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A general solution is obtained to a canonical problem of the reflection and refraction of an arbitrary shaped beam
by using a uniaxially anisotropic chiral slab. The reflected, internal as well as refracted shaped beams are expanded in
terms of cylindrical vector wave functions, and the expansion coefficients are determined by using the boundary conditions
and method of moments procedure. As two typical examples, the normalized field intensity distributions are evaluated
for a fundamental Gaussian beam and Hermite–Gaussian beam, and some propagation properties, especially the negative
refraction phenomenon, are discussed briefly.
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1. Introduction

Considerable attention has been paid to a chiral medium
theoretically and experimentally, due to its unique electromag-
netic (EM) properties and wide potential applications. Pendry
proposed a chiral design that exhibits many novel properties
and provides a new path to achieving the negative refraction.[1]

Fedotov et al. first investigated the transmission effect of cir-
cularly polarized waves through lossy anisotropic planar chiral
structures.[2] Tang and Cohen proposed a method to measure
the chiral density.[3] Klimov et al. designed a two-dimensional
lattice of chiral nano-hole in plasma film, whose lattice con-
stant is slightly larger than the wavelength of light, and can be
used to control the spatial and polarization characteristics of
light beam effectively.[4] Yu et al. studied a new class of op-
tical chiral interaction based on complex potentials, and pre-
dicted the existence of optical spin black holes.[5] Compared
with an isotropic chiral medium, a uniaxially anisotropic chi-
ral (UAC) medium whose chirality appears only in one di-
rection is quite easy to realize artificially, e.g., by placing
wire spirals or copper springs in the conventional right-handed
medium.[6,7] The reflection and refraction of an incident plane
wave by such a UAC medium have been investigated by many
researchers. Cheng and Cui discussed reflection and refraction
properties of plane wave incident from free space into a uni-
axial chiral medium.[8,9] Dong and Li investigated the reflec-

tion and transmission characteristics of electromagnetic waves
through a UAC plate at oblique incidence.[10] However, an in-
cident shaped EM beam rather than a uniform plan wave is of-
ten of practical significance and will greatly improve the preci-
sion in the modelling of EM beam propagation. For example,
the reflection and transmission of an incident Gaussian beam
by a uniaxial anisotropic cylinder or slab have been treated by
Zhang et al.[11] and Wang et al.[12] In this paper, we analyze
the propagation properties of an arbitrary shaped EM beam
through a UAC slab.

We present a theoretical procedure in Section 2 for deter-
mining the reflected, internal as well as refracted beams for an
shaped beam illuminating a UAC slab. In Section 3, for inci-
dence of a fundamental Gaussian beam and Hermite–Gaussian
beam, the normalized field intensity distributions (FIDs) are
calculated. Some conclusions are drawn from this work in
Section 4.

2. Physical model and formulation

As shown in Fig. 1, an incident shaped beam, described in
the Cartesian coordinate system O′x′y′z′ (shaped beam coordi-
nate system), propagates from free space to an infinite UAC
slab of thickness d. The propagation direction (beam axis
O′z′) makes an angle β with respect to the axis Oz in the sys-
tem Oxyz. The origin O is on the beam axis and located at
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z′ = z0. The planes z = 0 and z = d are the lower and upper
surfaces of the UAC slab. In this paper, an exp(−iωt) time
dependence is assumed and suppressed for the EM fields.

To deal with the propagation of an shaped beam through
a UAC slab, we adopt a method similar to that described in
our previous papers,[11,12] i.e., the EM fields in different re-
gions are expanded in the cylindrical vector wave functions
(CVWFs) and the corresponding expansion coefficients will
be determined by the boundary conditions.

UAC slab
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free space

EM beam 

yd

internal beam

refracted beam

reflected beam

y′
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Fig. 1. Infinite UAC slab illuminated by EM beam.

The propagating velocity component along the axis Oz is
negative in the half-space z < 0 and positive in the half-space
z > d. Therefore, the reflected wave (𝐸r,𝐻 r) and refracted
wave (𝐸t,𝐻 t) can be expressed in terms of the CVWFs as
follows:[12,13]

𝐸r =
∞

∑
m=−∞

∫
π/2

0
[Am(ζ )𝑚

(1)
mλ

(−h)

+Bm(ζ )𝑛
(1)
mλ

(−h)]e−ihz dζ , (1)

𝐻 r = −i
1

η0

∞

∑
m=−∞

∫
π/2

0
[Am(ζ )𝑛

(1)
mλ

(−h)

+Bm(ζ )𝑚
(1)
mλ

(−h)]e−ihz dζ , (2)

𝐸t =
∞

∑
m=−∞

∫
π/2

0
[Cm(ζ )𝑚

(1)
mλ

(h)

+Dm(ζ )𝑛
(1)
mλ

(h)]e ihz dζ , (3)

𝐻 t = −i
1

η0

∞

∑
m=−∞

∫
π/2

0
[Cm(ζ )𝑛

(1)
mλ

(h)

+Dm(ζ )𝑚
(1)
mλ

(h)]e ihz dζ , (4)

where λ = k0 sinζ , h = k0 cosζ , while k0 = ω
√

µ0ε0 and
η0 =

√
µ0/ε0 are the free-space wavenumber and character-

istic impedance. Am(ζ ), Bm(ζ ), Cm(ζ ), and Dm(ζ ) are the
corresponding expansion coefficients, and the CVWFs 𝑚

(1)
mλ

and 𝑛
(1)
mλ

can be found on page 397 in Stratton’s book.[13]

Now, we come to consider the constitutive relations for a
UAC medium, which are described by[8–10]

𝐷 = [εt
¯̄It + εzẑẑ] ·𝐸+ iκ

√
µ0ε0ẑẑ ·𝐻, (5)

𝐵 = µ𝐻− iκ
√

µ0ε0ẑẑ ·𝐸, (6)

where ¯̄It = x̂x̂+ ŷŷ, εt and εz are the transversal and longitu-
dinal permittivity of the UAC medium, and µ and κ are its
permeability and chirality parameter respectively

By using the Fourier transform scheme, the EM fields
in the UAC medium can be represented as the superposition
of eigen plane waves in different directions of propagation as
follows:[8–12]

𝐸w =
2

∑
q=1

∫
k2

q sinθk dθk

×
∫ 2π

0
fq(θk,φk)𝐹̃

e
q (θk,φk)e i𝑘𝑞 ·𝑟 dφk, (7)

𝐻w = −i
1

η0

µ0

µ

2

∑
q=1

∫
k2

q sinθk dθk

×
∫ 2π

0
fq(θk,φk)𝐹̃

h
q (θk,φk)e i𝑘𝑞 ·𝑟 dφk, (8)

where the wavenumbers kq (q = 1, 2) and EM field eigenvec-
tors 𝐹̃ e,h

q (θk,φk) are given below:

kq = kt/

√
1

Aq
sin2

θk + cos2 θk, (9)

Aq =
1
2

(
1+

εz

εt

)
±

√
1
4

(
1− εz

εt

)2

+
µ0ε0κ2

εt µ
, (10)

(
F̃e

qx F̃e
qy F̃e

qz
)
=

(
−

kqxkqz

k2
t − k2

qz
−

ikqyk0κ

k2
t − k2

q
−

kqykqz

k2
t − k2

qz
+

ikqxk0κ

k2
t − k2

q
1
)
, (11)

(
F̃h

qx F̃h
qy F̃h

qz
)
=

(
i
kqy

k0

k2
t

k2
t − k2

qz
+

kqz

k0

kqxk0κ

k2
t − k2

q
−i

kqx

k0

k2
t

k2
t − k2

qz
+

kqz

k0

kqyk0κ

k2
t − k2

q
−κ

k2
t − k2

qz

k2
t − k2

q

)
, (12)

where kt = ω
√

εt µ , kqz = kq cosθk, kqx = kq sinθk cosφk, and

kqy = kq sinθk sinφk.

From a physical point of view, the angular spectrum am-

plitude fq(θk,φk) in Eqs. (5) and (6) has a period of 2π with

respect to φk, so we can use a Fourier series expansion as

fq(θk,φk) =
∞

∑
n=−∞

G′nq(θk)e inφk . (13)

The substitution of Eq. (13) into Eq. (7) leads to
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𝐸w =
2

∑
q=1

∞

∑
n=−∞

∫
G′nq(θk)k2

q sinθk dθk

×
∫ 2π

0
F̃e

q (θk,φk)e i𝑘𝑞 ·𝑟 e inφk dφk. (14)

Following the same theoretical scheme as that indicated
in Refs. [11,12], i.e., substituting the CVWF expansions of
arbitrarily polarized EM plane waves x̂e i𝑘q·𝑟, ŷe i𝑘q·𝑟, and
ẑe i𝑘q·𝑟 into Eq. (14), where 𝑘𝑞 · 𝑟 = kqxx + kqyy + kqzz, we
can readily obtain

𝐸w =
2

∑
q=1

∞

∑
m=−∞

∫
Gmq(θk)[α

e
q(θk)𝑚

(1)
mλq

+β
e
q (θk)𝑛

(1)
mλq

+γ
e
q(θk)𝑙

(1)
mλq

]exp(ikqzz)dθk, (15)

where

Gmq(θk) =
2π im−1

kq
G′mq(θk)k2

q sinθk, α
e
q(θk) =

−ikqk0κ

k2
t − k2

q
,

β
e
q (θk) = i

k2
t

k2
t − k2

qz
, γ

e
q(θk) =

k2
t − k2

q

k2
t − k2

qz
cosθk,

and λq = kq sinθk.
Due to the phase continuity when using the boundary con-

ditions over the interfaces z = 0 and z = d, we must have
λq = λ (q = 1, 2). Then, from Eq. (15) we can obtain

𝐸w
1 =

2

∑
q=1

∞

∑
m=−∞

∫
π/2

0
Emq(ζ )[Ae

q(ζ )𝑚
(1)
mλ

+Be
q(ζ )𝑛

(1)
mλ

+Ce
q(ζ )𝑙

(1)
mλ

]exp(ihqz)dζ , (16)

where

Ae
q(ζ ) =

−ikqk0κ

k2
t − k2

q
, Be

q(ζ ) = i
k2

t

k2
t −h2

q
,

Ce
q(ζ ) =

k2
t − k2

q

k2
t −h2

q

hq

kq
, kq =

√
h2

q +λ 2, hq =

√
k2

t −
1

Aq
λ 2,

and Gmq(θk)dθk = Emq(ζ )dζ .
Let θk = π −ψk in Eq. (13) and use the same procedure

as that for 𝐸w
1 , then we will obtain

𝐸w
2 =

2

∑
q=1

∞

∑
m=−∞

∫
π/2

0
Fmq(ζ )[Ae

q(ζ )𝑚
(1)
mλ

(−hq)

+Be
q(ζ )𝑛

(1)
mλ

(−hq)

−Ce
q(ζ )𝑙

(1)
mλ

(−hq)]exp(−ihqz)dζ , (17)

where Fmq(ζ )dζ =−Gmq(π−ψk)dψk.
As done in deriving Eqs. (16) and (17) from Eq. (7), the

CVWF expansions of the magnetic fields 𝐻w
1 and 𝐻w

2 , cor-
responding to 𝐸w

1 and 𝐸w
2 , can be conveniently obtained as

follows:

𝐻w
1 = −i

1
η0

µ0

µ

2

∑
q=1

∞

∑
m=−∞

∫
π/2

0
Emq(ζ )[Ah

q(ζ )𝑚
(1)
mλ

+Bh
q(ζ )𝑛

(1)
mλ

+Ch
q(ζ )𝑙

(1)
mλ

]e ihqz dζ , (18)

𝐻w
2 = −i

1
η0

µ0

µ

2

∑
q=1

∞

∑
m=−∞

∫
π/2

0
Fmq(ζ )[Ah

q(ζ )𝑚
(1)
mλ

(−hq)

+Bh
q(ζ )𝑛

(1)
mλ

(−hq)

−Ch
q(ζ )𝑙

(1)
mλ

(−hq)]exp(−ihqz)dζ , (19)

where

Ah
q(ζ ) = i

kq

k0

k2
t

k2
t −h2

q
, Bh

q(ζ ) =−iκ
k2

t

k2
t − k2

q
,

Ch
q(ζ ) =−κ

hq

kq
.

It should be pointed out that 𝐸w
1 , 𝐻w

1 , and 𝐸w
2 , 𝐻w

2 rep-
resent the shaped beams within the UAC slab that respectively
propagate towards the interfaces z = d and z = 0.

The unknown expansion coefficients Am(ζ ), Bm(ζ ),
Cm(ζ ), Dm(ζ ) in Eqs. (1)–(4) and Emq(ζ ), Fmq(ζ ) (q = 1, 2)
in Eqs. (14)–(19) can be determined by using the boundary
conditions at the interfaces z = 0 and z = d, and they are given
as follows:

ẑ× (𝐸i +𝐸r) = ẑ× (𝐸w
1 +𝐸w

2 )
ẑ× (𝐻 i +𝐻 r) = ẑ× (𝐻w

1 +𝐻w
2 )

}
at z = 0 , (20)

Ew
1r +Ew

2r = E t
r Ew

1φ
+Ew

2φ
= E t

φ

Hw
1r +Hw

2r = H t
r Hw

1φ
+Hw

2φ
= H t

φ

}
at z = d, (21)

where 𝐸i and 𝐻 i represent the electric and magnetic fields of
the incident shaped beam, and the subscripts r and φ respec-
tively denote the r and φ components of the EM field.

Now we insert Eqs. (1), (2), and (16)–(19) into
Eq. (20), dot-multiply the obtained equations by the CVWFs
𝑚

(1)
(−m′)λ ′(h

′) and 𝑛
(1)
(−m′)λ ′(h

′), where λ ′ = k0 sinψ and h′ =
k0 cosψ , and integrate over the surface z = 0. After perform-
ing the above mathematical operation, we can finally obtain

h
k0

Bm(ζ )+
2

∑
q=1

Emq(ζ )

[
Be

q(ζ )
hq

kq
− iCe

q(ζ )

]

+
2

∑
q=1

Fmq(ζ )

[
−Be

q(ζ )
hq

kq
+ iCe

q(ζ )

]
=

i
2π(−1)m

h
λ

∫
∞

0
rdr

∫ 2π

0
𝐸i |z=0 ×𝑚

(1)
(−m)λ

· ẑdϕ, (22)

−Am(ζ )+
2

∑
q=1

Emq(ζ )Ae
q(ζ )+

2

∑
q=1

Fmq(ζ )Ae
q(ζ )

=
1

2π i(−1)m′
k0

λ

∫
∞

0
rdr

∫ 2π

0
𝐸i |z=0 ×𝑛

(1)
(−m)λ

· ẑdφ , (23)

h
k0

Am(ζ )+
2

∑
q=1

Emq(ζ )

[
Bh

q(ζ )
hq

kq
− iCh

q(ζ )

]

+
2

∑
q=1

Fmq(ζ )

[
−Bh

q(ζ )
hq

kq
+ iCh

q(ζ )

]
=

i
2π(−1)m

h
λ

iη0

∫
∞

0
rdr

∫ 2π

0
𝐻 i |z=0 ×𝑚

(1)
(−m)λ

· ẑdϕ, (24)
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Bm(ζ )−
2

∑
q=1

Emq(ζ )Ah
q(ζ )−

2

∑
q=1

Fmq(ζ )Ah
q(ζ )

=
i

2π(−1)m′
k0

λ
iη0

∫
∞

0
rdr

∫ 2π

0
𝐻 i |z=0 ×𝑛

(1)
(−m)λ

· ẑdφ . (25)

The derivation of Eqs. (21)–(25) is straightforward by using
the r, φ , and z components of the CVWF, with consideration
of the following formulas:[14]∫ 2π

0
e i(m−m′)ϕ dϕ =

{
0, m 6= m′ ,
2π, m = m′, (26)

δ (λ −λ ′)

λ
=
∫

∞

0
Jn(λ r)Jn(λ

′r)rdr, (27)

where Jn(·) denotes the Bessel function of the first kind and
δ (λ −λ ′) is the Dirac delta function.

In Eqs. (22)–(25) we have used the vector identity 𝑏×𝑐 ·
𝑎 = 𝑐×𝑎 · 𝑏, where 𝑎, 𝑏, and 𝑐 are vector functions, which,
for example, will lead to ẑ×𝐸i ·𝑚(1)

(−m)λ
=𝐸i×𝑚

(1)
(−m)λ

· ẑ.
It can be explained that the method of moments ( MoM)

procedure is used to obtain Eqs. (22)–(25), by choosing appro-
priate CVWFs as basis functions and weighting functions.

By inspecting the EM fields expansions in Eqs. (3), (4),
and (16)–(19) into Eq. (21), we can have the following equa-
tions:

2

∑
q=1

Emq(ζ )Ae
q(ζ )e ihqd +

2

∑
q=1

Fmq(ζ )Ae
q(ζ )e−ihqd

= Cm(ζ )e ihd , (28)
2

∑
q=1

Emq(ζ )

[
Be

q(ζ )
hq

kq
− iCe

q(ζ )

]
e ihqd

−
2

∑
q=1

Emq(ζ )

[
Be

q(ζ )
hq

kq
− iCe

q(ζ )

]
e−ihqd

= Dm(ζ )
h
k0

e ihd , (29)

2

∑
q=1

Emq(ζ )Ah
q(ζ )e ihqd

+
2

∑
q=1

Fmq(ζ )Ah
q(ζ )e−ihqd = Dm(ζ )e ihd , (30)

2

∑
q=1

Emq(ζ )

[
Bh

q(ζ )
hq

kq
− iCh

q(ζ )

]
e ihqd

−
2

∑
q=1

Emq(ζ )

[
Bh

q(ζ )
hq

kq
− iCh

q(ζ )

]
e−ihqd

= Dm(ζ )
h
k0

e ihd . (31)

For an incident plane wave, the surface integrals in
Eqs. (22)–(25) can be analytically evaluated as has been
treated in Refs. [8–10]. As an example, for 𝐸i =

ŷE0 e ik0(−xsinβ+zcosβ ) the integral in Eq. (24) becomes∫
∞

0
rdr

∫ 2π

0
𝐸i |z=0 ×𝑛

(1)
(−m)λ

· ẑdφ

= 2π im
δ (ζ −β )/k0. (32)

For a large number of shaped beams, such as a fundamen-
tal Gaussian beam and Hermite–Gaussian beam, these surface
integrals can be evaluated numerically, e.g., by the well-known
Simpson’s 1/3 rule in our programming with MATLAB.

The expansion coefficients can be determined from the
system consisting of Eqs. (22)–(25) and (28)–(31). In the fol-
lowing calculations, we truncate the infinite series expansions
and integrals by setting m =−M, −M+1, . . . , M and r = 0 to
Nλ0 (λ0 being the wavelength of the incident shaped beam),
where M and N are determined by repeating the calculation
for successively larger values of M and N (usually larger than
25 and 20 respectively) to ensure a better accuracy of conver-
gence (three or more figures of accuracy, i.e., the first three or
more figures of the numerical result remain unchanged with
the increase of M and N).

3. Numerical results and discussion
In this section, we will compute the normalized FIDs

within different regions where z < 0, 0 < z < d, and z > d,
which are respectively defined as∣∣(𝐸i +𝐸r)/E0

∣∣2
= (
∣∣E i

r +Er
r
∣∣2 + ∣∣∣E i

φ +Er
φ

∣∣∣2 + ∣∣E i
z +Er

z
∣∣2)/|E0|2, (33)

|(𝐸w
1 +𝐸w

2 )/E0|2

= (|Ew
1r +Ew

2r|
2 +
∣∣∣Ew

1φ +Ew
2φ

∣∣∣2 + ∣∣Ew
1z +Ew

2z
∣∣2)/|E0|2, (34)∣∣𝐸t/E0

∣∣2 = (
∣∣E t

r
∣∣2 + ∣∣∣E t

φ

∣∣∣2 + ∣∣E t
z
∣∣2)/|E0|2, (35)

where E0 is the amplitude of electric field of the incident
shaped beam in its center O′.

We first consider the propagation properties of a funda-
mental TEM(x′)

00 mode Gaussian beam, with its third-order cor-
rected expressions in O′x′y′z′ expressed as[15–17]

E ′x = E0[1+ s2(iQ3
ρ

4−Q2
ρ

2−2Q2
ξ

2)]ψ0 exp(ik0z′), (36)

E ′y = −E0s22Q2
ξ ηψ0 exp(ik0z′), (37)

E ′z = E0[s2Qξ + s3(2iQ4
ρ

4
ξ −6Q3

ρ
2
ξ )]ψ0 exp(ik0z′), (38)

H ′x = −E0

η0
s22Q2

ξ ηψ0 exp(ik0z′), (39)

H ′y =
E0

η0
[1+ s2(iQ3

ρ
4−Q2

ρ
2−2Q2

η
2)]ψ0 exp(ik0z′), (40)

H ′z =
E0

η0
[s2Qη + s3(2iQ4

ρ
4
η−6Q3

ρ
2
η)]ψ0 exp(ik0z′), (41)

where ξ = x′/w0, η = y′/w0, ρ2 = ξ 2 + η2, Q =

1/(i−2k0z′s2), s = 1/(k0w0), and ψ0(ξ ,η ,ζ ) =

iQexp(−iρ2Q) are the non-dimensional parameters, and w0

is the Gaussian beam waist radius.
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Fig. 2. Normalized FIDs in xOz plane for UAC slab illuminated by TEM(x′)
00 mode Gaussian beam when w0 = 3λ , z0 = 0, β = π/3, d = 10λ0, εz = 2ε0,

εt = ε0, µ = µ0, (a) κ = 0.4, (b) κ = 0.8, (c) κ = 1.6, (d) κ = 2.
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Fig. 3. (a) Normalized FID in xOz plane for TEM(x′)
10 mode Hermite–Gaussian beam when w0 = 3λ , z0 = 0, β = π/4; (b) normalized FID in xOz plane

for the same model as that in Fig. 2(d) when d = 10λ0, εz = 2ε0, εt = ε0, µ = µ0, κ = 2, illuminated by the above Hermite–Gaussian beam; normalized
FIDs for the above Hermite–Gaussian beam

∣∣𝐸i/E0
∣∣2 in (c) z = 0 plane, and for the transmitted beam |𝐸t/E0|2 in (d) z = d plane.
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Figure 2 shows the normalized FIDs for a TEM(x′)
00 mode

Gaussian beam incident on a UAC slab. For the weak chirality
cases where in Eq. (8) A1 > 0 and A2 > 0, in Fig. 2(a) two
eigen waves characterized by the wave numbers kq (q = 1,2)
in Eq. (7) are obviously observed within the UAC slab, and
in Fig. 2(b) only one eigen wave corresponding to k1 appears
because the others corresponding to k2 are attenuated much
more quickly. For the strong chirality case where A1 > 0 and
A2 < 0, figures 2(c) and 2(d) show that the negative refrac-
tion phenomenon happens for one eigen wave corresponding
to k2, and in addition, for a smaller chirality parameter κ the
negative refraction is stronger.

Expressions of EM components for a higher-order
Hermite–Gaussian beam can be derived by performing trans-
verse derivatives of TEM(x′)

00 as[17]

TEM(x′)
mn =

∂ m∂ nTEM(x′)
00

∂ξ m∂ηn .

Figure 3 shows the normalized FIDs for the same model as
that in Fig. 2(d), but the latter in subjected to the illumination
by a TEM(x′)

10 mode Hermite–Gaussian beam. To demonstrate
clearly its propagation properties through the UAC slab, both
the FID profiles in the xOz plane and in the xOy plane are dis-
played.

In Fig. 3, the negative refraction phenomena are evidently
observed through the interfaces z = 0 and z = d. We can also
see that the Hermite–Gaussian beam splits into four distinct
beams after transmitting through the UAC slab.

4. Conclusions
With the EM field expanding in terms of appropriate

CVWFs, the boundary conditions and MoM procedure, an ap-

proach to computing the reflection and transmission of an in-
cident shaped beam by an infinite UAC slab is presented. By
taking a fundamental Gaussian beam and Hermite–Gaussian
beam for examples, the normalized FIDs are calculated. Nu-
merical results show that for the different chirality cases, the
shaped beam propagation characteristics are markedly differ-
ent, which can be used to realize a negative refraction or re-
shape an shaped beam. As a result, the present study provides
a general theoretical procedure applicable for arbitrary shaped
beams provided that their explicit descriptions are known.
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