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Quantum speed limit time and entanglement in a system composed of coupled quantum dots are investigated. The
excess electron spin in each quantum dot constitutes the physical system (qubit). Also the spin interaction is modeled
through the Heisenberg model and the spins are imposed by an external magnetic field. Taking into account the spin
relaxation as a non-Markovian process, the quantum speed limit and entanglement evolution are discussed. Our findings
reveal that increasing the magnetic field leads to the faster quantum evolution. In addition, the temperature increment causes
the longer quantum speed limit time as well as the entanglement degradation.
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1. Introduction
Quantum mechanics acting as a fundamental theory of

nature imposes limits on the evolution of physical systems.
Heisenberg uncertainty principle is one of the fundamental re-
sults in quantum mechanics limiting the simultaneous knowl-
edge of non-commuting variables. In particular, the time-
energy uncertainty relation imposes some limitations to obtain
the time needed for a quantum process which was investigated
by Mandelstam and Tamm.[1] This provides a limit for the evo-
lution of observables, which is known as quantum speed limit
(QSL).[2] The minimum time required to transfer a quantum
state into a distinguished and distanced desired final state is
known as the QSL time (QSLT). Therefore, this quantity de-
termines how fast a quantum system will evolve. In quantum
information processing, the transfer of a state to an orthog-
onal one is regarded as an elementary step of a computation
process.[3] Thus, the concept of QSLT possesses a remarkable
role in quantum technologies such as quantum computation[4]

and optimal control theory.[5]

The initial studies of the QSLT have been mainly fo-
cused on the closed quantum systems which possess a uni-
tary evolution. The lower bound of the QSLT in this kind
of systems was obtained as τQSL = max{ π h̄

2∆E ,
π h̄
2E }.

[6,7] The
first quantity is known as Mandelstam–Tamm bound with
(∆E)2 = 〈H2〉 − 〈H〉2, whereas the second term is referred
to Margolus–Levitin bound with E = 〈H〉,[8] H is the Hamil-
tonian of the system. On the other hand, in realistic physi-
cal systems, the interaction between the quantum systems and
their surrounding environment is inevitable, and this leads to
the notion of open quantum systems.[9] Because of this fact,
the concept of the QSLT has been extended to open quantum

systems.[10–12] In these studies, the QSLT is investigated for
several typical noisy channels and quantum metrology under
noise. As is known, according to the nature of the environ-
ment, a quantum system would experience the Markovian or
non-Markovian processes. Therefore, in generalization of the
QSLT to open quantum systems, the nature of the system dy-
namics should be taken into account. In the introduced ap-
proaches in Refs. [10,11], the QSLT is obtained in terms of
the variance of the evolution generator which reduces to the
Mandelstam–Tamm bound in the case of closed quantum sys-
tems. Moreover, using a geometric approach, the QSLT of an
open quantum system was obtained depending on the mean of
the evolution generator,[12] reducing to the Margolus–Levitin
bound for unitary processes. Additionally, in the last refer-
ence, by making use of the von Neumann trace inequality,
the Mandelstam–Tamm bound was derived, too. Therefore,
by employing the introduced approach in Ref. [12], a unified
QSLT for a generic positive open quantum system can be ob-
tained. We apply these results to investigate the QSLT for
a two-qubit system under non-Markovian dynamics. More-
over, the QSLT in the presence of leakage and decoherence is
studied.[13] Additionally, the QSL was introduced recently as
a measure of asymmetry in quantum systems.[14] QSLT is an
important concept in quantum systems with which the speedup
and slow down of a quantum system can be investigated.
Therefore, it is also an important concept in the quantum con-
trol field. In addition to the above-mentioned studies, the gen-
eralized geometric QSLT was introduced.[15] For a rigorous
study about the quantum speed limits and its future direction,
one would refer to Ref. [16]. There are theoretical investiga-
tions which generalize the QSLT to mixed states[17] and sys-
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tems without rotating-wave approximation.[18] Also, by intro-
ducing an alternative fidelity for quantum states, an improved
bound for QSLT in open quantum system was obtained.[19] In
addition to theoretical investigations, to obtain a bound for the
QSLT, the notion of QSLT for specific physical systems has at-
tracted a great deal of attention. As an example, the QSLT for a
multiqubit open system was studied in Ref. [20]. The QSLT of
a central spin coupled to a spin star configuration as the envi-
ronment, a typical non-Markovian system, was investigated in
Ref. [21]. For a complex interacting many-body system where
the effects of interactions have to be taken into account, the
concept of QSLT was studied.[22] Moreover, the QSLT for a
coupled system consisting of a central spin and its surrounding
environment which is described by a general XY spin-chain
model is explored.[23] Furthermore, the QSLT for qubits in a
finite XY spin chain which are imposed by an external trans-
verse magnetic field was investigated recently.[24] Moreover,
there are a great number of theoretical studies which are de-
voted to the notion of QSLT.[25–30] The notion of speedup evo-
lution of open quantum systems with non-Markovian dynam-
ics and structured reservoir is studied.[31–33] In addition, also
the QSLT in qubit systems is studied.[34,35]

One of the most remarkable characteristics of com-
posite quantum systems is quantum entanglement, which
is the essence of quantum theory.[36] Quantum entangle-
ment is an essential ingredient of many quantum informa-
tion protocols, such as quantum teleportation[37] and quan-
tum cryptography.[38] Moreover, the quantum entanglement
can be employed for the high-precision spectroscopy[39] and
quantum simulation.[40] According to the vast application of
the quantum entanglement in quantum technologies, the gen-
eration, control and preservation of entanglement are impor-
tant issues. Therefore, the introduction and investigation of
systems which provide long lasting and controllable quantum
entanglement become the backbone of quantum technologies.
There is a close relation between entanglement and quantum
evolution time. This issue concerns quantum systems com-
posed of two or more subsystems. It is shown that in closed
systems with unitary evolution, entanglement is a resource that
allows for a speed-up quantum evolution.[41–44]

Quantum mechanics imposes a fundamental limit on the
processing speed of each quantum device. Therefore, inves-
tigating the QSLT and the parameters which affect its behav-
ior will determine the functionality of the quantum systems.
The QSLT has been studied in some physical systems.[45,46]

The simplest quantum system for computation proceeds by a
succession of two-qubit quantum gates.[47] One of the famous
two-qubit quantum gates is a system composed of two cou-
pled quantum dots (QDs). In this system the spin of the excess
electron in each QD is realized as the qubit.[48–52] There are
several experimental realization of quantum information ap-

plications of QDs.[53–55] Because of the relevance of this sys-
tem, the study of the QSLT in this system provides us valuable
information about the operation of this system. This motivates
us to investigate the QSLT and the physical parameters, which
possess crucial role on the behavior of the QSLT and entan-
glement in this system. Therefore, in the present contribution,
we investigate a coupled QDs system in an external magnetic
field. We also study the influences of an external magnetic
field and temperature on the behavior of QSLT, based on the
introduced approach in Ref. [12]. The obtained results pro-
vide some information about the maximal speed of the evolu-
tion of this quantum system. In this study, the spin relaxation
is taken into account. Since the spin relaxation in QDs is a
non-Markovian process, we study the QSLT in the context of
the non-Markovian open quantum systems. Moreover, in the
introduced two-qubit system, we study the quantum entangle-
ment and its dependence on the physical parameters of the sys-
tem. This study provides us to draw a comparison between the
evolution of the QSLT and entanglement. In the present con-
tribution, we select the initial state of qubits as a maximally
entangled state.

The remained part of the present contribution is organized
as follows: In section 2, a brief introduction about the QSLT in
non-Markovian processes is presented. Section 3 describes the
physical system and its dynamics. In that section, the QSLT
is obtained and the influence of the effective parameters on
its behavior are studied. Moreover, the time evolution of en-
tanglement and its dependence on the physical parameters in
the system are studied in Section 3. Section 4 is devoted to
summary and conclusion.

2. Physical system
In the following we develop a scenario to calculate the

QSLT and quantum information processing in the coupled-
QDs system.[48,49] In this model, the qubit is realized as the
spin of the excess electron in a single-electron QD, Fig. 1.
In a chain consisting of such QDs, the tunneling barrier be-
tween neighboring single-electron QDs provides our physical
system. If the barrier potential is high, the tunneling between
the QDs is forbidden. If this barrier is selected to a low volt-
age, the electron would tunnel to the adjacent QD. According
to the usual physical content of Hubbard model,[56] the spins
would be subjected to a transient Heisenberg coupling,

Hs = J𝑆1 ·𝑆2, (1)

where J is the exchange constant, which can be assumed as a
time-dependent quantity as a consequence of the turning off
and on of the tunneling matrix element. The 𝑆i (i = 1,2)
are the spin-1/2 operators for the i-th dot. In addition to
the above interaction, we suppose that an external constant
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magnetic field, 𝐵, is imposed to control the electron spin
of each dot. This interaction has the form HB = h̄ω𝐵 ·𝑆,
where 𝑆 = 𝑆1 +𝑆2 is the total spin operator of the coupled-
QDs and ω refers to the electron Bohr magneton. We assume
that the constant magnetic field is aligned in the z-direction,
therefore HB = h̄ωB(S1z+S2z). Accordingly, the Hamiltonian
which governs the unitary operation of the system is given as
H = Hs +HB.

The concept of the isolated quantum system is an ideal
concept. Every quantum system is immersed in an environ-
ment (its surrounding medium). Since the quantum systems
are fragile and weak, the surrounding environment has cru-
cial impacts on their dynamics. For the charged QDs, the
dissipation and dephasing caused by coupling to the local
nuclear spins through the hyperfine interaction. In order to
study this magnetic environment influences through the mas-
ter equation, one would use a Caldeira–Leggett type model.
In this model, the magnetic environment is modeled as a set
of harmonic oscillators, Hen = ∑ξ h̄ωξ a†

ξ
aξ .[50] The interac-

tion between the environment and the spin system is assumed
as a linear interaction, Hint = h̄λ ∑i=1,2𝑆i · 𝑏i. In this equa-
tion b j

i = ∑ξ gi j
ξ
(a j

ξ i +a j†
ξ i) is a fluctuating quantum field. The

quantity gi j
ξ

is the coupling constant between the magnetic en-
vironment and the spin system which is characterized through
the spectral density. The operator a j

ξ i is the bosonic annihi-
lation operator of mode ξ which interacts with the jth spin
direction in the ith QD. We suppose that as a consequence of
the system-environment interaction, the system experiences a
non-Markovian dynamics.[57]

λ λ

S2S1

B QD2QD1

z

J

Fig. 1. A schematic representation of the model system. Two cou-
pled QDs in an external magnetic field in which their electron spins
experience relaxation dynamics as a consequence of interaction with a
magnetic environment.

In the present contribution, our purpose is to investigate
the QSLT for a two-qubit system. The QSL time relates
how distant the initial and final quantum states can evolve to
each other with the time necessary for such a distance to be
achieved.[1,2] This means that the QSLT determines a bound
on the time needed for a state to reach a fidelity relative to the
initial state.

To calculate the QSLT, we have to obtain the density ma-
trix of the system governed by the following time convolution-
less master equation[9]

dρ(t)
dt

= − i
h̄
[H,ρ(t)]

− 1
h̄2

∫ t

0
dsTrB[HI(t), [HI(s),ρ(t)⊗ρB]]. (2)

In this equation, TrB refers to the partial trace over the envi-
ronment degrees of freedom, and ρB is the environment state.
HI(t) is the interaction Hamiltonian between the system and
environment, Hint, in the interaction picture with respect to
the environment free Hamiltonian. It is worth noting that
the time convolutionless master equation has been used to in-
vestigate the electron-phonon interaction[58] and spin-boson
model under non-Markovian dynamics.[59] Inserting the HI(t)
in Eq. (2), the following integro-differential master equation
under the second order Born approximation governs the dy-
namics of the system,

dρ

dt
=

i
h̄

[
ρ,J𝑆1 ·𝑆2 +

h̄B
2
(S1z +S2z)

]
+Lρ. (3)

In this equation, the first term originates from the unitary evo-
lution of the system whereas the second term corresponds to
the relaxation dynamics. The relaxation term originates from
the second term on the right-hand side of Eq. (2). By inserting
the interaction Hamiltonian between the system and environ-
ment in the interaction picture into Eq. (2), the second term on
the right-hand side, the following result is obtained:

Lρ = −λ
2
∑
i, j
[Si jSi jρ K+(t)−2Si jρSi j K(t)

+ρSi jSi j K∗+(t)]. (4)

In this equation, K+(t) and K(t) are environment correlation
functions defined as

K+(t) = ∑
ξ

gξ
2
[

coth
(

h̄ωξ

2kBT

)
sin(ωξ t)

ωξ

+ i
cos(ωξ t)

ωξ

]
,

K(t) = ∑
ξ

gξ
2 coth

(
h̄ωξ

2kBT

)
sin(ωξ t)

ωξ

. (5)

It should be noted that we have assumed a homogeneous en-
vironment which has similar features in each quantum dot.
By defining the spectral density of environment as j(ω) =

πλ 2
∑ξ gi j

ξ

2
δ (ω−ω

i j
ξ
), the environment correlation functions

can be written as

K+(t) =
∫

∞

0
dω

j(ω)

ω2

[
coth

(
h̄ω

2kBT

)
sin(ωt)+ i cos(ωt)

]
,

K(t) =
∫

∞

0
dω

j(ω)

ω2 coth
(

h̄ω

2kBT

)
sin(ωt). (6)

These correlation functions describe all associated effects of
the environment. In the above equation, kB is the Boltzmann
constant and T refers to the temperature. In addition, j(ω)

is the spectral density of environment which completely de-
scribes the interaction between the spins and environment.[60]

We suppose a spherical QD, therefore this spectral function
may be written as j(ω) = αω3 e−βω2

.[66] In our system we
have selected them as α = 0.160830 ps2 and β = 1.1452 ps2.
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3. Quantum speed limit time of the coupled QDs
Our purpose is to calculate the QSLT for an open two-

qubit system. The initial and target states are governed by the
master equation. The system under investigation is an open
quantum system which experiences a non-Markovian evolu-
tion. There are different approaches to obtain the QSLT for the
open systems.[10–12,67] Each of these approaches leads to the
different bounds for the QSL time. Since a unified approach
to obtain both the Mandelstam–Tamm and Margolus–Levitin
bounds is introduced in Ref. [12], we employ it to obtain the
QSLT. The start point of this approach is based on the Bures
angle between the initial and final states of the quantum sys-
tem which is defined as[61]

L(ρ0,ρτ) = arccos
(√
〈ψ0|ρτ |ψ0〉

)
. (7)

Without loss of generality, we assume that the initial state is
pure, ρ0 = |ψ0〉〈ψ0|. The dynamical velocity which governs
the evolution of the density matrix determines the QSL time.
This velocity is given by the time derivative of the Bures angle

d
dt

L(ρ0,ρt)≤ |
d
dt

L(ρ0,ρt)|

=
1√

1−〈ψ0|ρτ |ψ0〉
|〈ψ0|ρ̇t |ψ0〉|

2
√
〈ψ0|ρτ |ψ0〉

. (8)

Applying the definition (7), this relation can be written as

2L̇cosLsinL≤ |〈ψ0|ρ̇t |ψ0〉|. (9)

The time evolution of the open quantum systems is determined
through the following master equation, in the present system
Eq. (3),

ρ̇t = Ltρt , (10)

in which L’s are positive generators of the dynamical semi-
group Λt = exp(Ltt). Applying the introduced approach of
Ref. [12] the QSLT is obtained as

τQSL = max{τ1,τ2,τ∞}. (11)

Here, the following notation is used:[45]

τp =
1

Γ
p

τ

sin2[L(ρ0,ρτ)], (p = 1,2, . . . ,∞) (12)

where

Γ
p

τ =
1
τ

∫
τ

0
dt||Ltρt ||p, ||Ltρt ||p =

(
∑

i
σ

p
i

)1/p
.

The last equation denotes the p-norm of the operator ρ̇t with
singular values σ

p
i . It is evident that in the case of p = 1 this

definition leads to the trace norm and if p = 2 the definition
of Hilbert-Schmidt norm will be recovered.[62,63] It is worth-
while to note that the above results correspond to the initial

pure state. Moreover, the QSLT for arbitrary initial states is
studied.[67]

The studied system in the present contribution, the two
coupled qubits, is the basic system to prepare the entangled
states. Therefore, the time evolution of entanglement in these
systems is an important feature of interest. Thus we study
the QSLT and entanglement dynamics. This investigation pro-
vides a comparison between the entanglement evolution and
the time behavior of QSLT. In order to quantify the entan-
glement we should utilize an appropriate measure.[64] For the
two-qubit systems concurrence is a suitable measure to quan-
tify the entanglement.[65] To proceed further to define the con-
currence, suppose that the state of the whole system (two-
qubit system) is given as ρ . The concurrence is defined as
C(ρ) = max{0,λ1− λ2− λ3− λ4}, where λi’s are eigenval-

ues of a matrix R which is defined as R =
√√

ρρ̃
√

ρ , where

ρ̃ = (σy
⊗

σy)ρ
∗(σy

⊗
σy). In this relation, σy is the y com-

ponent of the Pauli matrices and ρ∗ refers to the complex con-
jugate of the system density matrix, ρ . In the following we are
going to investigate the influences of physical parameters on
the QSLT and entanglement in the system under consideration.

Following the system dynamics, we can obtain the inter-
ested physical quantities. Comparing the Lt given in Eq. (10)
with Eq. (3) we can calculate the QSLT in the present sys-
tem. In this model we can study the associated effects of the
initial state, the external magnetic field, the temperature and
the coupling strength between the QDs. It is worthwhile to
note that the above-mentioned approach to study the QSLT is
based on the initial pure state. Therefore, we choose the initial
state of the system as |ψ0〉 = 1√

2
(| ↑↑〉+ | ↓↓〉). According to

the concept of QSLT, at times shorter than the τQSL, the tar-
get state cannot be fully reached and the high speed operation
will lead to an incomplete fidelity. Since the initial state is se-
lected as a Bell state, maximally entangled state, our aim is
controlling this entanglement via the introduced decoherence
process. That is, our purpose is preserving the initial state.
In other words, we are going to study the robustness of initial
entangled state against the noisy dynamics.

The corresponding QSLT and entanglement evolutions
are plotted in Fig. 2. Figure 2(a) illustrates the QSLT evo-
lution for different magnetic fields. It shows that the smaller
the magnetic field, the larger the QSLT. That is, decrement in
magnetic field leads to larger minimum time which is needed
to transfer to a desired state. Figure 2(b) corresponds to the en-
tanglement time evolution. It illustrates the disentanglement in
this system. Moreover, the disentanglement does not affected
by magnetic field. The time evolution of concurrence exhibits
the entanglement degradation to zero. That is, via the noisy
dynamics, the initial entangled state is changed to an unentan-
gled state.
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Fig. 2. The time evolution of the QSLT (a) and entanglement (b). Different
plots in each panel correspond to the given magnetic field. The temperature
is selected as T = 1 K, and ω/J = 0.75.

The magnetic field dependence of the QSLT and entan-
glement is shown in Fig. 3. Figure 3(a) illustrates the influence
of the magnetic field on the QSLT. The magnetic field incre-
ment leads to the QSLT decrement. That is, by increasing the
magnetic field, one can speedup the evolution of present quan-
tum system. Also, this panel exhibits the temperature increas-
ing leads to the QSLT decrement. The influence of temper-
ature is investigated in the next figure. An important feature
of Fig. 3 is insensitivity of entanglement with respect to the
magnetic field. Figure 3(b) demonstrates that in the studied
system the magnetic field does not affect the entanglement. It
is worth noting that this result corresponds to the introduced
system with the specific selected initial state.

In order to obtain more insights about the system, the in-
fluences of temperature on the desired physical quantities in
the present system are studied through Fig. 4. Figure 4(a)
shows the temperature dependence of the QSLT. For small val-
ues of the magnetic field, the temperature increment leads to
the increment of the QSLT. That is, by increasing the tem-
perature, the system will never reach the desired state. The
contribution of the temperature originates from the magnetic
environment. In the present model, the quantum system expe-
riences a decoherence phenomenon, as a consequence of en-
vironment interaction. If the decoherence time is smaller than
the QSLT then the system will never reach the desired state.
Therefore, the quantumness nature of the system, usually used
in the quantum information and computation, will wash out.
Thus, in order to provide an appropriate state transformation,
the QSLT should be smaller than the decoherence time. At
elevated temperatures the decoherence impacts on the quan-
tum systems will increase. Accordingly, in high temperature

regime the decoherence will affect in shorter time scales. As a
consequence of this fact, if the main purpose is to obtain a full
quantum computation, the quantum system should be manip-
ulated in shorter time scales than the decoherence time. More-
over, by increasing the magnetic field the effects of the temper-
ature can be compensated. Drawing an attention to Fig. 4(a)
shows the increasing rate of the QSLT, as a consequence of
temperature increasing, can be rectified by the magnetic field
increment. Therefore, in the present system, the influence of
the environment will be compensated with the magnetic field.
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Fig. 3. The magnetic field dependence of the QSLT (a) and entangle-
ment (b). In each panel different plots correspond to different tempera-
tures. In all panels we have chosen ω/J = 0.75 and also Jt = 1.
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Fig. 4. The temperature dependence of the QSLT and entanglement. In
each panel different plots correspond to different magnetic fields. In all
panels the quantity ω/J is selected equal to 0.75 and also Jt = 1.

As an important feature of the present contribution, the
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temperature dependence of the entanglement is illustrated in
Fig. 4(b). Quantum entanglement as a kind of quantum cor-
relation is sensitive to the decoherence phenomena. Quantum
entanglement is a shallow correlation which will wash out in
interaction with the environment. The influences of the en-
vironment on the quantum entanglement would be followed
through the temperature dependence. Figure 4(b) shows that
the temperature increasing leads to the disentanglement. It is
worth noting that the magnetic field increasing does not con-
tribute any role in the entanglement degradation. This result is
in agreement with the obtained results from Figure 3(a).

4. Summary and conclusion
A QD-based system which is appropriate for quantum

state transfer and computation is studied and the QSLT and
entanglement are investigated in the present contribution. The
physical system is the electron spin in the separated coupled
QDs which are imposed by an external magnetic field. The re-
laxation dynamics as a consequence of the hyperfine interac-
tion between the electron spin and local nuclear spins is mod-
eled through the magnetic environment. We have supposed
that the system experiences a non-Markovian dynamics and
we have derived the QSLT for non-Markovian dynamics. Ap-
plying the obtained results to the coupled QDs system pro-
vides some information about the quantum speed evolution of
this system.

QSLT bounds the speed of the quantum evolution. The
influences of some physical parameters such as the external
magnetic field and temperature are investigated for selected
initial conditions. It is shown that the stronger the magnetic
field, the smaller the QSLT. Therefore, the increment of the
magnetic field will lead to the faster quantum state transfer.
Moreover, it is shown that the temperature increasing will
cause the increment of QSLT. At elevated temperatures the
quantum features of the system will disappear. Thus, as a
consequence of decoherence, in the high temperature limit the
QSLT is increased monotonically. In order to operate a quan-
tum system in high temperature limit, it should be manipulated
in shorter time scales than the decoherence time. On the other
hand, the obtained results reveal that the influences of the high
temperature can be compensated for by the magnetic field in-
crement.
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