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Effect of patterned hydrodynamic slip on
electromagnetohydrodynamic flow in parallel plate microchannel∗
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A fully developed electromagnetohydrodynamic (EMHD) flow through a microchannel with patterned hydrodynamic
slippage on the channel wall is studied. The flow is driven by the Lorentz force which originates from the interaction
between an externally imposed lateral electric field and a perpendicular magnetic field. The governing equations for the
velocity with patterned slip boundary conditions are solved analytically by perturbation techniques under the assumption of
small Reynolds number Re. In addition, the numerical solutions for the velocity are obtained by using the finite-difference
method, and they are found to be in good agreement with the analytical solutions within admissible parameter range. The
effects of different parameters on the velocity and volume flow rate due to patterned hydrodynamic slippage are discussed in
detail, including wave-number K, Hartmann number Ha, amplitude δ of the patterned slip length, and normalized electric
field strength S. The results show that patterned slippage over microchannel walls can induce transverse flows, which will
increase the mixing rates in microfluidic devices. In addition, we also find that precise flow control can be achieved by
controlling the magnetic flux and the wave-number and also by well choosing the electric field intensity. Our analysis can
be used for designing the efficient micro-fluidic mixers.

Keywords: electromagnetohydrodynamic (EMHD) flow, patterned slip wall
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1. Introduction
In recent years, with the increasing applications of mi-

crofluids and nanofluids, the microscale transport, mixing and
sorting process have found rather a wild application in micro-
electro-mechanical systems (MEMS), biochemical, chemical,
and medical fields.[1–5] As the scale of the device diminishes,
driving the fluid flow in such devices becomes more difficult.
The magnetic field is one of the important actuation mecha-
nisms in microchannels due to its wide applications in engi-
neering and biomedical fields, and it has several advantages
such as no moving part, easy-to-fabricate, low-voltage opera-
tion, adjustable movement direction, and able-to-achieve rela-
tively high flow rate.[6–8] The driving force in the electromag-
netohydrodynamic (EMHD) micropumps is the Lorentz force
generated by the interaction between an externally imposed
lateral electric field and a vertical magnetic field. Numerous
theoretical and experimental researches on the analysis of the
behaviors of magnetohydrodynamic (MHD) and EMHD mi-
cropumps have been carried out.[9–12] Experiments conducted
by Jang and Lee[13] proved the effectiveness of increasing flow
rates of microchannel under the action of a low-magnitude
magnetic field. Jian et al.[14] analytically studied the transient
rotating EMHD flow for both direct current (DC) and alternat-
ing current (AC) electric field through a parallel microchannel.
Wang et al.[15] numerically analyzed a two-dimensional fully

developed MHD flow and concluded that the induced Lorentz
force had great influence on the flow velocity field.

It seems that recent discussion about MHD micro-pumps
did not consider the slip effect on the fluid velocity, in which
the velocity is usually assumed to vanish at the wall. No slip
condition implies a perfect wettability at the liquid-solid in-
terface, which is valid in most normal scale fluid flow prob-
lems. However, with the development of research on micro-
scale fluids, it is increasingly realized that the classical non-
slip boundary conditions are not always applicable. Instead,
the slip effect is common in many microfluidic and nanoflu-
idic applications.[16,17] Fluid slippage is usually described in
terms of a slip length, which is characterized by the distance
between the solid surface and the hypothetical solid surface on
which the slip velocity decreases linearly to zero. The main
reason for the origin of slippage is believed to be the nanobub-
bles trapped on the hydrophobic surface.[18] In addition, there
are other factors that affect the slippage significantly, they in-
cluding surface contamination and surface roughness.[18] The
existing experimental data show that the slip length can be
taken in a range from nanometer to micrometer,[19,20] which
accords with the micro-devices size we discuss. That is why
we need to discuss the effect of hydrodynamic slippage on mi-
crofluidic flows. Further, this effect can be used to overcome
some disadvantages of microfluidic laminar flows. Rivero and
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Cuevas[21] analyzed the influence of constant slip condition on
the MHD flow in a rectangular microchannel.

In all the above-mentioned investigations, the researchers
have developed their models under the assumption of the
homogenous hydrodynamic slippage, i.e., the effective slip
length is a constant everywhere on the surfaces. However,
inhomogeneous hydrophobic surfaces could also lead to pat-
terned hydrodynamic slip on the solid walls.[22,23] Owing
to the strong relationship between wettability and slip,[24,25]

patterned wettability can be used to induce variations in
slip, which can induce transverse or circulating flows in
channel.[26] The presence of this patterned hydrodynamic slip
can result in the enhancement of the efficiency of the micro-
mixing, which has aroused the interest of many experts. Ac-
cording to the molecular dynamics simulations, Hendy et
al.[26] have conceived a micro-mixer and proved that pat-
terned slip could effectively induce mixing in flow. Zhao
et al.[27] first studied the electro-osmotic flow with patterned
slip condition at the channel wall and concluded that the pat-
terned slip condition can induce complex flow model. The ef-
fect of patterned slippage on the flow of non-Newtonian fluid
was discussed later.[28] Their results showed that for shear-
thickening fluids, significant transverse flows comparable in
size with those produced for Newtonian fluids would be in-
duced by patterned slip effect. The effect of patterned sur-
face on the flow vortices combined with substrate wettability
was discussed by Mayur et al.[29] in a nanometer range. In
fact, the slip behaviors and its variation with interface prop-
erty of simple liquid on solid surface are still a controver-
sial issue.[30,31] More and more efforts have been devoted to
the study of the effects of slip conditions on flow properties
in micro-fluidics, which has wide applications in biochemical
and chemical synthesis.[32,33]

The aim of our study is to discuss the EMHD flow through
a parallel plate microchannel under a patterned slip boundary
condition by assuming that the slip length varies in space. We
consider the cosine wave variations in the slip length. First,
the perturbation technique is used to derive the analytical solu-
tions of flow velocity and volume flow rate under the condition
of low Reynolds number Re, and these analytical solutions are
compared with the numerical solutions obtained by the finite-
difference method. Then the influences of several normalized
parameters on velocities and volume flow rates are determined
graphically. Our theoretical results may provide some guid-
ances for designing the mixers in microchannels.

2. Formulation of problem
2.1. Physical model and explanation of problem

Taking a patterned slip length on wall into considera-
tion, we investigate a fully developed EMHD flow of an in-

compressible electrically conducting fluid between two paral-
lel plates. In our analysis, the induced magnetic field is ig-
nored due to the small enough magnetic Reynolds number.
The physical model and the coordinate system are shown in
Fig. 1. The original point of Cartesian coordinate system (x∗,
y∗, z∗) is located at the middle of channel. The channel height
and length are 2H (in the y∗ direction) and L (in the x∗ direc-
tion) respectively. An external electric field E is applied along
the z∗ axis, and a uniform magnetic field B is applied perpen-
dicular to the plates. The flow is driven by the axial Lorentz
force produced by the interaction of the externally applied
electric field and magnetic field. We assume that the chan-
nel length L is much longer than the channel height 2H, i.e.,
L� 2H. The flow considered in the present study is steady
and fully developed, which is compatible with low-Reynolds
number flows.

o

E H

H

o

y* B

x*

z*

L

Fig. 1. Schematic diagram of physical modeling.

2.2. Flow analysis and mathematical formulation

For a fully developed EMHD flow considered in this pa-
per, the velocity is governed by the continuity equation and the
momentum equation written as

∇ ·𝑢∗ = 0, (1)

ρ

(
∂𝑢∗

∂ t∗
+(𝑢∗ ·∇)𝑢∗

)
=−∇p∗+µ∇

2𝑢∗+𝐹 , (2)

where ρ is the density of fluid, µ = ργ is the dynamic vis-
cosity of fluid, 𝑢∗ = (u∗,v∗,0) is the velocity, ∇p∗ is the
pressure difference along the channel, and 𝐹 = 𝐽×𝐵 is the
Lorentz force along the channel. Using Ohm’s law,[34] we
obtain the expression of the local ion current density 𝐽 =

σ(𝐸 +𝑢∗×𝐵), where σ is the electrical conductivity and
𝐵 = (0,By,0). Further, we can obtain the component forms
of the above Eqs. (1) and (2) as

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0, (3)

µ

(
∂ 2u∗

∂x∗2
+

∂ 2u∗

∂y∗2

)
− ∂ p∗

∂x∗
−ρ

(
u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗

)
+σ(ByE−B2

yu∗) = 0, (4)

µ(
∂ 2v∗

∂x∗2
+

∂ 2v∗

∂y∗2
)− ∂ p∗

∂y∗
−ρ(u∗

∂v∗

∂x∗
+ v∗

∂v∗

∂y∗
) = 0, (5)

∂ p∗

∂ z∗
= 0. (6)

The patterned slip boundary conditions on the channel walls
for the axial velocity component u∗, which is well-known as
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Navier slip boundary condition,[35] and no-penetration condi-
tions for the transverse velocity component v∗ are written as

u∗
∣∣y∗=H =−δ

∗(x∗)
∂u∗

∂y∗

∣∣∣
y∗=H

, (7)

u∗
∣∣y∗=−H = δ

∗(x∗)
∂u∗

∂y∗

∣∣∣
y∗=−H

, (8)

v∗
∣∣y∗=H = 0, v∗

∣∣y∗=−H = 0, (9)

where δ ∗(x∗) is the slip length physically describing hydro-
dynamic slip effect. In our analysis, we suppose δ ∗(x∗) =
δ0(1+α e ikx∗), which varies periodically with the axial loca-
tion. It should be pointed out that the common non-slip condi-
tion corresponds to the case of δ0 = 0 in our analysis.

The following non-dimensional variables are introduced:

u =
u∗

U
, v =

v∗

U
, p =

p∗

P0
, x =

x∗

H
,

y =
y∗

H
, U =

γ

H
, δ =

δ0

H
,

P0 =
µU
H

, S =
EH
U

√
σ

µ
, Ha = ByH

√
σ

µ
,

Re =
ρUH

µ
, K = kH, (10)

where γ = µ/ρ is the kinematic viscosity coefficient, Ha is
the Hartman number representing the relative strength of the
electromagnetic forces and the viscous forces, and S is a non-
dimensional quantity denoting the strength of the lateral elec-
tric field. In addition, Re is the Reynolds number, δ is the non-
dimensional slip length, and K is the wave-number. Utilizing
the non-dimensional variables defined above, the dimension-
less governing equations and the corresponding boundary con-
ditions can be rewritten as

∂u
∂x

+
∂v
∂y

= 0, (11)

∂ 2u
∂x2 +

∂ 2u
∂y2 −Re

(
u

∂u
∂x

+ v
∂u
∂y

)
− ∂ p

∂x

+HaS−Ha2u = 0, (12)
∂ 2v
∂x2 +

∂ 2v
∂y2 −Re

(
u

∂v
∂x

+ v
∂v
∂y

)
− ∂ p

∂y
= 0, (13)

u
∣∣y=1 =−δ (1+α e iKx)

∂u
∂y

∣∣∣
y=1

, (14)

u
∣∣y=−1 = δ (1+α e iKx)

∂u
∂y

∣∣∣
y=−1

, (15)

v
∣∣y=1 = 0, v

∣∣y=−1 = 0. (16)

In order to solve the above problem analytically, we suppose
that the variation of slip length along the axial direction is very
small, (i.e., α� 1), and a regular perturbation approach is ap-
plied. For a given physical variable ξ , it can be expanded in
the form of power series as

ξ = ξ0 +αξ1 +o(α2), (17)

where ξ can be the variables u, v, p.
The zero-order velocity v0 is zero, and u0 satisfies the fol-

lowing equations:

d2u0

dy2 =
∆p
L
−HaS+Ha2u0, (18)

∂ p0

∂y
= 0, (19)

u0
∣∣y=±1 =∓δ

du0

dy

∣∣∣
y=±1

, (20)

where zero-order pressure gradient has been assumed to be
constant without loss of generality, i.e., ∂ p0/∂x = ∆p/L = Ω .
The solution to Eq. (18) with the boundary condition Eq. (20)
can easily be solved and is given below:

u0(y) =
HaS−Ω

Ha2

(
1− cosh(Hay)

cosh(Ha)+δHasinh(Ha)

)
, (21)

v0 = 0. (22)

The governing equations and the corresponding boundary con-
ditions for first-order velocities u1 and v1 can be expressed as

∂u1

∂x
+

∂v1

∂y
= 0, (23)

∂ 2u1

∂x2 +
∂ 2u1

∂y2 −Re
(

u0
∂u1

∂x
+ v1

du0

dy

)
=

∂ p1

∂x
+Ha2u1, (24)

∂ 2v1

∂x2 +
∂ 2v1

∂y2 −Reu0
∂v1

∂x
=

∂ p1

∂y
, (25)

u1
∣∣y=1 =−δ e iKx du0

dy

∣∣∣
y=1
−δ

∂u1

∂y

∣∣∣
y=1

, (26)

u1
∣∣y=−1 = δ e iKx du0

dy

∣∣∣
y=−1

+δ
∂u1

∂y

∣∣∣
y=−1

, (27)

v1
∣∣y=1 = 0,v1

∣∣y=−1 = 0. (28)

By examining the form of the boundary condition in Eqs. (26)
and (27), we can suppose u1 = e iKx f (y). Inserting this solu-
tion into Eq. (23), we can obtain the form of solution for the
transverse velocity to be

v1 =−iK e iKxh(y), (29)

where h′(y) = f (y) and h(0) = 0 due to the symmetry condi-
tion v1(0) = 0.

After eliminating p1 from Eqs. (24) and (25), we can ob-
tain the following fourth-order ordinary differential equation
of h(y):

h(4)(y)− (2K2 +Ha2 + iKReu0)h′′(y)

+

(
K4 + iKRe

d2u0

dy2 + iK3Reu0

)
h(y) = 0. (30)

Thus the boundary conditions (26) and (27) become

h′(y)
∣∣y=±1 =∓δu′0(y)

∣∣y=±1 ∓δh′′(y)
∣∣y=±1 , (31)

It can be seen that equation (30) is not possible to find an ana-
lytical solution when non-constant slip boundary conditions
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are all taken into consideration. By resorting to the finite-
difference method, the fourth-order ordinary differential equa-
tion (30) with boundary condition (31) is numerically solved.
Meanwhile, it should be noted that the Reynolds number Re
in our analysis is very small, i.e., Re� 1, so we can simplify
Eq. (30) to obtain an analytical solution of h(y) as follows:

h(4)(y)− (2K2 +Ha2)h′′(y)+K4h(y) = 0. (32)

Substituting the expression of u0, i.e., Eq. (21) into the bound-
ary condition (31), we can obtain the solution of Eq. (32)

h(y) = D1sinh(λ1y)+D2sinh(λ2y), (33)

where

λ1 =

√
(2K2 +Ha2)+Ha

√
4K2 +Ha2

2
,

λ2 =

√
(2K2 +Ha2)−Ha

√
4K2 +Ha2

2
,

D1 =
δ (HaS−Ω)E1

Ha2(E2 +δE3)
, D2 =−

sinhλ1

sinhλ2
D1,

E1 =
Hasinh(Ha)

cosh(Ha)+δHasinh(Ha)
,

E2 = λ1 coshλ1−λ2
sinhλ1 coshλ2

sinhλ2
,

E3 = λ
2
1 sinhλ1−λ

2
2 sinhλ1. (34)

Then, two components of the first-order velocities u1, v1 can
be calculated to be

u1 = e iKxh′(y) and v1 =−iK e iKxh(y). (35)

3. Results and discussion
In the previous sections, we have obtained the veloc-

ity profiles of EMHD flow with patterned slippage between
two parallel micro-plates. Before we proceed any further, the
ranges of relevant parameters used in conventional microflu-
idic flow should be evaluated. According to the work given in
Ref. [36], the half height of the microchannel is H ∼ 10 µm,
the cosine wavelength of slip variation is k−1 ∼ 10 µm, the
slip length is δ0 ∼ 1 µm, the density of fluid is ρ×103 kg/m3,
electrical conductivity is σ ∼ 2.2× 10−4 S/m–4× 106 S/m,
viscosity is µ ∼ 10−3 kg/(m·s)–1.5× 10−3 kg/(m·s), and the
magnitude of the magnetic field strength By is 0 T–0.44 T.[37]

Hence, the maximum of Hartmann number Ha is no more than
5. In our study, we set the dimensionless slip length to vary
from 0.01 to 0.1. The effects of the corresponding parameters
on flow field are investigated below.

Figures 2(a) and 2(b) clearly show the contour plots for
first order axial velocity u1 and vertical velocity v1 in a pe-
riod of cosine wave variation of slip length. From Fig. 2(a) we

can observe that the positive and negative values of axial slip
velocity on both channel walls are related to the positive and
negative values of slip length. There are two zero points in the
slip length, at which the slip velocity u1 values both vanish.
The direction of axial flow near the plate is opposite to that far
from the plate. It is shown in Fig. 2(b) that in the first half of
the slip length, the transverse flow moves from the two chan-
nel wall to the center of the channel, while the case is opposite
in the second half. This result is similar to the conclusions
obtained in Ref. [27].

0.8
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0
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-0.8

1 2 3 4 5 6

0.04

0.02

0

-0.02

-0.04

(a)

(b)

0
0

1 2 3 4 5 6

1.0

0.8

0.6

0.4

0.2

6

4

2

0

-2

-4

-6

-8

T10-3

Fig. 2. Contours plots for dimensionless velocity variations of (a) axial ve-
locity u1, (b) vertical velocity v1 with a cosine wave variation in slip length
on wall at Re = 0.01, Ha = 1, S = 1, Ω = 0, δ = 0.1, and K = 1.

Without losing generality, we ignore the complex unit i in
the expression of vertical velocity v1 in the following graphi-
cal results. Meanwhile, in order to validate our analytical so-
lutions of slip velocity, comparisons with the numerical solu-
tions for slip velocity is conducted. In the following graphs
we use line graphs to represent the analytical results and point
graphs to represent the numerical results.

Figure 3 shows the distributions of slip velocity for dif-
ferent wave-number K. We can see that the analytical solu-
tions and the numerical solutions are in excellent agreement.
It is clearly shown in Fig. 3(a) that the absolute value of axial
velocity mainly decreases with the increase of K, and whose
profile is flatter for bigger K. Besides, the direction of axial
slip velocity changes probably at y = ±0.5. In Fig. 3(b), the
transverse velocity is opposite in the upper half and lower half
of the board. Although the magnitude of vertical velocity v1

is very small, we can still see that the magnitude of vertical
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velocity increases with the increase of K. Mathematically, the
reason for this phenomena is that the transverse velocity v1 is
proportional to K, which can be seen in Eq. (35). Physically,
the longitudinal energy will be enhanced with the increase of
vertical velocity, ultimately resulting in the decrease of hori-
zontal velocity. Therefore, the important prediction is that the
increase of K can induce a significant transverse velocity while
the flow is suppressed in the axial direction.
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Fig. 3. Comparison between analytical and numerical solutions for the first-
order (a) axial velocity u1 and (b) vertical velocity v1 at three different values
of wave-number K (x = 0.0628, Re = 0.01, Ha = 1, S = 1, Ω = 0, δ = 0.1).

Next, in Fig. 4 we consider the effect of varying slip
length δ on slip velocity with K = 1. Note that δ = 0 means
the case of no slip on the micro-channel wall, so both hori-
zontal and vertical first-order velocity components are equal
to 0. Besides, in Fig. 4(a) the absolute value of axial slip ve-
locity shows an increasing trend with δ , and the direction of
velocity in the center of the plate is opposite to that near the
microchannel wall. The variation trend of the vertical slip ve-
locity in Fig. 4(b) is similar to that in Fig. 3(b), which provides
the possibility to produce vortex. The result can be explained
by the fact that the leading order terms of slip velocity in two
directions are proportional to δ .

Figure 5 illustrates the variations of slip velocity with
Hartmann number Ha. From Figs. 5(a) and 5(b), it can be
observed that both velocities in two directions decrease mono-
tonically with the increase of Hartmann number, which indi-
cates that Ha acts as an brake to the velocity field. The reason

is that the increase of Ha induces the Lorentz force to increase,
which results in the decrease of the velocity.

approximate analytical solution
numerical solution

u
1

v
1
/
1
0

-
3

(a)

(b)

-6

-4

-2

0

2

4

6

 

 

δ=0, 0.01, 0.05

-0.02

-0.01

0

0.01

0.02

0.03

0.04

 

 

δ=0, 0.01, 0.05

approximate analytical
solution
numerical solution

-1.0 -0.5 0 0.5 1.0
y

-1.0 -0.5 0 0.5 1.0
y

Fig. 4. First-order velocity distributions for different values of non-
dimensional slip length δ at K = 1 (x = 0.0628, Re = 0.01, Ha = 1,
S = 1, Ω = 0), sowing (a) axial velocity u1 and (b) vertical velocity v1
varying with y.
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Fig. 5. First-order velocity distributions for different values of Hartmann
number Ha (x = 0.2096, Re= 0.01, S = 1, Ω = 0, K = 1, δ = 0.1, α = 0.01),
showing (a) axial velocity u1 and (b) vertical velocity v1 versus y.
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Fig. 6. Variations of total axial velocity u = u0 +αu1 with y for different
values of Hartmann number Ha and electric field strength S: [(a), (b)] S = 1
and (c) Ha = 0.1 at x = 0.2096, Re = 0.01, Ω =0, K = 1, δ = 0.1, α = 0.01.

The variations of total axial velocity with y for different
values of Hartmann number Ha and normalized electric field
strength S are discussed in Fig. 6. Here, the total axial veloc-
ity is the combination of zero-order and first-order axial ve-
locity, i.e., u = u0 +αu1, where α = 0.01. It is worth men-
tioning that to maintain the generality of the present physical
model being addressed here, the influence of pressure gradient
along the flow direction is ignored. From Figs. 6(a) and 6(b)
it can be observed that the axial flow velocity profile is also
divided into two regions according to the different magnitudes
of Ha as expected. The reason is as follows: there are an aid-
ing electromagnetic body force (SHa) and an retarding term
(Ha2u) which appear in the governing equation (12). When
Ha is small (Ha < 1), the aiding body force is dominant, re-
sulting in the increase in the axial velocity. With the further

increase of Ha (Ha > 1), the effect of opposing body force su-
persedes that of aiding magnetic force, and a decreasing trend
can be observed. The value of Ha corresponding to the turn-
ing point is called the critical Ha, which has been discussed
in Ref. [38]. Meanwhile, we can observe that the total axial
velocity increases with normalized electric field strength S in-
creasing, which is a natural result corresponding to the aiding
electromagnetic body force (SHa).

Further, the variations of total axial volume flow rate with
Ha for different vbalues of non-dimensional slip length δ and
the normalized electric field strength S are discussed in Fig. 7.
It can be observed that both profiles show an increasing trend
with the increase of the values of δ and S for any Ha. We
can also observe the fact that the volume flow rate presents
increasing–decreasing trend as Ha increases.
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Fig. 7. Variations of total axial volume flow rate with Ha for different val-
ues of slip length δ and electric field strength S: (a) S = 1 and (b) δ = 0.1 at
x = 0.2096, Re = 0.01, Ω = 0, K = 1, and α = 0.01.

4. Conclusions
Two-dimensional EMHD flow is investigated under the

patterned slip boundary condition. The analytical expression
of velocity is obtained by using the perturbation expansion
method with consideration of low Reynolds number Re. Be-
sides, in order to validate the accuracy of these analytical so-
lutions, we also compute the numerical solution of velocity by
the finite difference method. Results reveal that the total axial
velocity and volume flow rate show an increasing-decreasing
trend with the increase of Ha and the transverse flows appear
when the non-zero slip length is considered. In addition, we
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observe that the approximate analytical solution of the first or-
der slip velocity is proportional to the slip length. Meanwhile,
the increase of wave-number K can induce a significant trans-
verse velocity when the flow is suppressed in the axial direc-
tion.

Generally, mixing in microfluidic flows is a challenging
task due to the very low Reynolds numbers in such channels.
To achieve good microfluidic mixing, transverse or circulating
flows are required. Usually, a transverse flow is induced by
the use of patterned slip boundary conditions. Therefore, the
research results in our paper are very helpful in the potential
applications of microfluidic mixing.
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