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We study one- and two-soliton solutions for the Cahn—Allen (CA) equation and the Brethorton equation. The CA
equation has broad spectrum of applications especially in anti-phase boundary motion and it is used in phase-field models.
While the Brethorton equation is a model for dispersive wave systems, it is used to find the resonant nonlinear interaction
among three linear modes. We use the Hirota bilinear method to obtain one- and two-soliton solutions to the CA equation

and the Brethorton equation.

Keywords: Hirota bilinear method, soliton interaction, evolution equations
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1. Introduction

A nonlinear pulse or wave packet that can spread con-
tinuously over incredibly long distances without decreasing
or changing shape is called soliton. The presence of these
pulses in optical fibers is generally based on a careful bal-
ance between the consequences of group velocity dispersion
and self-phase modulation. Erection of soliton solutions to
the nonlinear evolution equations (NLEEs) arising in non-
linear science plays an important role to understand nonlin-
ear phenomena. Solitons have lot of applications in physics,
optical science, applied mathematics and engineering prob-
lems. Nonlinear equations are closely connected to soli-
ton forms of well-known integrable equations, namely Burg-
ers, Korteweg—de Vries, modified Korteweg—de Vries, sine-
Gordon and Schrédinger equations.!''?! In an optical com-
munication system, to enhance the fiber’s information carry-
ing capacity, it is essential to arrange the solitons close to each
other. Soliton interactions formed by pairs of optical pulses.
There are several new nonlinear models that can be fully inte-
grated. Such systems can be described as flows in multisoliton
fields that explain the self-interaction of single solitons. Tanh
method,!'3! The Hirota bilinear method (HBM),“‘US] Trail
method, ! multiple exp-function method,!”! transformed ra-
tional function method,!'®!°1 Cole—-Hopf transformation!?’!
and many others have been used to find soliton solutions for
various forms of NLEEs. Yu ef al. obtained one- and two-
soliton solutions using the Hirota bilinear method.*!! They
studied amplification, oscillation and phase shift for solitons.
Liu et al. discussed control and generation of multiple soli-
tons under the influence of parameters.>?! Wazwaz studied
the multiple soliton solution of sech-squared type for the shal-
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low water wave equation using the Hirota bilinear method. >3]

Wazwaz used a simplified form of the Hirota method to obtain
one- and two-soliton solutions to the nonlinear sinh-Gordon
equation in (1+1), (2+1) and (3+1) dimensions.**! In this pa-
per, we study two renowned NLEEs, i.e., the Cahn—Allen (CA)
equation and the Brethorton equation for one- and two-soliton
solutions with the help of the HBM.

The paper is organized as follows: In Section 2, we study
the CA equation for one- and two-soliton solutions with the
help of the HBM. In Section 3, we obtain one- and two-soliton
solutions to the Brethorton equation by the aid of the HBM. In
Section 4, we compare and discuss our results. In Section 5,
we give conclusions of our results.

2. The Cahn-Allen equation

The CA equation is studied in anti-phase boundary mo-
tion and it is used in phase-field models to discuss the free
boundary problems. The CA equation is a mathematical
physics reaction-diffusion equation that explains the method
of separation of phases in multi-component alloy structures,

including order—disorder transformations. The mathematical

model for the CA equation is given by[*
u[:Mxx_u?’_"l'L (1)
Consider the following dependent variable transformation!!422261
G(x,t)
t) = 2
u(x,t) For)’ (2)

Hirota’s bilinear derivative is defined as

ppigr— (2 _9Y (9 _9\"
e ~\odr ot ox ox
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X G(x,l)F(x',t’) ‘t’:t,x’:x' 3)

Substituting Eq. (2) into Eq. (1) yields

(D;—D3)G-F =0, @)
(DY)F-F =0, )
G*—F>=0. (6)

To obtain the exact solution, we expand function F and G in
series of parameter &€,

F=1+) €'fy, G=) €'gu. )
n=1 n=1
2.1. One-soliton transformation
To obtain the one-solitary wave solution, we consider
F=1+4¢f;, G=¢gg;. ®)

Substituting Eq. (8) into Eq. (4) and equating the coefficient of
€ yield

(gl)t_ (gl)xx =0. ©)]
Now consider
g1 = elreriar, (10)
Substituting Eq. (10) into Eq. (9), we have

iq1 = pi, (1)
g1 =P, (12)

Substituting Eq. (8) into Eq. (6) and equating the coefficient of
€, we obtain

g1 =i =0, (13)
which implies

fi = kePr¥trit (14)

Fig. 1. One-soliton solution to the CA equation: (a) p; = —1.3, (b)
p1=38()p1=2,dp =14

Therefore, one-soliton solution to the CA equation is given by

ep1x+p%t

u(x,t) = 15)

1 £ eP1xtpit’

Because the singularity occurs when the denominator takes
minus sign, the case of minus sign is not discussed,

ep1x+p%t

u(x, 1) = (16)

1+ ep1x+p%t'

Figure 1 shows the one-soliton transformation for the CA
equation for different values of parameter p;.

2.2. Two-soliton interaction

To obtain two-soliton solution, we consider
F=1+efi+&f, G=¢eg +¢&g. 17)

Substituting Eq. (16) into Eq. (4) and equating the coefficient
of €2 yield

(g2)1 +(g1)ef1 — &1(f1)r — (82)xx — (81 S
+2(g1)x(f1)x — 81 (f1)xx = 0. (18)

Now consider
go =i, (19)
Substituting Eq. (18) into Eq. (17) yields

ig> = p3, (20)
g = el @1

Substituting Eq. (16) into Eq. (6) and equating the coefficient
of €2, we have

§-fi=0, (22)
which implies

fr= el 23)

ep1x+p%t + ep2x+p%t

u(x,t) = 24)

1+ ep1x+p%t + ep2x+p%t'

Because the singularity occurs when the denominator takes
minus sign, the case of minus sign is not discussed. Thus the
two-soliton solution to the CA equation is given by

ep1x+p%t + ep2x+p%t

u(x,r) = (25)

1+ ep]erp%t + cpszrp%l '
Figure 2 shows the m-shaped anti-dark soliton as two-soliton
interaction for different values of parameters p; and p; in the
CA equation.
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Fig. 2. Two-soliton solution to the CA equation: (a) p; = —3.9, p» =3.3; (b) p1 = -39, po =1.5; (¢c) p1 =—1, pp =3.3; (d) p1 =—1.9,

p2=0.33; (e) p1 = 3.4, pp = —0.19.

In the following section, we will find one- and two-soliton
solutions for the Brethorton equation.

3. The Bretherton equation

One of the recently studied nonlinear ecological equa-
tions (NLEESs) is the Bretherton equation. This equation ap-
pears in different fields of applied and nonlinear sciences such
as physics, biosciences as well as engineering. The governing
model for the Brethorton equation is given by!!%]

Ups — Uyy + AUy + bu + cu* =0. (26)
Consider
G
1) = —. 27
u(x,r) 7 (27)
Substituting Eqgs. (3) and (25) into Eq. (24), we can reach
(D} 4+aD3)G-F =0, (28)
(=k*D2)G-F =0, (29)
(k*D?> —D})F-F =0, (30)
—6(D,G-F)(D>F -F)=0=D>F-F=0, (31
bF +cG =0. (32)
To obtain the solution to Eq. (24), we expand F' and G as
F=14+Y €%, G=Y &g (33)
n=1 n=1
3.1. One-soliton transformation
To obtain one-soliton solution, we take
F=1+efi, G=¢gg. (34)

Now substituting Eq. (32) into Eq. (26) and equating the coef-
ficient of €, we have

(g1>tt+a(gl)xxx =0. (35)
Here we assume

g = e/t (36)

Substituting Eq. (34) into Eq. (33) yields the following disper-
sion relations:

g1 =+\/api, (37)
g1 = eplx:ti ap?t. (38)
Now putting Eq. (32) into Eq. (30) and equating the coefficient
of €, we have

bfi+cg1 =0, (39)

which implies

fi= - eP1xi ﬂp?f. (40)
Thus one-soliton transformation for the Brethorton equation is
given by

eplx:ti ap?t

u(x,r) = (41)

1= gep]xii ap'i’l '

|ul?

|ul?

Fig. 3. One-soliton solution for the Brethorton equation with the posi-
tivecase: () a=—1,b=—1,py=1,c=1;(b)a=-3,b=—1,p; =1,
c=1;(c)a=—-1,b=—-09,p; =3,c=1;(da=—-1,b=—-1,p1 =1,
c=0.38.
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First we consider the positive case. Figure 3 shows the kink-
type soliton solution as the one-soliton transformation for dif-
ferent values of parameters py, a, b and c. We have

ep1x+i ap%t

u(x,r) = (42)

1— l%eplx+i ap?t.

Here we consider the negative case. Figure 4 shows the
one-soliton solution for different values of parameters pi, a,
b, and c. We have

ep]xfi ap?t

u(x,t) =

(43)

1— %ePIX—i ap%t

Jul?

Jul?
Jul?

—4

Fig. 4. One-soliton solution for the Brethorton equation with the neg-
ativecase: (a)a=1,b=—-1,pi=—11,c=1;b)a=1,b=—1,
pr=—-11,¢c=13,)a=4,b=-1,py=-3,c=1;d)a=2,
b=-16,pi=—15c=2.

3.2. Two-soliton interaction
To find two-soliton interaction, we consider
F=1+4¢fi+€f, G=geg +¢&g. (44)

Substituting Eq. (40) into Eq. (26), and equating the coefficient
of €2

(81)uf1 —2(81): (f1)r +81(f1)ir + (82)u +a(g1)xux fi

—3a(g1)xx(f1)x +3a(g1)x(f1)xr — ag1(f1)xxx +a(g2) 1 = 0.

(45)
Now consider
gy = el Hier, (46)
Substituting Eq. (42) into Eq. (41) yields
g2 = ePrHiVan, @7)

Substituting Eq. (40) into Eq. (30) and equating the coefficient
of €2, we have

bfa+cg =0, (48)
which implies

for=-erivar, (49)

eplx:ti ap?t_’_epzxj:i ap%t

u(x,t) = (50)

1— %ep'x:ti ap?t _ %epszri ﬂ[’%t .

Figure 5 shows the two-soliton solution for different values of
parameter pp, p2, a, b and ¢ with the positive case. We take

ep1x+i ap?t_i_epzx-ﬁ—i ap%t

u(x,t) = (&)

1— %ep])ﬂ»i ap'i’t _ %epz)ﬂ»i ap%t .

Secondly we consider the negative case. Figures 6 and 7
show the two-soliton solution for different values of parameter
P1, P2, a, b, and c. We take

eplei ap?t_,’_epgxfi ap%t
u(x,t) =

(52)

1— %ePIX—i ap?t _ %CPZX_H ap%t '

Fig. 5. Two-soliton interaction for the Brethorton equation with positive case: (a)a=1,b=—1,¢=0.8, p; = —0.38, p» = —3; (b) a = 0.05,
b=-1,c=08,p=-038, pp=-3;(c)a=3,b=—1,¢=08,p; =—-038, pp=-3;(e)a=—-1,b=—1,¢=0.8, py =0.1, p, =3; ()

a=1,b=—-1,¢=09,p;=—1,pp =-2.
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Fig. 6. Two-soliton interaction for the Brethorton equation with nega-
tivecase: (a)a=1,b=—1,c¢=2.3,p; =-0.36,p, =0.19; (b)a=1,
b=-1,¢c=23,p=—-15py=0.19 (c)a=3,b=—1,c=23,
p1=-36,p=0.19;(da=1,b=—1,c=3,p =-2.8, pp=—-2.2.

Fig. 7. Two-soliton interaction for the Brethorton equation with neg-
ative case: a=1,b=—1,c=145, py =-28, pp =-22,a=1,
b=—-1,¢c=21,p=-19, pp=—-044,a=1,b=—1,c=21,
pi=—19pp=-01,a=1,b=—1,c=21,py=—-19, pp=—1.

4. Results and discussion

In this section, we compare our results with the exist-
The CA

equation is studied in anti-phase boundary motion and it is

ing results of the CA and Brethorton equations.

used in phase-field models to discuss the free boundary prob-
lems. Yokus and Bulut discussed the CA equation using the
finite difference method and operators./?>! Bulut et al. also
obtained new exponential prototype structures for the CA
equation with the help of the Bernoulli sub-equation function
method.['®! Tascan and Bekir established the traveling wave
solutions to the CA equation with the aid of the first integral
method.?”! Ma and Fuchssteiner studied the Kolmogorov—
Petrovskii—Piskunov (KPP) equation (the CA equation is the
special case of the KPP equation) for soliton solutions with the
aid of the Cole-Hopf transformation. >’ We obtain one- and
two-soliton solutions to the CA equation with the help of the
HBM. Another very famous model is the Brethorton equation

(Brethorton equation), used in dispersive wave systems. Triki

et al. studied the Brethorton equation to find the topological
and non-topological soliton solution using the ansatz and trail
solution method.?8) Oguz ef al. obtained the traveling wave
solutions for the Brethorton equation with the aid of the ho-
mogenous balance method.?”! In this paper, we obtain one-
and two-solitons for the Brethorton equation using the HBM.

A family of solitary waves and soliton solutions are ob-
tained in this paper. Different types of solitary waves are
shown when different values are assigned to unknown param-
eters for one- and two-soliton solutions. We also illustrate the
three-dimensional aspects of these models. The configuration
of the figures is represented in order of observing the phys-
ical appearance of the model by assigning appropriate values
to the parameters. The same wave solutions shown in different
shapes can be seen in Fig. 1. Figure 1 depicts the one-soliton
solution to the CA equation for different values of p;. Figure 2
shows the m-shaped anti-dark soliton as two-soliton interac-
tion for different values of parameters p; and p;, for the CA
equation. In Fig. 3, we consider the positive case and show
the kink-type soliton solution for the Brethorton equation as
the one soliton transformation for different values of parame-
ters p1, a, b, and c. In Fig. 4, we consider the negative case
and show the one-soliton solution for the Brethorton equation
using different values of parameters pi, a, b and c. Figure 5
shows the two-soliton solution for the Brethorton equation us-
ing different values of parameters py, p2, a, b and ¢ with the
positive case. In Figs. 6 and 7, we consider the negative cases
for the two-soliton solution using different values of parame-

ters p1, p2, a, b and c.

5. Conclusions

In summary, we have studied soliton interaction proper-
ties for two nonlinear evolution equations, i.e. the CA equation
and the Brethorton equation, using the Hirota bilinear method.
Many researchers obtained exact and traveling wave solutions
for both the models. However, we obtain one-soliton transfor-
mation and two-soliton interaction for the CA equation and the
Brethorton equation. We also give the graphical interpretation

for our obtained results. The results are new and novel.

References

[1] Rui X HU, ChaoJ C and Yong C 2015 Chin. Phys. Lett. 32 70201

[2] Jun F X, Peng Z, Sheng L, et al. 2012 Acta Phys. Sin. 61 134207 (in
Chinese)

[3] Jun F X, Peng Z, Sheng L, et al. 2008 Acta Phys. Sin. 57 2529 (in
Chinese)

[4] Gang Y L, Long W S and Cheng H W 2007 Acta Phys. Sin. 56 2229
(in Chinese)

[5] QunY X and Qi G 2004 Acta Phys. Sin. 53 3020 (in Chinese)
[6] Yuan F, He S J and Cheng Y 2019 Chin. Phys. B 28 100202
[7] Huang L L, Qiao J Z and Chen Y 2018 Chin. Phys. B 27 020201

010502-5


http://dx.doi.org/10.1088/0256-307X/32/7/070201
http://dx.doi.org/10.7498/aps.61.134207
http://dx.doi.org/10.7498/aps.61.134207
http://dx.doi.org/10.7498/aps.57.2529
http://dx.doi.org/10.7498/aps.56.2229
http://dx.doi.org/10.7498/aps.53.3020
http://dx.doi.org/10.1088/1674-1056/ab3e65
http://dx.doi.org/10.1088/1674-1056/27/2/020201

Chin. Phys. B Vol. 30, No. 1 (2021) 010502

(8]
[91
[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

Song Q C, Xiao M D and Zhu N Z 2017 Chin. Phys. B 26 100204
XiaR'Y, Xin P X and Zhang L S 2017 Chin. Phys. B 26 030202
Shakeel M, Igbal M A, Hassan Q M and Ayub K 2020 Ind. J. Phys. 94
885

Shakeel M, Mohyuddin S T and Igbal M A 2018 Comput. Math. Appl.
76 799

Shakeel M, Igbal M A and Mohyuddin S T 2018 J. Biol. Sys. 26 207
Wazwaz A M 2006 Chaos, Solitons & Fractals 28 1005

Liu W, Zhang Y, Triki H, et al. 2019 Nonlin. Dyn. 95 557

Yang C, Liu W, Zhou Q, et al. 2019 Nonlin. Dyn. 95 369

Bulut H, Atas S S and Baskonus H M 2016 Cogent Phys. 3 1240886
Ma W X, Huang T and Zhang Y 2010 Phys. Scr. 82 065003

Ma W X and Lee J H 2009 Chaos, Solitons & Fractals 42 1356
Zhang H and Ma W X 2014 Appl. Math. Comput. 230 509

[20]
[21]

[22]
(23]
[24]
[25]
[26]
[27]
[28]

[29]

010502-6

Ma W X and Fuchssteiner B 1996 Int. J. Non-Linear Mech. 31 329

Yu W, Zhou Q, Mirzazadeh M, Liu W and Biswas A 2019 J. Adv. Res.
15 69

Liu X, Triki H, Zhou Q, et al. 2019 Nonlin. Dyn. 95 143

Wazwaz A M 2008 Appl. Math. Comput. 201 489

Wazwaz A M 2012 Appl. Math. Lett. 25 2354

Yokus A and Bulut H 2019 Int. J. Optim. Control: Theor. & Appl. 9 18
Liu W, Yang C, Liu M, et al. 2017 Phys. Rev. E 96 042201

Tascan F and Bekir A 2009 Appl. Math. Comput. 207 279

Triki H, Yildirim A, Hayat T, Aldossar O M and Biswas A 2012 Proc.
Rom. Acad. Ser. A 13 103

Oguz C, Yildirim A and Meherrem S 2012 Commun. Numer. Anal. 11
362


http://dx.doi.org/10.1088/1674-1056/26/10/100204
http://dx.doi.org/10.1088/1674-1056/26/3/030202
http://dx.doi.org/10.1007/s12648-019-01522-7
http://dx.doi.org/10.1007/s12648-019-01522-7
http://dx.doi.org/10.1016/j.camwa.2018.05.020
http://dx.doi.org/10.1016/j.camwa.2018.05.020
http://dx.doi.org/10.1142/S0218339018500109
http://dx.doi.org/10.1016/j.chaos.2005.08.145
http://dx.doi.org/10.1007/s11071-018-4582-6
http://dx.doi.org/10.1007/s11071-018-4569-3
http://dx.doi.org/10.1080/23311940.2016.1240886
http://dx.doi.org/10.1088/0031-8949/82/06/065003
http://dx.doi.org/10.1016/j.chaos.2009.03.043
http://dx.doi.org/10.1016/j.amc.2013.12.156
http://dx.doi.org/10.1016/0020-7462(95)00064-X
http://dx.doi.org/10.1016/j.jare.2018.09.001
http://dx.doi.org/10.1016/j.jare.2018.09.001
http://dx.doi.org/10.1007/s11071-018-4556-8
http://dx.doi.org/10.1016/j.amc.2007.12.037
http://dx.doi.org/10.1016/j.aml.2012.07.001
http://dx.doi.org/10.11121/ijocta.01.2019.00561
http://dx.doi.org/10.1103/PhysRevE.96.042201
http://dx.doi.org/10.1016/j.amc.2008.10.031
http://dx.doi.org/10.5899/2012/cna-000521
http://dx.doi.org/10.5899/2012/cna-000521

	1. Introduction
	2. The Cahn–Allen equation
	2.1. One-soliton transformation
	2.2. Two-soliton interaction

	3. The Bretherton equation
	3.1. One-soliton transformation
	3.2. Two-soliton interaction

	4. Results and discussion
	5. Conclusions
	References

