positions in total, after the second coin flipping.
We omit the intermediate positions the walker may reach from the third
course of the walk in the figure. It can be seen that after the n-th course
the walk shows a spreading of position distribution including (n+ 1)2

possible points on the two-dimensional lattice.

The step operators for the two dimensions take the form

Sx = S⊗1w⊗P0 +S†⊗1w⊗P1,

Sy = 1w⊗S⊗P0 +1w⊗S†⊗P1, (1)

where 1w is the identity operator applied on the walker, S, S†

are the conditional position shift operators on the walk’s posi-
tion state,

S |x(y)〉= |x(y)+1〉 , S† |x(y)〉= |x(y)−1〉 , x,y ∈ Z,

and P0, P1 are the projectors applied on the coin,

P0 = |0〉〈0| , P1 = |1〉〈1| .

The coin operator coherently manipulates the coin parame-
ter, leaving the position unchanged. In this paper, we take a

Hadamard coin H =

(
1 1
1 −1

)
/
√

2. The evolution operator

of the system for a single course of the QW becomes

U = Sy (1w⊗1w⊗H)Sx (1w⊗1w⊗H) . (2)

In order to get an analytical result of the position distribu-
tion and the moments of the walker’s position distribution, we

perform a Fourier transformation transferring the walker state
from the position space to the momentum space,[19]

|k〉= ∑
x

e ikx |x〉. (3)

The state |k〉 is the eigenstate of S, S† and satisfies the relations

S |k〉= e−ik |k〉 , S† |k〉= e ik |k〉 .

The inverse Fourier transformation works as

|x〉=
∫

π

−π

dk
2π

e−ikx |k〉 , and |0〉=
∫

π

−π

dk
2π
|k〉 for x = 0. (4)

The evolution operator in the momentum space becomes

U
(
|kx〉⊗

∣∣ky
〉
⊗|φ0〉

)
= |kx〉⊗

∣∣ky
〉
⊗UkyUkx |φ0〉 ,

where Ukx(y)
is a unitary operator applied on the coin state and

takes the form

Ukx(y)
=

1√
2

(
e−ikx(y) e−ikx(y)

e ikx(y) −e ikx(y)

)
. (5)

By defining
Uk =UkyUkx ,

we get

U
(
|kx〉⊗

∣∣ky
〉
⊗|φ0〉

)
= |kx〉⊗

∣∣ky
〉
⊗Uk |φ0〉 ,

and the final state of the system of the walker and coin in the
momentum space can be expressed as

ρ(t) =
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

∫
π

−π

dky

2π

∫
π

−π

dk′y
2π
|kx〉

〈
k′x
∣∣

⊗
∣∣ky
〉〈

k′y
∣∣⊗ (Uk)

t |φ0〉〈φ0|
(

U†
k′

)t
(6)

with the initial state of the system of the walker and coin

ρ(0) =
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

∫
π

−π

dky

2π

∫
π

−π

dk′y
2π
|kx〉

〈
k′x
∣∣

⊗
∣∣ky
〉〈

k′y
∣∣⊗|φ0〉〈φ0| .

Then we trace out the walk in the y direction and obtain the
reduced density matrix of the walker in the x direction

ρx(t) =
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

∫
π

−π

dky

2π

∫
π

−π

dk′y
2π
|kx〉

〈
k′x
∣∣

×∑
y

e−iy(ky−k′y) 〈φ0|
(
U†

k′x
U†

k′y

)t(UkyUkx

)t |φ0〉 . (7)

Similarly, we can also trace out the walk in the x direction and
get the reduced density matrix ρy(t). Due to the balanced ini-
tial state we choose, the results of the position distribution in
both directions are identical. Therefore, in the following we
only derive the analytical expressions of the walker in the x
direction.

Using the formula[19]

1
2π

∑
y

(
ym e−iy(ky−k′y)

)
= (−i)m

δ
(m)(ky− k′y)

110303-2



Chin. Phys. B Vol. 29, No. 11 (2020) 110303

for further calculation, we get

ρx(t) =
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

∫
π

−π

dky

2π
|kx〉

〈
k′x
∣∣

×〈φ0|
(
U†

k′x
U†

ky

)t(UkyUkx

)t |φ0〉

=
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π
|kx〉

〈
k′x
∣∣×〈φ0|

(
U†

k′x

)t(Ukx

)t |φ0〉 .

From this, the probability of the walker appearing at position
x after t steps is

P(x; t) = Tr
((
|x〉〈x|)ρx(t)

))
=
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

e−ix(kx−k′x)

×〈φ0|
(
U†

k′x

)t(Ukx

)t |φ0〉 . (8)

Thus, the moment of the walker’s position distribution for the
QW is

〈xm〉t = ∑
x

xmP(x; t)

=
∫

π

−π

dkx

2π

∫
π

−π

dk′x
2π

∑
x

xm e−ix(kx−k′x)

×〈φ0|
(
U†

k′x

)t(Ukx

)t |φ0〉

=
(−i)m

2π

∫
π

−π

dkx 〈φ0|
(
U†

kx

)t
[ dm

dkm
x

(
Ukx

)t
]
|φ0〉 . (9)

Here we need to use another relation[19]

dUkx

dkx
=−i(P0−P1)Ukx =−iZUkx ,

where Z = P0−P1 = 1c−2P1 = 2P0−1c =

(
1 0
0 −1

)
and 1c

is the identity operator for the coin. Thus, we can get the ex-
pressions of the first and the second moments of the walker’s
position distribution for the walk respectively as follows:

〈x〉t =
(−i)
2π

∫
π

−π

dkx 〈φ0|
(
U†

kx

)t
[

d
dkx

(Ukx)
t
]
|φ0〉

=
(−1)
2π

∫
π

−π

dkx

t

∑
j=1
〈φ0|

(
U†

kx

) jZ
(
Ukx

) j |φ0〉, (10)

〈
x2〉

t =
(−i)2

2π

∫
π

−π

dkx 〈φ0|
(
U†

kx

)t
[

d2

dk2
x
(Ukx)

t
]
|φ0〉

=
1

2π

∫
π

−π

dkx

(
t

∑
j=1

j

∑
j′=1

+
t

∑
j=1

j−1

∑
j′=1

)
×〈φ0|

(
U†

kx

) jZ
(
Ukx

) j− j′Z
(
Ukx

) j |φ0〉 . (11)

We directly take the solution from literature,[50] and obtain the
eigenvectors |ϕkxn〉 of Ukx corresponding to eigenvalues e iθkxn ,
i.e., Ukx |ϕkxn〉= e iθkxn |ϕkxn〉,

|ϕkx1〉 =
1√
2

(
1+ cos2 kx + coskx

√
1+ cos2 kx

)− 1
2

×
(

e−ikx

−
√

2e iωkx − e−ikx

)
,

|ϕkx2〉 =
1√
2

(
1+ cos2 kx− coskx

√
1+ cos2 kx

)− 1
2

×
(

e−ikx
√

2e−iωkx − e−ikx

)
. (12)

The corresponding eigenvalues are e i(π+ωkx ) and e−iωkx , re-
spectively, where θkx1 = π +ωkx , θkx1 =−ωkx , and ωkx satisfy

sinωkx =
1√
2

sinkx, − π

2
< ωkx <

π

2
.

Then, the initial state of the coin can be expanded as

|φ0〉=
2

∑
n=1

Ckxn |ϕkxn〉 .

For the first step of the walk, we have

Ukx |φ0〉=
2

∑
n=1

Ckxn e iθkxn |ϕkxn〉 .

Similarly, the state of the system after t steps evolves to

(
Ukx

)t |φ0〉=
2

∑
n=1

Ckxn e iθkxnt |ϕkxn〉 .

Substituting this relation into Eqs. (10) and (11) respectively,
we get

〈x〉t =
(−1)
2π

∫
π

−π

dkx

t

∑
j=1
〈φ0|

(
U†

kx

) jZ
(
Ukx

) j |φ0〉

= −t +
1
π

∫
π

−π

dkx ∑
n,n′

C∗kxnCkxn′ 〈ϕkxn|P1
∣∣ϕkxn′

〉
×

t

∑
j=1

e i(θkxn′−θkxn) j, (13)

〈
x2〉

t =
1

2π

∫
π

−π

dkx

(
t

∑
j=1

j

∑
j′=1

+
t

∑
j=1

j−1

∑
j′=1

)
×〈φ0|

(
U†

kx

) jZ
(
Ukx

) j− j′Z
(
Ukx

) j |φ0〉

=
1

2π

∫
π

−π

dkx ∑
n,n′,n′′

C∗kxnCkxn′ 〈ϕkxn|2P0−1c
∣∣ϕkxn′′

〉
×
〈
ϕkxn′′

∣∣1c−2P1
∣∣ϕkxn′

〉
×

(
t

∑
j=1

j

∑
j′=1

+
t

∑
j=1

j−1

∑
j′=1

)
e i(θkxn′′−θkxn) je i(θkxn′−θkxn′′ ) j′ .(14)

Assuming that Ukx is nondegenerated, most of the terms in
Eqs. (13) and (14) are oscillatory and approach zero in aver-
age in the long-time limit. So we get the first moment of the
walker’s position distribution

〈x〉t =C1t +oscillatory terms, (15)

where C1 = −1 + 1
π

∫
π

−π
dkx ∑

n
|Ckxn|2 〈ϕkxn|P1 |ϕkxn〉, and the

second moment〈
x2〉

t =C2t2 +oscillatory terms+O(t), (16)
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where C2 = 1− 2
π

∫
π

−π
dkx ∑

n
|Ckxn|2 〈ϕkxn|P0 |ϕkxn〉〈ϕkxn|P1 |ϕkxn〉.

According to Eq. (15) and Eq. (16), the variance of the position
distributions of the walks, σ2 =

〈
x2
〉

t −〈x〉
2
t , grows quadrat-

ically with time in the long-time limit, which is a typical
behavior for QWs. In addition, by considering that Ukx is de-
generated, equations (15) and (16) will have some cross terms,
which do not change the results of variance qualitatively.

For comparison, we perform a modification to the QW
that we have introduced in order to get its corresponding two-
dimensional CRW, which includes a classical walker with a
classical two-side coin in his hand. During each single step of
the CRW, the walker flips the coin twice in turn to decide the
walk along the x axis (right or left) and along the y axis (up
or down), respectively. With the walking steps increasing, the
walker exhibits a diffusive spreading of the position distribu-
tion on the two-dimensional lattice, which is shown in Fig. 2.
On the contrary, the QW exhibits a ballistic spreading, which
is shown in Fig. 3. In fact, the different initial coin states lead
to different position distributions, but do not change the quan-
tum nature of the walk, which is usually characterized via the

variance σ2, or the standard deviation σ =
√
〈x2〉t −〈x〉

2
t , of

the position distribution. Here we choose the initial coin state
|φ0〉= 1√

2
(|0〉+ i |1〉), which is an equal superposition and rel-

atively fair to compare to the classical case. Figures 2(b) and
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Fig. 2. (a) The position distribution of the two-dimensional CRW af-
ter the 10th step. (b) The variance of the position distributions of the
two-dimensional CRW for the fist 10 steps.

3(b) show the variance of the position distribution of the two-
dimensional CRW and that of QW for the first 10 steps, respec-
tively. Obviously, the variance of CRW grows linearly with
steps, while that of QW grows quadratically with steps. Thus,
we observe the quadratic enhancement of position spreading
for the QW vs. CRW.
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Fig. 3. (a) The position distribution of the two-dimensional QW af-
ter the 10th step. (b) The variance of the position distributions of the
two-dimensional QW for the fist 10 steps.

In Refs. [35,36], Franco et al. give a detailed proof of
the equivalence between a two-dimensional QW with a four-
dimensional coin and the alternate one driven by a single-qubit
coin studied here. Due to the equivalence, the distribution of
the walker, the variance of the distribution, and the correlations
between the walker spaces are the same for the two cases.

3. Analysis of the correlations in the QW
For the two-dimensional CRW, the classical coin does not

connect the two directions of the walker space. Whereas, in
QW, it is not the case. The walk in the x direction is correlated
to that in the y direction because of the coin as a bridge. There-
fore, it is necessary to pay attention to the variation of the cor-
relation between the two dimensions of the walker space. Here
we use the quantum mutual information and measurement-
induced disturbance, respectively, to characterize the quantum
correlations and the total correlations in the QW.

In order to calculate the quantum mutual information, we
first trace out the coin from the final state of the QW ρ(t) to get

110303-4
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the reduced density matrix ρw(t). Furthermore, we trace out
the walk in the y direction from ρw(t) to obtain ρx(t), which
only contains information about the walk in the x direction.
Similarly, we can also obtain the reduced density matrix for
the y direction ρy(t). Thus, the quantum mutual information I
between the two dimensions is

I[ρw(t)] = S[ρx(t)]+S[ρy(t)]−S[ρw(t)], (17)

where S [ρ] = −Tr(ρ lnρ) is the von Neumann entropy in
quantum information theory. The quantum mutual informa-
tion is used as a measure of the total correlation,[51] including
the classical and the quantum correlations, between the two di-
mensions, which is depicted in Fig. 4. It is obvious to see that
the quantum mutual information grows monotonically with the
number of walking steps. The amount of the quantum mutual
information inherently increases with the gradually expanding
dimension of the walker’s position and is bounded by 2log2 d
approximately, where d denotes the dimension of the walker
space and has the relation with the number of steps d = 2t+1.
For comparison, we also calculate the quantum mutual infor-

mation of the maximal entangled state, |ψm〉 = 1√
d

t
∑

a=−t
|aa〉,

with increasing dimension of the walker state, which is also
shown in Fig. 4(a) (dots). Besides, we plot the corresponding
ln–ln plot to focus on the growth rate of the quantum mutual
information for the two cases in Fig. 4(b). Although the exact
value of the quantum mutual information in the QW is always
smaller than that of the maximal entangled states, the growth
rate is a little larger.

0 5 10 15 20
0

2

4

6

8

10

t

I

0.5 1.0 1.5 2.0 2.5 3.0
0
0

0.5

1.0

1.5

2.0

lnt

ln
I

(a)

(b)

Fig. 4. (a) The quantum mutual information of two-dimensional QW
(squares) and of the maximal entangled state (dots). (b) The ln–ln plot
of the quantum mutual information of two-dimensional QW (squares)
and of the maximal entangled state (dots).

In addition to the quantum mutual information, which
quantifies the total correlations between the two dimensions,
the quantum correlation therein is what we concern more
about. Quantum discord is prevalently used to characterize
pure quantum correlation of a bipartite system.[52] However,
the evaluation of quantum discord contains a process of op-
timization which demands tremendous calculation workload
and even intractable, especially when the dimension of the
walker’s position increases with the number of the steps in
our case. Therefore, we choose the measurement-induced dis-
turbance instead, which is operational and shows a loose up-
per bound on quantum discord, to characterize the quantum
correlation in the QW. Although measurement-induced distur-
bance may risk overestimating nonclassicality because of lack
of optimization over local measurement, it gives a loose up-
per bound on quantum discord and is appropriate for charac-
terization of the quantum correlation in QWs. Measurement-
induced disturbance is a quantum–classical dichotomy in or-
der to quantify statistical correlations in bipartite states and is
first introduced in Ref. [53]. This is based on the idea that
while in the classical description of nature measurements can
be carried out without disturbance, in the quantum descrip-
tion, generic measurements often disturb the system and the
disturbance can be exploited to quantify the quantumness of
correlations therein. These measures of quantum correlations
are used to provide intuition about the quantum advantage of
certain quantum computation models. Thus, it is a proper mea-
sure of quantum correlations in QWs.

After the measurement by {Π x
i } and {Π y

j } which are
complete projective measurements (i.e., von Neumann mea-
surements), the reduced state ρw(t) becomes

Π [ρw(t)] = ∑
i, j

Π
x
i ⊗Π

y
j ρw(t)Π x

i ⊗Π
y
j . (18)

The induced state Π [ρw(t)] is classical[54] and thus its quan-
tum mutual information, I

[
Π [ρw(t)]

]
, quantifies the classical

correlations in ρw(t) as well as in Π [ρw(t)]. Naturally, a mea-
sure for quantum correlation is given by the measurement-
induced disturbance Q, defined as

Q[ρw(t)] = I[ρw(t)]− I
[
Π [ρw(t)]

]
, (19)

which indicates the difference between the total and classical
correlations of ρw(t). Here the measurement Π = {Π x

i ⊗Π
y
j }

is induced by the spectral resolutions of the reduced states,
ρx(t) = ∑i px

i (t)Π
x
i and ρy(t) = ∑ j py

j(t)Π
y
j . We plot the

measurement-induced disturbance between the two dimen-
sions in the QW in Fig. 5(a). For comparison, we plot the
measurement-induced disturbance of the maximal entangled
state as well and find that the measurement-induced distur-
bance grows monotonically with the number of steps, which is
qualitatively similar to the quantum mutual information. We
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find that the measurement-induced disturbance in the QW be-
comes larger than that of the maximal entangled states after
the fifth step. Entanglement and quantum correlations have of-
ten been regarded as synonymous for several years under the
dichotomy for entanglement and separability.[55] In fact, the
quantum correlations are more general than entanglement.[54]

Thus, the maximal entangled states which contain the max-
imal amount of entanglement may not account for the most
quantum correlations of a quantum system. Therefore, the
larger value of the measurement-induced disturbance in the
QW we get is reasonable to some extent. Furthermore, we
give the ln–ln plot in Fig. 5(b). Obviously, the growth rate of
the measurement-induced disturbance in the QW is larger than
that of the maximal entangled states, which can be viewed as
the genuine increasing of the quantum correlation in the QW
in spite of the inherent growth with the expanding dimension
of the walker. The evolution of the single coin connecting the
walk between the two dimensions contributes to the increasing
of the quantum correlation in the QW.
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Fig. 5. (a) The measurement-induced disturbance of two-dimensional
QW (squares) and of the maximal entangled state (dots). (b) The ln–ln
plot of the measurement-induced disturbance of two-dimensional QW
(squares) and of the maximal entangled state (dots).

4. Conclusion
In summary, we study a two-dimensional QW, including

only one walker alternatively walking along the horizontal and
the vertical directions driven by a single two-side coin. First,
we find the analytical expressions of the first two moments of
the walker’s position distribution in the long-time limit, which
indicate a quadratic growth of the variance of the position dis-
tribution with the number of steps. Then, for comparison, we

show the numerical simulations of both the two-dimensional
QW and its corresponding two-dimensional CRW and plot the
position distributions and variances for both. We observe a
ballistic spreading and the quadratic growth of variance of the
QW, while a diffusive spreading and a linear growth of vari-
ance for the CRW. Besides, we analyze the correlations be-
tween the two dimensions in the QW via the quantum mu-
tual information and measurement-induced disturbance, re-
spectively characterizing the total and the quantum correla-
tions. The quantum mutual information and measurement-
induced disturbance both grow monotonically with the num-
ber of steps. Due to the inherent growth with the expanding
dimension of the walker, we calculate the quantum mutual in-
formation and measurement-induced disturbance of the max-
imal entangled state in our system as well in order to capture
the genuine increasing of the correlations in the QW and find
that the evolution of the single coin connecting the walk be-
tween the two dimensions contributes to the increasing of the
quantum correlation in the QW.
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