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We show that chaotic state can be produced as an output of vacuum state evolving in diffusion channel, while displaced
chaotic state is output of a coherent state evolving in diffusion channel. We also introduce the thermo vaccum state for the
displaced chaotic state and evaluate the average photon number. The displaced chaotic state may be used exhibiting quantum

controlling.
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1. Introduction

Recently, quantum controlling has been paid much atten-
tion to physicists. Usually, quantum controlling can be imple-
mented by gradually inputing photons into system or reservoir,
and increasing photon number can be realized by passing an
initial coherent state through a diffusion channel.l'=3! In this
paper we shall show that a displaced chaotic state can be gen-
erated in this way, this state exhibits photon addition.

For describing light fields physicists usually employ den-
sity operators, 3= for example, the density operator of chaotic
light is expressed by

pe=(1—¢/) e/ f=—pho,
B=1/(KT), 1)

where K is the Boltzman constant, 7 denotes temperature, a
and a' represent photon annihilator and creator respectively,
[a,a’] = 1. From p. we are led to

. 1
tr (pca’a) = m, (2)

indicating Planck energy formula. In this paper we shall study
the properties of the density operator of displaced chaotic
light67]

pa = Celu'I' efu':'u el*a7 3)

here C is the normalization constant to be determined shortly

later by tr pg = 1. Obviously, by noting the normally ordered

DOI: 10.1088/1674-1056/abab81

form of efd'@
efafaz:exp[(ef—l) aTa] ], )

we see that when f — —oo, T — 0, efda jg replaced
ce @ :=0)(0|, then pg —
cetd |0) (0| e*"@ stands for a pure coherent state. Hence pg

by the pure vacuum state

can be treated as an intermediate quantum state between the
chaotic state (A = 0) and the coherent state. In this paper
we examine how a displaced chaotic light can be produced
when a coherent light undergoes a diffusion process. We also
show that chaotic state can be produced as an output of vac-
uum state evolving in diffusion channel. We also introduce
the thermo vacuum state for the displaced chaotic state and
evaluate the average photon number, which indicates that the
displaced chaotic state may be used exhibiting quantum con-
trolling.

2. The normalization of p

Using Eq. (4) and the coherent state representation, [5-14]

d2
[ ol =1, )

T

we have

where

1 .
@) =exp |3 la* + aa' | 0],

ale) = afa) ©)
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is a coherent state, we evaluate where x is the diffusion rate, we want to derive master equa-
- d2a tion for diffusion channel for quantum optical field. Consid-
1=Trpg=Tr| | —|&){ct| pa . g . .
T ering P(z,t) as P-representation of p (¢) in the coherent state
d’a topt g representation
:C/Tr <a|e’l“ efd'agh “a) P
Lo )= [ L2renld an
:C/Te"£+ *(a|:exp[(ef —1)d’a] : |a) T ’
A2 5 ge
:C/—e“‘ +2 *exp [7 (l—ef)|(x|2} where |
d 5 |z2) =exp [za’ —2%a] 0). (12)
o[22 "
Y 1—ef)’ Using the method of integration within ordered product
so the normalization of pq is (IWOP) of operators we know
—AR
C= (1ef)exp[1 | |f}’ @®) el = e e aala (13)
- . i} i |z\2+zaT+z a—a'a - 14
Pa= (l—ef)exp( A f> ehd efalagh’a (g) / / ’ 14

In the following we shall show that a displaced chaotic

light can be produced by passing a pure coherent state through and using the classical diffusion equation we have

Differentiating the two sides of Eq. (11) with respect to time ¢,

a diffusion channel, in another word, for such a channel when dp (1) d2z o P(Z 1)
the input is described by p., then the output is p4. We also cal- dr / T or |2) |
culate the variation of pg in an amplitude dissipation channel. d2z 92 P(z )
The work is arranged as follows: in Section 2 we present the - / T 9707 l2)(z] (s
master equation for diffusion channel from the classical diffu- d?z 9’
ter eauation 01 | . =« [ EPangalaE. a6
sion equation in a direct way. In Section 3 we derive both the n 920z
normally ordered and anti-normally ordered forms of the den- A< 2 result of Eq. (13) we have
sity operator for the displaced chaotic state. In Section 4 we
derive the thermo vacuum state for pgq and calculate the photon T| (7] =: gt e Pz Hzra—ata .
number in it. _ (Z* L9 ) ezt 42 aala .
3. Master equation for diffusion channel _ (z* L9 > )]
Stemming from the classical diffusion equation of distri-
bution function P(z,t) = <z+ 3 *> |2)(z| (7
Z
IP(z,1) 9*P(z,1)
ot 9207 ( )‘ It then follows
92 . 0 . 0 d 2 d «
- sl =z (24 5 ) el = (24 52 ) (4 50 ) |9~ Bl + (24 5 ) @)D
= zal) (el (2 + 5 ) ela— 2Pl + 2+ o ) el
9z az*
=a'alz)(z| — a'|z) (z|a—alz) (z|la" + |z) (z|aa’. (18)
Substituting Eq. (18) into Eq. (16) yields
d d?
P« [ EPn)atald —a' ) el - al)zla’ + |2 claa), (19)
which gives
d .
d—’; =k(a'ap —a'pa—apd’ + paa’). (20)

It describes two linear processes, acting simultaneously, namely, the damping, expressed by apa’, and the exciting, expressed by

a’pa, coexist.
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4. Solving the master equation by entangled where the fictitious mode @" and @ obey [a,a'] = 1, and

state representation a|0) = 0, we have
By introducing the entangled state . N .
g y ¢ i@ —a=n"(nl.  Mla-a)=nml. @
In) = ex —1| ?+na' —n*a +a'a" ) |00), (1)
n)=exp 2 n n n ’ and the completeness
|
d? d? : : :
[ mmi= [0 expl-P+n(a’ - @)+ 1 (a-a) ~ala-a'a) = 1. 23)
\
Let |n =0) = |I), we see It then follows from Egs. (26) and (22) that
aly=a'|ry, d'in=alr, (da)y"|1)=@a"n. e
— _ T\ (g— A"
o (lp) = (nlexp[—kt(a’ —a)(a—a")]lpo)
operating both sides of Eq. on the state |7), and lettin
Y OPETng 2 4 GO & & = e (1] py), 27
|p) = p |I), using Eq. (24) we obtain
d
5 Ip (1)) = —x(a'ap —a' pa—apa’ + paa®) |I) then using the completeness relation of |1) and
= —x(a" —a)(a—a")|p (1)), (25) it
s explf(a’ata’a): = (f+1)* 7, (28)
its formal solution is
Ip (1)) = exp[—xt(a" —a)(a—a']|po). (26)  as well as Egs. (23) and (24) we derive
|
d2n B 2
p @) = [ Te I ) mipy)
_[¢n 2 R 0 SR SR gy
= p. cexp[—(1+x)n|"+n(@" —a)+n*(a—a")+a'a +ai—a'a—a'al: |po)
1 Kt " N
_ : O UV SR U
1_’_m.exp{l_i_m(aa +ai—a'a aa)}.|po)
tardta
1 Kt 1\“erae Kt
= g ) | —— 7] . 29
1+KteXp<1+Ktaa><l+Kt> eXp(1+Ktaa)|p0> 29
Due to n
Kt — 1 Kt n
a = — v 30
exp (caa) o T (1250 o™i, (30)
thus equation (29) becomes
ata+1 n a'a
Kt . 1 el o« 1
_ T T tn
1) = — 1
P ®) eXp(lJtha “ ) (1+Kt) r;)n! (1+Kta> Poa <1+Kt) n
. :
.- 1 (Kt)m+” tm 1 ‘e n in 1 “ m
= 1 31
i m!n! (Kt+1)m+"+‘a 1+ Kt @ poa 1+ Kt a0, 3D
and p (¢) is
i i
.- 1 (Kt)m+n tm 1 “ n n 1 “ m _— - T
p (1) = m;Om!n! et 1)m+n+1a T a'poa | g a :mg;OMm,nPoMm’n. (32)
where M, , is
.
_ 1 (Kt)'n+n tm 1 “a n
Munn = \/m!n! (ke it \ T ) “ (33)

satisfying ) > oM, , M, , = 1, which is trace-conservative.

124202-3



Chin. Phys. B Vol. 29, No. 12 (2020) 124202

5. Generation of the displaced chaotic state

We now show that the displaced chaotic state can be generated by a coherent state passing through a diffusion channel.
Taking py = |z)(z| in Eq. (32), a pure coherent state, and using

1 —|z]? 1
exp (a*aln T K’t) |z) =exp < |2| ) exp (zaTH_KJ |0)

as well as the summation method within normal ordering symbol, we derive

s k)™ (N gt (L)
P2yt Zom'n' ,g+1)m+n+la <1+m> @'lz){ela <1+Kt) “
:g‘m' Kt—’:tl — Tmr; i m’:t_ :) exp {a aln <1—:K‘t>:| |2)(z] exp {aTaln (1—:Kt>:| a™
gni' K't _':[ W:H] ‘mn; [l KtK—&t— ) —exp (—|z|*) exp {za';' : _:KJ |0)(0|exp {z*al _:KJ a”
:g’ni' Kt—’:tlh;JrlaTmZ()'le(K‘(ti):)" exp (—[z) exp [Za#wm} exp (~ala) : exp {Z*alﬂgm} -

¥

_ Kt 2 1 (k)" m ~ a a S
_eXp[K‘l+1|Z:|;m!(1<t+1)’"+1a exp (—[z|°) : exp 1+Kt+1+1<t dal - a

1 Kt z z* |2
= : ¥ f —d'a— : 34
1+ kt eXp(1+Ktaa+1+Kta +1—|—Kta @ 1+ xt 4

or

Pae() =T

which satisfies trpy.y|(t) = 1. Comparing it with the standard
form in Eq. (9)

pa=(1—e )exp(_| |f> et

we see the correspondence

il efﬂﬁa ek*a’ (36)

Z

1
BT f%nl—i-m’
1 [P =l
1—ef = 37
© l+xt’ 1—ef " 14xt’ 37)

SO Py (z|(t) just belongs to the displaced chaotic states, when
t=0,

Pl (t = 0) = exp (—|z|*) exp (za")

—1
x lim : exp ( ¥
1=0

e a) cexp(zfa) = |2)(z].

|z|? za N Kt Z*a
— 1 35
eXp< 1w ) P\ Tk )P |99 T ) | P ke ) (35)

‘6. Anti-normally ordered form of p|,/(?)

By using the overlap of two coherent states
<ZI |z) = e*\2|2/2*\2'|2/2+1'*z’ (38)

we have

(Lo W) =P [ Lpne Bt )

Since (z*7' —7*z) is pure-imaginary, we may consider the
. . . 2 .
right-hand side as the Fourier transform of P(z)e 1", so its

inverse is

d / 1% *
Peie s = [ 2 aip P

hence

2 2 2 112 % * ) ¥
p) = [Lirenpie= [ e [ e a5 (¢ )

[

where the symbol : :

(—Blp|B)exp[|B|*+ B a—Ba’+a'd]: 41)

denotes anti-normal ordering, this is the operator identity of transverting density operator into its anti-

normally ordered form. Substituting Eq. (35) into Eq. (40) and performing the integration leads to the anti-normally ordered

form of p\z) (2 (t)

Z

* B |Z‘2

1 d?
p\z><z|(t)=1+m/ nﬁ {1+Kt|ﬁ|2+ﬁ (a

1+ «xt

) +B(

1+t

a')— +a' ] : fexp[;tl(z—a)(z*—aT) :,

1+ «xt Kt
(42)
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its P-representation is just

gor|-wkoal| @

Py (a,t) = -

indeed satisfying Eq. (10).

7. Evolution of vacuum state in diffusion chan-
nel

In particular, when the initial state is a vacuum state
|0) (0|, then after passing through a diffusion channel, equa-
tion (35) becomes to the following chaotic state,

Ployo|(t) =

faln — 44
1+KteXp<aanl+1<t>' )

By comparison with the standard formula of p. in Eq. (1), we
can identify

Kt
45
n1+1<t’ ( )‘

exp (i?) exp {aTaln (lfm‘ﬂ exp (i?:) = exp (
(-1r+pt 2+
i) <ﬁ*¢fm

Il
<]
X
o
/N
S|
s
'
\
a\%
=
o
>
o

/dzﬁ<l§|0>eXp< *15 1+ K‘t>

T
- [Lipien(: ﬁ\f ) o)

[
\

d2B (Blexp | z*a +4/ aa’ |OO 00|exp zd
1+ K1) l—l—K‘t

from which we know that the thermo-vacuum state is

/Zﬁ‘ﬁ mm’(za\/ (1+ xt) \/1+;<w>

let
Kt

1 + Kt
according to Eq. (2) we see that the photon number in this

= —pho, (46)

chaotic state is

tr [p|0><0|(t)aTa] = KT, 47)

where x is the diffusion constant, ¢ denotes diffusion time.

Therefore we know that chaotic state can be produced as an
output of vacuum state evolving in diffusion channel.

8. Thermo-vacuum state for the displaced
chaotic state

We now search for the thermo vacuum state of py(7)
in Eq. (35), by introducing a tilde-mode operator and coherent
state ’ B>

=
N
=t
Il
—_
™
(@)}

~
Il

0, |B)=eBTAT Gy as)

we deduce

*a . Kt s : . zat
. eX aa—a a) :.ex —
Kt p 1+t p Kt

1+1<t

AREY
(5
eXp( \/; P 1~ttm ) B>

1+ «t) 1+Kt a) B>

O] exp <Za \/ 1 (14 Kt) 1+ Kt aa) , (49)

Q
—~
=0
=

\/

1 ox (|
V14 Kkt P 2Kt

/ / g
eXp<Za 1+1<t 1+Kta )

It is in form a two-mode squeezed state, and is normalized, e.g.,

0,0) = [v). (50)

(¥ ly) =

_ b 2 /d2 1 d?2)
Tl P\ Tk ),

1 |z|? < 1 Kt -
—=1¢0,0 i i “at "110,0
1—|—1<teXp( Kt (0.0]exp | za Kt (14 Kt) + e R 1—|—Kt 1+1<t aa’ |10,0)

0|exp (za,/ (%) +4/ 1+ da) |21, 22)(21, 22|
X ex *at ! + Kt aal |O ()> =
Pz Kt (1+ xt) 1+ Kt LT

oxn [ |z
p Kt

1+t

d2
<=

2 2 * 1% Ix 1y
( 12117 — |25 +zzzu 1—|—1<t Hl—i- tzzzl+zz“/ ey 1—|—Ktzzzl>

1 |Z|2 d 22 1 2 z* /*
= 51
1+1<teXp( Kt / x P 1—|—KI|Z2| 222 1+1<t 1+1<t D
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Using the thermo-vacuum state we can directly calculate the photon number variation in the diffusion process via the following

steps. Firstly, we consider

(yaa'|y) =

xexp | Z*at

1—|—K't) 1+K‘

- 1+1m ( |22)/

P\ T ks

1 / /
- (0,0
1—|—Kt < ) |eXp aa 1+ xt) 1—|—Kt

10,0)

1 1
/12 / * _Ix /12
2l +222 \/ & (14 xr) o \/ & (14 K1) &l

Z ~ o |~
—)= |17 ><Z,1azl2‘aT

1
=<1+m>exp( ) [ e () +z*z’2*\/; 42
_ |Z|2 J /dz K _I%
—exp( - T 5 P —flz5 ) +Zzz\/ +2'z 2\/ o

B |z |z|? |z 1 IZI2 122 |z
__(”m)e"p( >3f[fe fm}'“‘_"p(_d <_f2 P R P fKt> -

:(1+Kt)<1+ZK|:>,

then according to

t
aly) =\ e ). (53)

we obtain

= |z + .
(54)

(walaly) = (yaa|y) = x (1+

1+t
Comparing with the initial photon number

tr [a’app(0)] = |z,

we see that the photon number is increases by kt, by adjusting
the diffusion coefficient x, we may realize quantum control-
ling. Obviously, when « is small, the meaning of diffusion is
clear.

In summary, we have shown that a chaotic state can be
produced as an output of vacuum state evolving in diffusion
channel, while displaced chaotic state is output of a coherent

(52)

state evolving in diffusion channel. The displaced chaotic state
may be used exhibiting quantum controlling.
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