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An improved moving least square meshless method is developed for the numerical solution of the nonlinear improved
Boussinesq equation. After the approximation of temporal derivatives, nonlinear systems of discrete algebraic equations are
established and are solved by an iterative algorithm. Convergence of the iterative algorithm is discussed. Shifted and scaled
basis functions are incorporated into the method to guarantee convergence and stability of numerical results. Numerical
examples are presented to demonstrate the high convergence rate and high computational accuracy of the method.

Keywords: meshless, improved moving least square approximation, nonlinear improved Boussinesq equation,

convergence and stability
PACS: 02.60.Cb, 02.60.Lj, 03.65.Ge

1. Introduction

The nonlinear improved Boussinesq equation!!! is a new
form of the famous Boussinesq equation./*3! By using u;
instead of iy, the improved Boussinesq equation is phys-
ically stable and thus effectively overcomes the unrealistic
instability of the bad Boussinesq equation. The improved
Boussinesq equation can be used to model some physical
phenomena such as sound waves,!!! acoustic waves on elas-
tic rods,*! and plasma waves at right angles to the magnetic
field.5! Over the past four decades, some numerical meth-
ods, such as the finite difference method (FDM),[%°! the fi-
nite element method (FEM),!%19 the finite volume element
method (FVEM),!! 1?1 the Fourier pseudospectral method, 3!
the radial basis functions method,!'¥ the local discontin-
uous Galerkin (LDG) method,[!>! and the multisymplectic
method,'®! have been adopted to obtain approximate solutions
of the improved Boussinesq equation.

Meshless methods ['71 have been rapidly developed in
the past thirty years to mitigate the meshing-related issues in
classical numerical methods such as the FDM and the FEM.
Apart from the absence of elements, another outstanding merit
of meshless methods is that, meshless shape functions and
then meshless solutions are frequently generated with high
accuracy. The moving least square (MLS) approximation is
one of the most crucial approach to generate meshless shape
functions.!'72!1 Some improvements of the MLS, such as the
interpolating MLS, [*%%3] the complex variable MLS, [>4-2%] the
improved complex variable MLS,?’! the improved interpo-
lating MLS,?®) the complex variable interpolating MLS, [*°]
the stabilized MLS,% and the augmented MLS, ®'l have also
been proposed to enhance the performance of the MLS.

DOI: 10.1088/1674-1056/abaed7

The improved moving least square (IMLS)
approximation[*? is an improved version of the MLS ap-
proximation. By using weighted orthogonal basis functions
instead of polynomial basis functions, the IMLS produces
diagonal system matrices and then possesses a higher compu-
tational efficiency than the MLS. Recently, shifted and scaled
basis functions have been used to improve the computational
stability and precision of the IMLS approximation. 33! Based
on the IMLS approximation, meshless methods such as the

17,32

boundary element-free method, ! 1 the improved element-

17.34-36 and the improved Galerkin

free Galerkin method,!
boundary node method*”) have been proposed and imple-
mented for problems in various fields of physics and engineer-
ing.

In this paper, an IMLS meshless method is developed for
the numerical solution of the nonlinear improved Boussinesq
equation. After the approximation of temporal derivatives, the
original time-dependent improved Boussinesq equation is re-
duced to a set of time-independent equations. Then, the IMLS
approximation is used to establish the systems of discrete al-
gebraic equations, where shifted and scaled basis functions are
used to guarantee convergence and stability of numerical re-
sults. Finally, an iterative algorithm is presented to solve the
nonlinear algebraic systems. Numerical experiments involv-
ing propagation of single solitary wave and collision of two
solitary waves are presented to demonstrate the efficiency of
the method. Numerical results reveal that the current IMLS
meshless method yields much less error than the FDM, the
FEM, the FVEM and the LDG method.

*Project supported by the National Natural Science Foundation of China (Grant No. 11971085), the Fund from the Chongqing Municipal Education Commission,
China (Grant Nos. KJZD-M201800501 and CXQT19018), and the Chongqing Research Program of Basic Research and Frontier Technology, China (Grant

No. cstc2018jcyjAX0266).
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2. Problem description

Consider the following nonlinear improved Boussinesq

equation:
Upp = Uy + Unrs + (uz)m7 x€Q=(ab), tc(0,T], (1)
with initial conditions
u(x,0)=r(x), u(x,0)=gkx), xe€Q, 2)
and boundary conditions
u(x,t)=0, xel' =090, 1€(0,T], 3)

where the function u = u (x,7) is unknown at position x and
time 7, the subscript x (or ¢) denotes differentiation with re-
spect to x (or 7), and the functions f (x) and g (x) are known.
The well-known bad Boussinesq equation u; = uy, +
Uxxxx + (MZ) o
ing Uy With uyyy, the nonlinear improved Boussinesq equa-

is unstable at short wavelengths.!!l By replac-

tion (1) is physically stable.!]

3. Approximation of temporal derivatives

According to the Taylor series, the temporal derivatives

can be approximated by the difference quotient as[3?!

k+1 k k1
u x) —2u" (x)+u X

g (x,kT) =~ () 1-2( ) ( )’ @
k+1 _9 k k |

Uprr (X,kT) = yy () u);fz(x) Uy (%) 7 )

where 7 > 0 is the time-step size, and uk (x) = u(x,kt) and

Uk (%) = e (x,kT) for k =0,1,2,...

In view of the approximation!®!

v (o, k) = (x) —

V=1U, Uy OF Uyy,

v () +V (),

the nonlinear term (”2)xx =2 [uuxx + (ux)z} can be approxi-
mated as

(uz)m (x, k’c)
~ 2{( k+1 k—l) (ul;)-ci-l *“§X+M§x_l)
2
+ (! ful;Jru];_l) b (©6)

According to Egs. (4)—(6), equation (1) can be approximated
[2172 (uk _uk71> 2 1} k41
XX
+412 (u]; — u];_l) uﬁ“ + {l +21° (u];x — u];x_l)] Ukt

2
—27? [ukﬂulgr] + (uf*l) }

= (”L’z—l— 1) ufx_l —yF (’52-1-2) u§x+2uk

as

2
+272 [(uk—uk1> (ul;x—ul;;l) + (u';—ul;fl) } ,

xe, k=0,1,2,... @)
In view of Eq. (2), we have
W (x)=f(x), xeQ. ®)

Besides, using the difference quotient formula i, (x,0) ~

(u' (x) —u=" (x)) / (27) yields
u =4y —21g, u;l ZMi—zfgxy
u;xl = u)lcx —2Tg, XE Q. )

Then, letting k = 0 in Eq. (7) and using Egs. (8) and (9), one
obtains
[ (f+278) — 0.5 (72 + 1) ] uy, +27° (fx +278:) uy
+[0.54 2 (fue+2780)] ul——ZTz[ulu;x4—(u;)€
= 05[f+1g— (0577 +1) fix — T (T2 +1) gur
T (f+278) (fur +2080) + 7 (fe+278)° ] (10)

for x € Q.
nesq equation (1) is reduced to the time-independent equations
(10) fork=0and (7) fork=1,2,...

Therefore, the time-dependent improved Boussi-

with boundary conditions

W (x)=0, xell, k=0,1,2,... (11)

Note that in the case of k = 1, we have 1 = f, ug = fy, and
Uy, = frx in Eq. (7).

4. Discretization of spatial derivatives

In the IMLS approximation, the solutions u**!(x) of
Eqgs. (7) and (10) can be approximated as

W (x) ~ Z ®; (x) 1,
erUF,k_QLLHW (12)
where uf*! are approximate values of u**! (x;), {x;}Y | are N

nodes in QUI" = [a,b] witha=x] <x < ...
nodal spacing & = maxj<j<ny—1 (Xi+1 —x;), and

<xy =band

()gq 40 e A (x),

@, (x) = (4j.97), 1<i<N,
0, i¢A(x),

(13)
where m is the number of the basis, w; (x) are weight functions.
In this paper,

exp (— (|x—xil /n)?) = exp (= (1i/n)?)
wi(x) = )

1—exp (= (ri/h)?)

where r; = 4.5h is the radius of the influence domain of the
Besides, A (x) = {11,127 T(x)} is the set of
sequence numbers of nodes whose influence domains cover

node x;.
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x, the inner product (-,-), is defined for functions v{ and v,

as (vi,v2), = Yiea(w) Wi (x)v1 (xi)v2(xi), and g;(x) are the
weighted orthogonal functions,

i—1

q1(x) =1, gi(x)=pi(x)— qx (%),

k=1 (qkaqk)x
i=2,3....m (14)

In the original IMLS approximation, the basis functions
pi(x) in Eq. (14) are usually chosen as the following non-

shifted and non-scaled functions!!7-32

pi(x)=x"1 i=23,..m (15)

In this case, the stability of the original IMLS approximation
deteriorates severely as the nodal spacing & decreases. In the
stabilized IMLS approximation, the basis functions p; (x) are
chosen as the following shifted and scaled functions, 30-33]

Nl
p,'(x)=<x hx) Ci=23.....m, (16)

where x¢ is a fixed point located on the influence domain of
the evaluation point x. Theoretical analysis and numerical ver-
ification indicate that the stabilized IMLS approximation can
eliminate the instabilities of the original IMLS approximation
and thus produces efficient numerical solutions. 30331

Differentiating Eq. (12) yields

N
it () = Y P (0wt
i=1

=

”)koc+1 (x) = Zq’i,xx (x) ”f'{Hv
i=1
xeQuUuI', k=0,1,2,... 17)

Inserting Eqgs. (12) and (17) into Egs. (7), (10) and (11), collo-
cating Egs. (7) and (10) for internal nodes {x,-}flgzl , collocating
Eq. (11) for boundary nodes x; and xy, we obtain the follow-
ing nonlinear algebraic systems

Akuk+17212f<uk+1):bk, k=0,1,2,..., (18)
where
ukH = (u’]hLluunglyuwu;{VJrl)Tv k:O’l’z""

Besides,
N
()], = [Fo
=1

1

N
Z D; x (xj) ui‘(+1‘|

i=1

N 2
Y & (xj)uf.‘“] , k=0,1,2,...(19)
|

4], = — D (X)) + D (xj), j=2,3,...,N—1,
v j=1N,

q-),' )Cj),

for j=2,3,...,N—1, while [ f (uk“)]j =0for j=1,N and
k=0,1,2,.... Moreover,

(AN = 27208 () =" ()] = 7 = 1} Die (x))
AT [ (x) — ! ()] P (x))
F {127 () — i ()]} (x;)
k=1,2,..., (20)
[Ao]l.j = {2 [f (x)) +278 (x))] = 0.5 (T + 1) } Dix (x))
+277 [ (x)) +278x (x))] Pie (x7)

+{0'5+12 [fxx (xj)+27gxx (xj)]}éi (xj) 21
for i =1,2,...,N and j =2,3,...,N — 1, while [Ak}ij =
®; (xj) fori=1,2,...,N, j=1,N and k =0,1,2,.... Fur-
thermore,

B = (P + 1w () = (x))

— (‘62 + 2) ul;x (x}) +2uF (x})

20 { [ (o) — 1 ()] () — i (x7)]

[k (x) =l ()1P), k=1,2,. (22)
[6°]; = 0.5{f (x)) + 78 (x))

—(0.572 +1) fur (xj) — T (T2 + 1) g (x))

T [f () +278 ()] [fax (x7) + 278 (x))]

+ 2 [fr(x)) +278: (7)1}, (23)

for j =2,3,...,N — 1, while [b"]j =0 for j = 1,N and
k=0,1,2,....

5. Algorithms

In view of Eq. (19), the algebraic systems given in
Eq. (18) are nonlinear. The following iterative algorithm is
adopted to solve these nonlinear systems.

Algorithm 1 Set [ = 0 and "1/ = ¥, and choose a
tolerance € > 0.

1. Linearize Eq. (18) as

Akt — 212f (uk+1,1) Yy (24)

2. Obtain u**1/*1 by solving Eq. (24).

3. Update [ to I+ 1 and go to (a) if
HUHI’ZH —UHI’IH/HUHUHH > €. Otherwise, stop the
algorithm and output uf+! = u*t1I+1,

In this paper, the Matlab function w*+l/*1 =
Akﬂ’lﬂ\(z”fzf (uk+1=’)+bk) is used to solve the linear
system given in Eq. (24).

Theorem 1 Let

i=1,2,...,N. (25)

010201-3



Chin. Phys. B Vol. 30, No. 1 (2021) 010201

If A-! exists and th < § for a positive constant §, then
limlﬁwu(kﬂ)’l — u(kJrl).

Proof According to Eq. (24), we have
AufTH2 — 02 f (uk+1,1+1) s (26)
Then, subtracting Eq. (24) from Eq. (26) obtains

kU2 g LI

— 224! {f <uk+1,l+1> —2rzf (uk+1,l)} .
Hence,

Huk+1,l+2_uk+1,l+1”

oo

< 272 HAAHW Hf (uk+1,z+1) —f (ukJrl,l) Hw 7

On the one hand, equations (20) and (25) show that
lim;,0A = A. In view of the existence of A~!, for 7 suf-
ficiently small, there is a positive constant C 4 such that

A7, <Ca. (28)

On the other hand, according to Ref. [30], there is a constant
Co independent of & such that [|d*&; (x) /dx*|| < Coh?.
Thus, using to Eq. (19) yields

Hf (uk+1,l+1) _f (ukH,I) Hw

< C‘thHukJrl,lH _uk+1,1H _ (29)

Substituting Eqs. (28) and (29) into Eq. (27), we have

Huk+1,l+2 _uk+1,1+1H

=

< 272C ACo Huk+1,z+1 7uk+1,zH .

Let 6 = 1/4/2CaCqp > 0. Then, when th < §, we have the
following error reduction relation

Huk+1,l+27uk+l,l+1H k+1,1+1 7uk+1,1H

< Hu s

which implies lim o [|uf "1+ —u*+ || = 0. Conse-

quently, we obtain lim;_,., w1/ = uf+1,

To sum up, the algorithm of the IMLS approximation for
the nonlinear improved Boussinesq equation given in Eqgs. (1)-
(3) follows.

Algorithm 2 Choose the time step size 7, the desirable
time T, and N nodes {x;}" , in QUT.

1. Compute shape functions using Eq. (13).

2. Set k = 0. Assemble the matrix A° and vectors f (u')
and b° using Egs. (21), (19), and (23), respectively. Solve the
nonlinear system (18) using Algorithm 1 for £ = 0 to obtain
u'.

3. Update k to k+ 1. Compute u* (x;), uk (x;), and uf, (x;)
using Eqgs. (12) and (17), respectively. Assemble the matrix
A* and vectors f (u*™!) and b* using Egs. (20), (19), and
(22), respectively. Solve the nonlinear system (17) using Al-
gorithm 1 to obtain uf*!. Repeat this step until (k+1)7=T.

4. Compute the numerical solution of the improved

Boussinesq equation using Eq. (12).

6. Numerical results
6.1. Propagation of single solitary wave

Consider the improved Boussinesq equation (1) with the
initial conditions

Ax—
u(x,0) = Asech? (\/;x CX0> , X€(a,b),

A Ax—
u (x,0) = 24 6sech2< ax xo)

6 ¢

Ax—
xtanh( gx x0>’ x € (a,b),

Cc

where A, xo =0, and ¢ = /1 + 2A/3 are the amplitude, initial
location, and wave velocity, respectively. This example has a
single solitary wave analytical solution,

Ax—xp—ct
u(x,t) = Asech? (\/gxxgc>, x € (a,b), t>0.

The propagation of the single solitary wave and the as-
sociated error |u—uy| for x € [—80,140] and ¢ € [0,72] are
presented in Fig. 1, while the results at t = 72 are presented in
Fig. 2. In this analysis, we use the time-step size 7 = 0.001,
the nodal spacing & = 0.1, and various amplitudes A = (.25,
0.5, 0.75, and 0.9. It can be observed from these figures that
the single solitary wave propagates with no change in form,
and the current IMLS method obtains very accurate numerical
results.

A=0.25

(a)

Numerical solution wuy,
~
Jo

Error |u—wuy| (1077)

0
0 —80 T

Fig. 1. Results of (a) the numerical solution and (b) the associated error
obtained using & = 0.1 and 7 = 0.001 for x € [—-80,140] and ¢ € [0,72].
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—~ 1.0 — '

-~

N A=0.25 a

% 0.8} — A=0.50 ()

3 - = A=0.75

5 o6 A=0.90

2

< 04

wn

g 0.2

g

2 0

=]

I T
280 —40 0 40 80 120

T

0 24 — N

SR I A=025 t=72 (b

2 20t —A=0.50 ; ®)]

— ---A=0.75 B

= 1.6F .. A=0.90 :

;é 1.2}

L ost

et

8

< 0.4}

§ 0

5 —0.4 T T T
180 —40 0 40 80 120

Fig. 2. Results of (a) the numerical solution u;, and (b) the associated error
| — uy| obtained using 7= 0.1 and T = 0.001 at 7 = 72.

Figure 3 gives the L. = max<;<y |u(x;) —uy (x;)| error
of the IMLS, FDM, ") FEM, (¢! and FVEM!'?! for various am-
plitudes A = 0.25, 0.5, 0.75, and 0.9 obtained using & = 0.1
and 7 =0.001 for x € [—80, 140] and ¢ € [0,72], figure 4 gives

the
L, = \/hZiV:l [ (x7) — gy (%))

and L., errors of the IMLS and LDGS! for A = 0.5, x €
[—100,100], and ¢ € [0,1], while figure 5 gives the L, and L.
errors of the IMLS, FVEM1, ! and FVEM2!!2] for A = 0.5,

€ [-60,100], and ¢ € [0, 1]. It can be found from Figs. 3-5
that the current IMLS method produces much less error than
the other methods.

0.75 0.90

A

0.50

Fig. 3. Comparison of the L. error for FDM, "] FEM, ) FVEM, '] and

IMLS.

Figures 6 and 7 show the convergence of the current
IMLS method in time and space, respectively. In this anal-
ysis, we use x € [—60,100], t € [0, 1], and various amplitudes
A =0.25, 0.5, 0.75, and 0.9. Obviously, both the L, and L.
errors of the IMLS method decrease rapidly as the time-step

size 7 and the nodal spacing h decrease, and the experimen-
tal convergence forms are about O (7:2) and O (h4). Thus, the
current IMLS method owns very good convergence properties
in both time and space.

-3

—e—LDG
_4| —=—1IMLS

log10( Ly error)
&

—8 ) ) ) )
-3.0 —28 —-26 —24 —22 =20
loglo(’?’)
-3 , , , ,
—— LDG (b)
4t

log10(Le error)
&

—2.6 —24 -—22

log1o(7)

238 —2.0

Fig. 4. The comparison of (a) L, and (b) L. errors for the LDG!!! and
IMLS.

—2.5
3.0k —e—FVEMl

e —4—FVEM?2
—~ —3.5F —EI—IMLS
8
2 —4.0f
S
€ —4.5}F
%Ta —5.0t
— —5.5

—6.0

—6.5 L L L L L

—24 —-22 —-20 —-1.8 —1.6 —1.4 —1.2
loglg(T)
—2.5
3.0k —e—FVEMl

e —4—FVEM?2
— —3.5} —=—IMLS
o
5 —4.0f
8 _
5 4.5¢
S —5.0t
o0
< —5.5

—6.0t

—6.5

—2.4 —2.2 —2.0 —1.8 —1.6 —1.4 —1.2
logw(r)

Fig. 5. The comparison of (a) L, and (b) L. errors for FVEM1, 1]
FVEM2,12] and IMLS.
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o
o
=
o
g
=
Eﬂ 2
1
_9 . . . .
—-3.0 —2.8 —2.6 —24 —2.2 =20
log1o(7)

log1o(Leo error)

—6—A=0.25
—6— A =0.50
——A=0.75

(b)

77.
[
- 42
1
—9 L L L L
-30 -28 —-26 -—-24 -22 =20
10g10(7')

Fig. 6. Convergence of the IMLS method with respect to the time-step size T obtained using 2 = 0.1: (a) L, and (b) L., errors.

(a)]

N N S N
[
S
© Ui
Sud

tHte

log1o(L2 error)

-1.0 -08 —-06 —-04 —-0.2 0
loglo(h)

——A=0.25
| —— A=0.50
——A=0.75
—a— A =0.90

1

-9

—-1.0 —-0.2 0

—-0.6 —04
loglo(h)

—-0.8

Fig. 7. Convergence of the IMLS method with respect to the nodal spacing 4 obtained using 7 = 0.001: (a) L, and (b) L., errors.

) r T T T
A=0.25 (a)
—3F ]

I —e— non-shifted and non-scaled basis
_ 5| —@—shifted and scaled basis
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Fig. 8. Convergence and stability of the IMLS method using two kinds of basis functions.

In the original IMLS method, the non-shifted and non-
scaled basis functions given in Eq. (15) are used to form shape
functions. While in the current IMLS method, the shifted and
scaled basis functions given in Eq. (16) are used to form shape
functions. Convergence and stability of the IMLS method
based on the two kinds of basis functions are shown in Fig. 8.
In this analysis, we use x € [—60,100], 7 € [0,1], T = 0.001,
and A = 0.25 and 0.5. It can be found that the numerical re-
sults obtained by the non-shifted and non-scaled basis are in-
stability and not convergent, while the results obtained by the
shifted and scaled basis converge rapidly and monotonously.
Therefore, the shifted and scaled basis produces lower com-

putational error and has better numerical convergence and sta-

bility than the non-shifted and non-scaled basis.

6.2. Collision of two solitary waves

Consider the improved Boussinesq equation (1) with the

initial conditions

2
A. _ .
u(x,0) = Y Assech ,/g’x Cxo’ . x€(—80,100),
i=1 i
2
A; A; X — Xp;
u (x,0) = Zi;AM/g’sechz ng o o

, x€(=80,100),

[A; x — xp.
X tanh Ai XX,
6 Ci

where A; and A are the amplitudes of the two solitary waves,
xo1 = —20 and xp, = 30 are the initial locations of the two
waves, and ¢; = \/m and ¢p = —m are the
wave velocities.

Figure 9 gives the evolution of the two solitary waves

010201-6
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for equal amplitudes A = A, = 0.4 and A; = A = 2.0, fig-
ure 10 gives the evolution for unequal amplitudes A; = 0.4
and Ap = 0.5, 1.5 and 2.5, while figure 11 gives the numerical
solutions for various amplitudes at # = 60. In this analysis, we
use the time-step size T = 0.001 and the nodal spacing 2 =0.1.

We can see from Figs. 9 and 10 that the two waves begin
to move independently, then collide gradually, and finally pass
through each other. At the collision time, the two waves al-
most disappear, but after a while, they appear and regain their
amplitudes, shapes and speeds. Besides, figures 9(a), 10(a),
and 11(a) show that there are invisible secondary waves af-
ter the collision and thus the collision is elastic in the case of
A1 =A; = 0.4, and the case of A; = 0.4 and A, = 0.5. How-
ever, figures 9(b), 10(b), 10(c), and 11(b) show that there are
visible secondary waves after the collision and thus the col-
lision is inelastic in the case of A; = A, = 2.0, and the two
cases of A = 0.4 and A, = 1.5 and 2.5. Moreover, the larger
amplitudes are, the stronger secondary waves are. Thus, the
collision and the inelasticity rely on the amplitudes of the two
solitary waves.

These results are in good agreement with those obtained
by FDM, "1 FEM, 101 FVEM,[!1121 Fourjer pseudospec-
tral method,!!'3! radial basis functions method,!'* and LDG
method. !5

To show the collision quantitatively, Table 1 gives the
values of the inelasticity coefficient K = A,/ max (A;,A;) ob-
tained by the current IMLS method, FDM,!”! FVEM, 2 and
LDG.[!5] Here, A,, is the maximum joint amplitude at the col-
lision time. It can be found that the IMLS values are similar

A1 = 04, A2 =0.5

u(m,t)

—40

A] = 04, A2 =1.5

< -

as those in Refs. [7,12,15].

Table 1. The inelasticity coefficient K for various amplitudes.

Ay A IMLS FDM FVEM LDG

04 04  1.80502 1.79105 1.80709 1.80607
20 20 1.65644 1.6294 1.66043 1.65809
04 05 1.61569 1.59228 1.61788 1.61692
0.4 L5 1.14492 1.08353 1.14648 1.14507
04 25 1.06728 1.02672 1.06914 1.06752

A1 = 04, A2 =0.4

T —40_80 60

A] = 20, A2 =2.0

u(z,t)
[=IEN CRNURN

—40_ =550

Fig. 9. Collision of two solitary waves for (a) A; = A, = 0.4 and (b)

A=A, =2.0.

A1 = 04:7 A2 =2.5

(c)

u(z,t)

S

0 20

S 40 ¢
80 60 0 ¢ 60 ? 0 g5760
Fig. 10. Collision of two solitary waves for (a) A; = 0.4 and A, = 0.5, (b) A; = 0.4 and A, = 1.5,and (c) A = 0.4 and A, =2.5.
1.0 T T T T T 2.5 T T T T r
t =060 (a) i t =060 (b)
—— A1=04, Ay=04 2.0f & —A;=2.0, A;=2.0 .
""" A;1=04, Ay=0.5 " — —A;=04, Ay=1.5
. 1.5
= = i
) & 1.0t
0.5} [
of/>
—0.5 L L L L L L L —-0.5 L L . L L L L
—80 —40 0 40 80 —80 —40 0 40 80
x x

Fig. 11. Results of the solutions for various amplitudes at r = 60.
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7. Conclusions

An IMLS meshless method is developed in this paper for
the numerical analysis of the nonlinear improved Boussinesq
equation. To illustrate the accuracy, convergence and effi-
ciency of the method, numerical experiments involving prop-
agation of single solitary wave and collision of two solitary
waves are presented. Computational errors are compared with
those obtained by FDM, FEM, FVEM, and LDG methods.
These comparisons reveal that the current IMLS method yields
much less errors. Besides, numerical results indicate that the
errors of the IMLS method decrease rapidly as the time-step
size and the nodal spacing decrease, and the method owns
very good convergence properties with the second-order ac-
curacy in time and the fourth-order accuracy in space. More-
over, the shifted and scaled basis functions produce lower error
and have better numerical convergence and stability than the
previously non-shifted and non-scaled basis functions. Fu-
ture investigations can consider the performance of IMLS
method for other nonlinear partial differential equations such
as the unsteady Schrodinger equation,®>) Camassa and Holm
equation,[36] Kadomtsev—Petviashvili equation, 391 and Euler
equation. 4"
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