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Non-equilibrium atomic simulation for Frenkel–Kontorova model
with moving dislocation at finite temperature∗
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We apply the heat jet approach to realize atomic simulations at finite temperature for a Frenkel–Kontorova chain
with moving dislocation. This approach accurately and efficiently controls the system temperature by injecting thermal
fluctuations into the system from its boundaries, without modifying the governing equations for the interior domain. This
guarantees the dislocation propagating in the atomic chain without nonphysical damping or deformation. In contrast to
the non-equilibrium Nosé–Hoover heat bath, the heat jet approach efficiently suppresses boundary reflections while the
moving dislocation and interior waves pass across the boundary. The system automatically returns back to the equilibrium
state after all non-thermal motions pass away. We further apply this approach to study the impact of periodic potential and
temperature field on the velocity of moving dislocation.
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1. Introduction
Atomic simulations have become instrumental for materi-

als science and engineering at nano-scale or sub-micron scale.
Simulating solids with moving dislocations at finite temper-
ature is important for understanding the physical mechanism
of interaction between heat and dislocation. It is known that
the motion of dislocation is sensitively affected by thermal
field.[1–3] In turn, the dislocations will influence the local ther-
mal field and heat transport by interacting with phonon nor-
mal modes.[4–6] When mechanical behaviors are considered,
technical difficulties arise and make finite temperature sim-
ulations a challenging task. One of the most difficult prob-
lems is to eliminate boundary reflections when a dislocation
passes across the atomic interface. Another tough problem is
to design an appropriate heat bath method to realize thermal-
mechanical simulations at finite temperature.

In recent years, various artificial boundary conditions
have been proposed to treat boundary reflections, such as vari-
ational boundary condition,[7,8] time history kernel bound-
ary condition,[9–11] and perfectly matched layer.[12,13] They
are mainly used in multiscale computations for thermal-
mechanical problems. While these artificial boundary condi-
tions efficiently damp out fine fluctuations of small amplitude,
passing a dislocation across the atomic interface usually re-
sults in strong reflections. This comes from the strong local
nonlinearity across the big jump in a dislocation profile. On
the other hand, the perturbation on dislocations by tempera-
ture field generates many high-frequency waves, making the
reflections more difficult to treat.

As the key point for finite temperature simulations, an ap-
propriate heat bath should heat the lattice system accurately
to the target temperature and preserve the dislocation profile
without nonphysical deformation. Classical heat bath meth-
ods, such as Anderson heat bath,[14] Berendsen heat bath,[15]

Nosé–Hoover heat bath,[16,17] and Langevin heat bath,[18] ef-
ficiently control the temperature by adjusting the momentum
of each atom. These methods suit well thermal equilibrium
problems, yet fail to simulate non-equilibrium problems with
moving dislocation and other non-thermal motion.[19] As the
appearance of dislocation leads to increment of system tem-
perature, the excessive energy will be damped out by the dy-
namics of heat bath, leading to a wrongly damped moving dis-
location.

In order to avoid the nonphysical deformation of mov-
ing dislocations, one may couple the heat bath with atomic
boundary conditions.[20–22] For example, the non-equilibrium
Nosé–Hoover heat bath method maintains the original lat-
tice dynamics unchanged by connecting the thermostat with
boundary atoms, thereby avoids the moving dislocation
being wrongly deformed. It has been widely used to
study heat transport[23–25] and thermal properties of lattice
systems.[26–28] However, the non-equilibrium Nosé–Hoover
heat bath usually adopts fixed or free boundary condition. It is
effective only when the dislocation is away from the boundary.
Reflections occur otherwise. Therefore, the atomic region has
to be set big enough.

The heat bath and non-reflection boundary condition do
not comply with each other in general. A heat bath produces
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thermal energy and inputs it into the lattice system, whereas
the non-reflection boundary condition damps out the inner en-
ergy by eliminating motions across the interface. To miti-
gate them, we developed an efficient thermostating technique
for atomic simulations called as the heat jet approach. We
verified that the approach accurately controls the temperature
for one-dimensional harmonic chain[29] and two-dimensional
lattices.[30,31] By a two-way boundary condition, we effec-
tively inject the phonon heat source containing incoming nor-
mal modes into the atomic system, meanwhile allow interior
waves freely propagating out.

In this work, we apply the heat jet approach to the one-
dimensional Frenkel–Kontorova (F–K) model[32] to simulate
a moving dislocation at finite temperature. Numerical simu-
lations are performed, with comparison to the reference solu-
tion, and that by the non-equilibrium Nosé–Hoover heat bath
method. We further study the impact of periodic potential and
temperature on the velocity of moving dislocation.

2. Formulation and numerical method
We consider a monoatomic chain with pairwise F–K

potential.[32] Each atom interacts with two adjacent atoms
only. Motion of the system is governed by the Newton’s law

m′ü′n =−
∂U(u′)

∂u′n
+ fext. (1)

Here, m′ is the mass, and u′n is the displacement of the n-th
atom away from its equilibrium position. In simulations, we
set the external force fext = 0. The F–K potential takes the
form

U(u′) = ∑
n

[
g′

2
(u′n−u′n−1)

2 +
k′

2

(
1− cos(u′n/a′)

)]
. (2)

Here, g′ is the elastic constant, k′ is the strength of the periodic
potential, and a′ is the lattice constant.

The governing equation of the F–K chain reads

m′ü′n = g′(u′n−1−2u′n +u′n+1)− k′ sinu′n/a′. (3)

To be specific, we choose aluminum mass m′ = 4.48×
10−26 kg and lattice constant a′ = 4.049 Å as the charac-
teristic mass and length. Considering atomic thermal vibra-
tion typically at picosecond,[33] we choose the characteristic
time tc = 3× 10−13 s. With this choice, our dimensionless
quantities are mostly scaled at the order of 1. As long as
the real physical quantities are specified, other choice of tc
around picosecond also works, though the rescaled quantities
will change their values accordingly.

According to the characteristic quantities, the dimension-
less quantities are defined as follows:

a = 1, un = u′n/a′, t = t ′/tc, (4)

g = g′t2
c /m′ = 1, k = k′/g′a′. (5)

The temperature is rescaled by Tc = m′a′2/k′Bt2
c = 5.91×

103 K, where k′B = 1.38× 10−23 J/K is the Boltzmann con-
stant. For the temperature T = 0.0508, the corresponding real
temperature is T ′ = TcT = 300 K.

After scaling, the dimensionless governing equation is
written as

ün = un−1−2un +un+1− k sinun. (6)

For the sake of clarity, we present theoretical and numer-
ical illustrations for the F–K chain with a single dislocation.
The dislocation is represented by the following smoothed step
function: 

u j = 4arctanβ ( j),

u̇ j =
4γβ ( j)√
1+β ( j)2

,
(7)

with α = 0.9, σ = 0.05, γ = σ/
√

1/α2−1, and β ( j) =

e−σ/
√

1−α2[2π( j−1−2N0)]. The parameter N0 represents the po-
sition of the dislocation. The jump across the dislocation is
2π , agreeing with the period of the potential.

u1 uN↩unun↩ un⇁ uNu2

TL TR

heat flux
thermostatthermostat

heat flux
F-K model

Fig. 1. The schematic of atomic simulation for the F–K chain.

To simulate a moving dislocation at finite temperature,
we adopt the heat jet approach for heat bath.[29] Schemati-
cally shown in Fig. 1, it mainly consists of two parts: two-way
boundary conditions and phonon heat sources. The two-way
boundary conditions are composed of information of interior
atoms and heat source term f L(R)(t), which are applied to the
first atom and the last atom

u̇1 = −c1u̇2− u̇3 + c2(u1−u3)+ f L(t), (8)

u̇N = −c1u̇N−1− u̇N−2 + c2(uN−uN−2)+ f R(t). (9)

The phonon heat sources are injected by the two-way
boundary conditions, without modifying the governing equa-
tions for the interior domain. This guarantees the moving dis-
location not to be wrongly damped. The heat sources take
phonon representations superposed by incoming waves

f L(t) = ẇ1 + c1ẇ2 + ẇ3− c2(w1−w3), (10)

f R(t) = v̇1 + c1v̇2 + v̇3− c2(v1− v3), (11)

w j =∑
p

√
T

Ncω2
p

cos
(
ωpt−ξp · j+ϕ

L
p
)
, j = 1,2,3, (12)

v j =∑
p

√
T

Ncω2
p

cos
(
ωpt+ξp · j+ϕ

R
p
)
,

j = N−2,N−1,N. (13)
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Here, the coefficients c1 = 2 + 2
√

2 and c2 = 2 +
√

2. For
a chain with N atoms, ξp = 2π p/N is the wave number,
ωp = 2sinξp/2 is the normal mode frequency, p is an inte-
ger, and Nc is the total number of normal modes. The phases
ϕ

L(R)
p are randomly chosen in the interval [0,2π].

The wave number of the phonon representations is within
[0,π] in theory. However, it needs to be truncated in practical
simulations for two reasons. On the one hand, the long waves
ξ → 0 need a much longer atomic chain to resolve. On the
other hand, the short waves ξ → π move slowly, hence need
a much longer time to pass across the whole chain. In our
study of moving dislocation, we only simulate a short chain
for a computing time on the order of 103. To be precise, we
need truncate the wave number band to [π/8,7π/8], which is
broad enough for describing the thermal field and adequate for
studying the relationship between the moving dislocation and
the thermal field.

For time integration of the Newton’s equation, we use the
velocity verlet scheme with a time step ∆t = 0.01. The
velocity verlet scheme is an energy-conserved symplectic
algorithm,[34,35] which is indispensable for long-time atomic
simulations. We have verified that the second order Runge–
Kutta method may exhibit instability for long time simulations
of a harmonic chain with the Nosé–Hoover heat bath.[36] The
velocity verlet algorithm for the n-th atom at the time step l
reads

u̇
l+ 1

2
n = u̇l

n +
∆t
2

F l
n , n = 2,3, . . . ,N−1, (14)

ul+1
n = ul

n +∆tu̇l
n +

∆t2

2
F l

n , (15)

u̇l+1
n = u̇

l+ 1
2

n +
∆t
2

F l+1
n . (16)

The boundary atom motions are integrated by the follow-
ing scheme, with the left one as an example,

u̇
l+ 1

2
1 = −c1u̇

l+ 1
2

2 − u̇
l+ 1

2
3 + c2(ul

3−ul
1)+ f l

L, (17)

ul+1
1 = ul

1 +∆tu
l+ 1

2
1 , (18)

u̇l+1
1 = −c1u̇l+1

2 − u̇l+1
3 + c2(ul+1

3 −ul+1
1 )+ f l+1

L . (19)

In all computations, we simulate the F–K chain with N =

512 atoms. The wave number ξp = 2π p/N within [π/8,7π/8]
leads to the integer p ranging from N/16 to 7N/16, resulting
in the total number of normal modes Nc = 3N/8+ 1 = 193.
Unless otherwise specified, we take the target temperature
T = 0.0508 (300 K) and the coefficient k = 0.1.

3. Numerical results
First, we simulate a moving dislocation in the F–K chain

by the heat jet approach and make comparison with reference
solution which is obtained from a long enough chain with-
out any reflection. To better examine the influence of bound-
ary conditions, we simulate the dislocation at T = 0 to avoid

the effects of thermal field. From Figs. 2(a)–2(c), it can be
seen that the dislocation propagates toward the right bound-
ary without any numerical artifact. The front of dislocation
invokes some waves moving fast to both sides. In Fig. 2(d),
the dislocation has freely passed away from the atomic region.
Numerical reflections are about 1%–2%. During the disloca-
tion moving inside the atomic region, the numerical solution
of the heat jet approach agrees well with the reference solu-
tion. This manifests that the two-way boundary condition well
suppresses reflections for out-going waves.

n

-0.5

0

0 100 200 300 400 500 0 100 200 300 400 500

0 100 200 300 400 5000 100 200 300 400 500

0.5

1.0

1.5

u

(a) reference
numerical

n
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1.0
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u

(b)

n

-0.5

0

0.5

1.0

1.5

u

(c)

n

0.94

0.97

1.00

1.03

1.06

u

(d)

Fig. 2. Dislocation propagation in the F–K chain at T = 0: (a) t = 0; (b)
t = 200; (c) t = 600; (d) t = 1500. The displacement un is rescaled by 2π .
In following figures, un is rescaled in the same way.

Then, we simulate a moving dislocation at temperature
T = 0.0508 (300 K), and make comparison with the non-
equilibrium Nosé–Hoover heat bath.[20] The F–K chain is
firstly heated to the equilibrium state, then a dislocation profile
is superimposed to the displacement and velocity. For the heat
jet approach in Fig. 3(a), the dislocation with small thermal
fluctuations propagates toward the right boundary and then
freely passes out of the atomic region. No reflected disloca-
tion or other artifacts appear at the boundary. However, for the
non-equilibrium Nosé–Hoover heat bath in Fig. 3(b), the dis-
location is reflected by the fixed boundary conditions and can
not escape from the atomic region.

High temperature leads to strong nonlinearity, making it
more difficult to control the temperature and to eliminate the
boundary reflections. To test whether the heat jet approach
endures under high temperature, we simulate a moving dislo-
cation at temperature T = 0.1354 (800 K). From Fig. 4(a), we
observe that the displacement profile is similar to that at 300 K,
showing the effectiveness of the heat jet approach at high tem-
perature. The difference between low temperature and high
temperature lies in thermal fluctuation amplitudes. The cor-

responding system temperature T (t) =
N

∑
n=1

u̇2
n(t)/N is shown

in Fig. 4(b). The system temperature rises up quickly and
keeps fluctuating around the equilibrium temperature. At time
t = 1×104, the system temperature increases due to the super-
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imposed dislocation. Then it quickly reduces to the target tem-
perature after the dislocation passing out of the atomic region.
This test illustrates that the heat jet approach efficiently con-
trols the temperature and suppresses spurious reflections even
at high temperature. The system automatically returns back to
the equilibrium state after all non-thermal motions pass away.

n

t

n

t

-0.5

0

0

0

100
200

300
400

500

500

1000

1500

0

2000

4000

6000

0
100

200
300

400
500

0.5

1.0

1.5

u

-0.5

0

0.5

1.0

1.5

u

(a)

(b)

Fig. 3. Dislocation propagation in the F–K chain at temperature
T = 0.0508 (300 K) thermostated by (a) heat jet approach; (b) non-
equilibrium Nosé–Hoover heat bath.

The velocity of a moving dislocation in the F–K chain is
sensitively affected by the elastic coefficient k and the temper-
ature field. To find out the relationship between the velocity
and coefficient k, we simulate a moving dislocation under co-
efficients k = 0.05,0.1,0.5 at temperature T = 0. As shown
in Fig. 5(a), each point represents the position of the dislo-
cation at different time. The slope of the interpolated line is
the velocity of the moving dislocation. It increases for smaller
k. This may be explained with the group velocity of the F–K
model. For T = 0 or low temperature, the periodic potential
sinun can be approximate by un as |un| � 1. Thus the govern-
ing equation is approximated by

ün = un−1−2un +un+1− kun. (20)

Substituting a monochromatic wave un(t) ∼ ei(ωt+ξ n) into it,
we obtain the dispersion relation

ω =

√
4sin2 ξ

2
+ k. (21)

Accordingly, the group velocity at wave number ξ is

dω

dξ
=

sinξ√
4sin2 ξ

2 + k
. (22)

It is plotted in Fig. 5(b). For a fixed wave number ξ , the group
velocity decreases when k increases. It is worth noting that the
condition |un| � 1 is not satisfied for high temperature.

t/

0

0.05

0.10

0.15

0.20

0 1 2 3

T
↼t
↽

(b)

n
t

-0.5

0

0

0

100
200

300
400

500

500

1000

1500

0.5

1.0

1.5

u

(a)

Fig. 4. Dislocation propagation in the F–K chain at temperature T =
0.1354 (800 K) thermostated by the heat jet approach: (a) the displace-
ment profile of the moving dislocation; (b) the system temperature.

When the thermal field is taken into account, the motion
becomes more complicated. As thermal fluctuations are su-
perposed by normal modes with various wave numbers and
random phases, temperature is not the only factor that deter-
mines the velocity of the moving dislocation. Through nu-
merical simulations, we find that the velocity does not always
increase along with temperature. As shown in Fig. 6, the ve-
locity at T = 0.0846 (500 K) is smaller than that at T = 0 and
T = 0.0508 (300 K). There is no monotonous relationship
between the velocity and temperature. Besides, the velocity
appears different for each run even at the same temperature,
due to the random phases in thermal fluctuations. This phe-
nomenon is also observed in dislocation simulations with the
non-equilibrium Nosé–Hoover heat bath. We speculate that
the velocity of a moving dislocation relies on the frequency,
phase, and amplitude of the normal modes. It demands further
study to better understand the relationship between the veloc-
ity and normal modes in the F–K model.
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Fig. 5. (a) The position of the dislocation at temperature T = 0 with
k = 0.07,0.1,0.5; (b) the group velocity of the F–K chain.
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Fig. 6. The position of the front of the dislocation in the F–K chain with
k = 0.1 under different temperature.

4. Conclusion
In summary, we successfully apply the heat jet approach

to realize moving dislocation simulations in the F–K chain at
finite temperature. By this approach, we heat the system accu-
rately to the equilibrium temperature through injecting thermal
fluctuations into the atomic region under the two-way bound-
ary conditions. Thermostating at boundaries guarantees the
internal governing equations unchanged, and maintains the
dislocation propagating inside the atomic chain without non-
physical damping or deformation. Comparing with the refer-
ence solution and the non-equilibrium Nosé–Hoover heat bath,

this approach efficiently eliminates boundary reflections when
the dislocation passes across the boundary. The system au-
tomatically returns back to the equilibrium state after all non-
thermal motions pass away. Furthermore, we have investigated
the impact of periodic potential and temperature field on the
velocity of moving dislocation. In view of its accurate tem-
perature control and efficient reflection suppression, the heat
jet approach may be incorporated together with many existing
multiscale methods to study thermal-mechanical problems at
finite temperature.
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