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In this paper, the equivalent circuit of the non-autonomous Josephson junction (JJ) is presented and the effect of
the proper frequency on the phase ¢ is studied. We also study nonlinear resonance phenomena in the oscillations of a
modified Josephson junction (MJJ). These oscillations are probed through a system of nonlinear differential equations and
the multiple time scale method is employed to investigate all different types of resonance that occur. The results of primary,
superharmonic and subharmonic resonances are obtained analytically. We show that the system exhibits hardening and
softening behaviors, as well as hysteresis and amplitude hopping phenomena in primary and superharmonic resonances,
and only the hysteresis phenomenon in subharmonic resonance. In addition, the stabilities and the steady state solutions in
each type of resonances are kindly evaluated. The number of equilibrium points that evolve with time and their stabilities are
also studied. Finally, the equations of motion are numerically integrated to check the correctness of analytical calculations.
We further show that the dynamics of the MJJ is strongly influenced by its parameters.

Keywords: nonlinear resonances, hysteresis and jump phenomena, modified Josephson junction

PACS: 05.45.—a, 03.75.Lm

1. Introduction

Nonlinear oscillations have been studied analytically and
numerically with applications in the fields of physics, chem-
istry, and engineering.!' Studying their dynamics is often
very difficult even though they are exciting. One of the ma-
jor problem in this theory of nonlinear oscillations lies in the
search for possibilities to estimate both amplitude and time
analytically.[l Hence, several nonlinear oscillators have sig-
nificantly attracted the attention of researchers, such as the
Rayleigh—Duffing oscillator and the Van-der Pol oscillator,

L3-71 The interest in studying the dynami-

just to list a few.!
cal behavior (for example, the response of harmonic, subhar-
monic, and superharmonic resonances) of such systems comes
from the appearance of strong nonlinearity in the differen-
tial equations governing their dynamics.!%%°! However, par-
ticular interests are given to some important phenomena that
most often occur in those systems when studying their dynam-
ics. Here we refer to hysteresis, amplitude jump, resonance,
multi-resonance, and stability phenomena that are regularly
observed. [10-17]

Besides the Rayleigh—-Duffing and Van-der Pol oscilla-
tors where the above mentioned phenomena have already been
studied, there is also the well known Josephson junction (JJ),
which is a nonlinear oscillator with some special properties
from its dynamics.[!3 Josephson effects are phenomena that

appear when two superconductors are separated by a thin

fCorresponding author. E-mail: mtchoffo2000@yahoo.fr
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layer of non-superconducting materials.!'%!5] Nevertheless,
this particular phenomenon has been deeply studied in the lit-
erature, and it comes that the equivalent diagram of the or-
dinary JJ is a circuit made of three components (R;, Cy, and
sin(¢)), which are connected in parallel each to other.[!*-18]
However, several questions are the subject of ongoing research
to make their implementation easy. That is, it is important to
study the amplitudes of oscillation and the harmonic content of
Josephson sources to produce oscillators with high power and
narrow line widths. Also, situations in which several Joseph-
son oscillators can be locked in phase to provide higher output
power is still a big challenge to researchers. As such, super-
conducting JJ arrays present an advantage as model systems
for studying coupling between nonlinear oscillators as well as
possible sources of high frequency oscillator.['”) Moreover,
other applications of JJ include submillimeter and millime-
ter wave oscillators.[?”) Ordinary JJ, although may not have
a natural frequency, can present harmonic oscillations.20-23]
To compensate this, Louodop et al.?* proposed a modified
Josephson junction (MJJ) model.

This circuit has an interesting feature which is the pres-
ence of five electrically speaking state variables ¢ (the voltage
across the capacitors), three capacitors Cy, C, and C; and the
current flowing through the coil i(¢). However, the dynamics
of the entire oscillator resumes to two state variables, which
are ¢ and V;. Taking into account the mathematical expres-
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sions obtained in Ref. [24], there is a very strong resemblance
to the ordinary JJ model as described in Refs. [16-18], with
two new terms including a3 which plays the role of the proper
frequency in the usual model and p is a constant. In Ref. [24],
it was shown that such circuit exhibits an extreme multistabil-
ity behavior. Our objective is therefore to show the influence
of the newly added parameter a3 on our model which consti-
tute the modified form of the ordinary JJ.

Thus, based on this MJJ model, we propose in this pa-
per an equivalent circuit, which presents two new elements,
namely a current source with controlled phase ¢(¢)/L and a
source of direct current pC. In addition, we study the nonlin-
ear dynamical behavior that may exhibit the system with the
help of the multiple time scale method. ']

To achieve this objective, we therefore organised the pa-
per as follows: In Section 2, we present the circuit and model
of the MJJ. Section 3 presents the equivalent model of the MJJ.
In Section 4, we mathematically analyze different types of res-
onance occurring in this circuit. In Section 5, we study the
effects of each parameter of the system on each type of reso-
nance. Finally, Section 6 concludes the work.

2. Circuit and the equivalent model of the modi-
fied Josephson junction

The electrical device used here is an MJJ recently pub-
lished in Ref. [24]. Its dimensionless system of differential
equations is given as follows:

X](T) ZXQ(”L'),
Xz(T) = ﬁ(eoa)sin(a)r) —a sin(xl(r))
— apx2(7) —azx1 (7)) — Bp, (1

where e is the amplitude of é(¢)/2,t = Q1, f =2QC/(C+
2C;) with © a well chosen constant, a; = 1/C, a, = 1/R;C,
a3 =1/LC, and p = (1/LC)¢ (0) — (1/C)i (0).

Recently, You and Nori?! modelled the JJ as an internal
inductor, which means that L; is connected in parallel with
the phase controlled current source sin(¢). A similar idea
was previously developed by Kaplunenko and Fischer!?®! in
2004. Since our circuit has an external inductor L in parallel
with the JJ (see Fig. 1), it can be considered that the overall
system is made of two inductors in parallel: an implicit one
Lj, and an explicit one L, with the resulting inductor value
of Leq = L;jL/(Lj+L). For the circuit in Fig. 1, the equiva-
lent inductor is closer or almost equal to the internal induc-
tor L;, which is of the order of pico-Henry (pH) according to
Ref. [26]. If L is large enough, the current given by Eq. (7)
of Ref. [24] becomes sufficiently small. From this equation,
we realize that i(¢) linearly depends on ¢(¢) and therefore, this
current could be used to study the dynamics of the phase, act-
ing as a phasemeter of the JJ.

i(1)

<)
I

R

ioi(t)
Vi) V()
L 4@
A 0B
i,() ¢ V(1)
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Fig. 1. Schematic diagram of the modified JJ extreme multistable circuit. 4]

Figure 2(a) shows the time dependence of the phase of the
MIJJ depicted in Fig. 1. For the parameters a3 = 2 x 107% and
p =107, (see Fig. 2(a)) the signal x; (7) presents a very low
frequency and a high amplitude even if the dimensionless am-
plitude of the current flowing through the inductor L is around
0.01. Thus, i(¢) is negligible compared to #; () and (¢). How-
ever, if L is sufficiently small, then the parameter Sas becomes
the square of the natural frequency of the system, and we no-
ticed by repeated simulations that the phase of the JJ becomes
bounded, the frequency of the system increases, the amplitude
of the phase becomes lower and the amplitude of i(¢) is non-
negligible (see Fig. 2(b) where we set a3 = 0.2 and p = 1073).
The simulations were carried out with a time step of 0.005 and
107 iterations.

5[ (a)

z,(7)

—5

—10
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7/10*

Fig. 2. Time histories of x| (t) for (a) a3 =2 x 1076 and p = 1073 and (b)
az=0.2and p = 1073, The other parameters are a; = 0.21, a, = 0.001,
B =1,w=0.2, and ¢y = 1 with the initial conditions x;(0) =0, i = 1,2.

From the Kirchhoff laws on the electric device as shown
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in Fig. 1, we get the following relations:

¢(r) =V;(t), (2a)
20,0 = S48 —singe)
Vi) 1

—¢(t)—pC. 2b
R 700 —p (2b)
Considering Cy = (C+2Cj)/2 and Iy(t) = Cé(t)/2, equa-
tions (2a) and (2b) take the following forms:

¢ (1) =V;(1), (3a)

CoVj(0) = Io(r) —sin(9) — 19(1) — 5 —pC. Gb)
J
A consequent interpretation of Egs. (3a) and (3b) leads (by
analogy to Ref. [25]) to the following AC equivalent circuit
of the model shown in Fig. 3, which is an extended JJ. Here,
with the external excitation source Iy(¢), the elements (Rj, Co,
and sin(¢)) are very close to those provided by JJ. The non-
linear term sin(¢) is therefore an “internal” phase controlled

current source. The remaining elements are assimilated to “ex-
ternal” phase controlled current source and a biasing direct
current source ¢(¢)/L and pC respectively. Both “external”
sources are induced by the presence of the inductor L in paral-
lel with the JJ. The source pC is inductor L’ initial conditions-
dependent, which is a particular feature of the model.

i (t)

o Lo Sudse 2

Fig. 3. Equivalent electrical circuit of the non-autonomous JJ-based Colpitt
system. Compared with the JJ in Refs. [12—14], we have two new items
(Red part of the circuit) a linear phase controlled current source ¢(¢)/L and
a direct current source pC.

3. System analysis

Substituting the second equation of system (1) into the
second derivative of the first one and performing a third-order
expansion of the term sin (x; (7)), we obtain

¥ (1) + @fx (1) + ox (1) — éocx3 (1) +ux(t)+Bp=Kowsin(wr), (€))

where o = Ba is the nonlinearity parameter, t = Ba; is the
damping coefficient of the system, @ and wg = Bas are re-
spectively the external and natural eigen-frequencies. K = Beg
stands for the amplitude of the external excitation given to the
system. The corresponding equation of motion governing the
dynamics of the system is therefore given by

% (1) + @gx (7) = ef (x,%) + ©E (1), (5)
where € is a small parameter,

1
gocx3 (7) —

is a nonlinear function of x and % and E ()

(%) = ax (1) + ui(t)—pp

= Ksin(wt) is the
so-called excitation force.

In general, when the external frequency is too close to
the internal frequency, the phenomenon of resonance occurs.
Therefore, the system oscillating with a large amplitude re-
ceives energy from external source. To approximate the solu-
tion of Eq. (5), we will use the method of multiple time scales
(MMS). The analysis reveals the existence of various primary
and secondary resonances (superharmonic and subharmonic).

3.1. Primary resonance state

In the case of primary resonance, we introduce a detuning
parameter o with a quantitative description of the proximity of
 to @y, instead of using the excitation frequency w as a pa-
rameter. For this reason, we set @ = @y + €0, and we assume
a second order expansion of the solution with respect to € as:

x(T,S)Z)C()(T(),T1)+€X1 (TQ,T1)+0(82), 6)

where Ty =1, T, = €"Ty,n=0,1,2,.... Then,

d
a:D0+¢»3D1+0(.s2),
d2

i = Dj+2eDyD; + O (€?)

with D' = 9™ /dT™. Substituting Eq. (6) into Eq. (5) and

identifying the coefficients of the same powers, one obtains the

following equations according to the orders O (1) and O (¢):
For O (1) order, we have

Djxo + 05x0 = 0. @)

And for O (¢€) order, we have

D(2)x1 + a)g)q —2DyD1xg — uDgxo + — ! cho Bp
— oxp+ Kaysin(wgTp +oTh) . )
The solution for Eq. (7) is given by

xo=A(T)exp(imTy) +A (Ti)exp(—iwpTy),  (9)

where A (T1) is a complex-valued quantity that will be deter-
mined by imposing a resolution condition. By introducing the
solution xg from Eq. (9) into Eq. (8) and expressing sin (®7)
in the complex form, one obtains

120501-3
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1 _ 1
D%xl + ngl = |—imy (ZA' + [JA) + EaAzA — (xA] exp (iwpTo) + EaAS exp (3iapTo) — Bp

1 .
JFEKGXP[I (wTo+0Th)]+CC. (10)

where A’ indicates the derivative with respect to 7j and CC is
the complex conjugate of the previous terms. To eliminate sec-
ular terms from the particular solution of Eq. (10), we choose
A to be a solution of the form

1 - 1
iy (24" + pA) — EaAzA +aA— TK(DoeXp(iGTl) =0.
i
an
In order to solve Eq. (11), let us choose A in the polar

form as

A= gaexp(if), (12)

where & and a are real. The phase where Y= 6T; — & and am-
plitude a of the response are governed by the following polar
form of modulation equations

a= —yHa— gcos}/7
13)

a a K
Ya=ac+ a® — ——a+ —siny,
16y 2y 2

where ' and ¥ are the derivative with respect to the time scale
T) of a and 7, respectively. To find the stable period solution,
let a’ = ¥ = 0, then we obtain
1 K
—E/.m— —cosy =0,

2 (14)

a6+ia3—la+gsin =0
6w’ 2ap” 2T
After some algebraic calculations, the frequency response in

this primary state between a and ¢ can be rewritten as follows:

1, a , a\, K2

- o - — = — 15

4"“’( T 2(0()) =5 1
and the peak amplitude a;, of the primary response resonance
obtained is given by

ap = (16)

It is observed that the amplitude peak a;, is independent of the
nonlinearity parameter ¢, and is also inversely proportional to
U. Increasing the value of y consequently induces a decreas-
ing of ap.

For instance, let us study the stability of the motion of the
steady-state by looking for the nature of the singular points of
Eq. (13). For this purpose, let

a=ay+a,
Y="%+n, (17)

where Y and q are respectively the values of ¥ and a in the
steady state, 1 and a; are the slight variations of v and a. Sub-
stituting Eq. (17) into Eq. (13) and developing for the small

values of 1 and a;, we get
d _ ! a;+ Esin
1= 2.“1 > Yo |,
o K K
_ _ g — . 18
% (8 ap 2 SHWO) a1+<2a0 COSVO) n. (13)

It is worth noting that 7}y and ag satisfy Eq. (14) and we
have considered the linear terms in y; and a;. The right-hand-
side (RHS) of Eq. (18) in a matrix form, is used to study the
stability of steady-states motions. The resulting characteristic
polynomial associated to this matrix can be written in a com-
pact form as follows:

AP+ UL +T =0, (19)

where

Moo @), @ o
2o 16y 0| "

Since p > 0, the steady-state solutions are stable if 7 > 0 and
unstable otherwise.

3.2. Superharmonic and subharmonic resonances

Substituting Eq. (6) into Eq. (5) and identifying the coef-
ficients of the same powers, we obtain the following equations
to order O(1) and to order O (€):

For O (1) order, we have

D%xo + wéxo = Kwsin(wTp). (20)
And for O (€) order, we have
D3x| + &x; = —2DoD1xo — 4Doxo
+ %axg—ﬁp—axo. 1)
The resolution of Eq. (20) leads to
xo =A(Ty)exp (iwpTy) —iAexp (i0Ty) + CC, (22)
where
A= %Ka) (@—0?)".

Replacing the solution xg from Eq. (22) into Eq. (21) and
taking sin (@T) in the complex form, we obtain the following
expression

120501-4
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D(2)X1 +w§x1 = —

2

3

- 1
+A [—iua)— iAAo — ZiAon—ioc} exp (ioTp) — Bp+CC.

From Eq. (23), we can obtain two possibles cases of resonance
for ® = 3wy and 3@ = wy, which are kindly developed in the
following subsection.

3.2.1. Superharmonic resonance

In this case, let us introduce a detuning parameter ¢ in
order to express @ as a function of @y, thus let

3w=awy+€o.

21a)0<

Considering Eq. (12) and separating imaginary and real parts,

(24)
|

uA> +aA (1-A?)

we get

1
a= —iua—F%A%osy,

o 4 o ) oA
=—a - (1-A -
Ya % +(G 2(00( ))a G

3

siny,
(27)
with y= 6Ty — €. Setting @’ = ¥ = 0 and eliminating y from

Eq. (27) leads to the following response frequency equation

,  02A®
a=—.
3603
(28)
In this case the peak amplitude a;, of the free-oscillation term

et (oL % (1-a?) 2
4 16y 2

is given by

aA3
— . 29
= Suam %)

In contrast to the case of primary resonance, ap is a function

of the nonlinear coefficient ¢, and inversely proportional to
u. However, we also observe that increasing the value of u
consequently induces a decreasing of ap.

Let us evaluate the stability of the motion of the steady-
state from the nature of the singular points of Eq. (27). Substi-
tuting Eq. (17) into Eq. (27), developing for the small values
of 71 and a; and considering the linear terms in y; and a;, we
obtain

- + a—ASSin
a; = 2#611 6 Y| N,

1 (1 1
+-a { gA3 exp (3iwpTp) §11\3 exp (3iwTy) —

1 1 _
[2i(u0 (A' + 2/.LA> — E(xAzA + aA — aAAﬂ exp (iwyTp)
1.

iA%A exp[i (2mp+ ) To)

2 \

1 _
— —A2Aexpli(wy—20) Tp) — iA%Aexp[i (© —2ay) Ty] —AA% exp i (@ +20) To]}

(23)

\
There is another term that produces a secular in x| in addition
to the terms proportional to exp (+imyTp). We express 30T
in terms of wy7Ty to eliminate the secular terms according to
30Ty = (wp+€0) Ty = Ty + 0Ty = apTo+oTi, (25)
with 71 = €7p. Using Eq. (25) we find that the secular terms

in x; are eliminated if

1 o, .1
—EaA2A+i6aA3exp(iGT]):0. (26)
| 3
Y= (- Zap+ 2 5 siny
1 8@y ap 60)0% (i
aA?
- (6@000 cos Yo) N (30)

The right-hand side (RHS) of Eq. (30) in a matrix form, is
used to study the stability of steady-states motion. The result-
ing characteristic polynomial can be written in a compact form
as follows:

A4+ UA+T =0, 31

where
1, o 3a ,
== ——Z (1=-A e
(o s )+ 5o
1—

(o)l

Since pt > 0, the steady-state solutions are stable if 77 > 0 and
unstable otherwise.

3.2.2. Subharmonic resonance

To analyze subharmonic resonances, we follow a similar
procedure as previously by introducing a detuning parameter
o to express @ as a function of @y

o =3w)+€0. (32)

The term proportional to exp|[+i(®—2wy)Tp] produces a
secular in x; in addition to the terms proportional to
exp (£iwyTp). Hence, we express (@ — 2ay) Ty as follows:

120501-5
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(0—2w0)Ty = 3wy —2w0+€0) Ty = Ty + 0Ty = Ty + 0Ty (33)

with 71 = €Ty. Using Eq. (33), we find that the secular terms in x; are eliminated if

2iwy <A’+ ;;m) +aA (1-A?)

Considering Eq. (12) and separating imaginary and real parts

we have
1 2
a= —E,ua—g—(io/\cosy,
3 3 3a’aA
}/a:16(();0a3+(6—2$0(1—/\2)>a+ c;(jo siny,
(35)

where ¥y = 0Ty — 3€. Letting @’ = ¥ = 0 and eliminating y
from Eq. (35) leads to the following frequency-response equa-
tion

9 , 3a , 3a >\ 5 9a2a*A?
Z T AT (1=A -
e +(G+16w0a 2(”0( )] |a

640
(36)
We remark that equation (36) is quadratic in ¢® and its solution
is given by: a> = p =+ (p* —q)'/2, where
32
_ 220 o421,
3a
640 | 5, (2 a >\
= -o——(1-A .
4= —n lu 139 & ( )

We notice that g is always positive, and thus nontrivial free-
oscillation amplitudes occur only for p > 0 and p* > q.

Substituting Eq. (17) into Eq. (35), developing for the
small values of ¥, and a; and considering the linear terms in
" and ay, leads to

2
agoA

1 .
ay = —pHart < Sln?’o) ",

v = 6a a _30cASin o+ 3aAa
=\ Tean™ ™ San Yo )ar

The RHS of Eq. (37) in a matrix form, is used to study the
stability of steady-states motion. The resulting characteristic

© cos ?’0) . GB7)

polynomial can be written in a compact form as follows:
A2 4+2ur+ T =0, (38)

where
3, c o 2 o 5
== ———(1-A
2 4“+K3 2 ))+16a)0a0

x [(6_23;:0 (1 —AZ)) +91Za3] :

Since u > 0, the steady-state solutions are stable if 7, > 0 and

unstable otherwise.

1 o, 1 -
— 5o¢A2A + iEaAerxp (icTy) = 0. (34)

\
4. Equilibrium points and their stabilities

In this section, we study the stability of the equilibrium

m. [27-30

points of the syste | For this reason, let us rewrite the

equation of motion (4) as

Xl(’L') Z)C2(T),
%(1) = — (@f + o) x1 (1) + éax?(r)

— uxz(t) — Bp+ Kwsin(ot). (39)

This system can admit AC and DC equilibriums points. By
equating the left-hand side of Eq. (39) to zero, an AC equilib-
rium point Sac = (xp,0) is obtained by solving the following
equation:

S gx+m=0 (40)

withg=[-6 (0f +a)]/aandm= (6/ct) (—Bp+ Kwsin(®T)).
The roots of Eq. (39) can be derived as follows:

—1+iV3 —1-iV3
x01:71\[><3—§+\/x+71\[
2 2 2
><13/f§f\/Z, (41)
x02=§/—§+\/2+§/—§—\/3, 42)
~1-iv3 [ g 1+iv3
T TWVI s 8 a
03 7 XA tVAT—;
x ¢ —g—\/Z, 43)
where . o2 s 3 "
=(3) +(3)" @4

To solve Eq. (40), we have used the Cardan method whose
number of solutions depends on the discriminant delta. As
Xo varies in time, to determine the number of solutions, we
will solve numerically the discriminant of Cardan. Figure 4(a)
shows us the plot of Cardan’s discriminant over time. It was
shown in Ref. [31] that:

(1) If A > 0, equation (40) has one real solution and two
complex solutions.

(ii) If A =0, the two complex roots in Egs. (41) and (43)
evolve to one real root, leading to the fact that two real roots
appear in Eq. (40).

(iii) If A <0, equation (40) admits three real solutions,
hence the presence of the three equilibrium points.
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Figure 4 presents the plot of the Cardan discriminant, the

number and the value of the equilibrium points as a function

of time.
100
0 (a)
<
0 // \ / \
—50
0O 5 10 15 20 25 30 35 40 45
T
S S T ee——" () UsP]
€ FBPs >
or. ) f N
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Usp ANy USsP
75 i I
0 5 10 15 20 25 30 35 40 45

Fig. 4. Cardan discriminant and equilibrium points vary with the evolution
of the time for: (a) Cardan discriminant, (b) number and values of equilib-
rium points. The parameters are a; = 0.21, a, = 0.001, =20, w = 0.2,
eo=1,p=10"3,and a3 =0.2.

On our curve, the blue part represents the values of the
positive Cardan discriminant showing the existence of a single
equilibrium point given, while the magenta part displays nega-
tive values of Cardan discrminant, showing that equation (40)
presents three equilibrium points. This result is confirmed by
the plot of Fig. 4(b) which allows us to see that in the areas
where the Cardan discriminant is negative, the system effec-
tively presents three equilibrium points. On the other hand, in
the area where the Cardan discriminant is positive, the system
has only one equilibrium point.

These numerical results allow us to confirm the theoreti-
cal results with regard to the resolution of a three-degree equa-
tion by the Cardan method. In order to study whether the
above mentioned equilibrium points are stable or not, we have
linearized Eq. (39) around the AC equilibrium point and found
that the corresponding Jacobian matrix is defined as

0 1

/= —a—wi+(1/2)axg —p|’

(45)
which leads to the following characteristic equation:
2 I
h(A)=2A +ul+(a+a)0)—§ax0:0. (46)

Depending on the eigenvalues at the AC equilibrium point, the
stabilities are determined by the sign of the Cardan discrimi-
nant A. The eigenvalues of the AC equilibrium point are

A2 =-0.5u iO.S\/N2—4(a+wg)+2axg. (47)

Regarding the stability of the equilibrium points, figure 4
shows the stability of all the equilibrium points. Unstable sad-
dle points (USP) in red, stable node points (SNP) in bright
green, and fold birfucation point (FBP) in blue. The results

obtained are similar to those obtained by Quan Xu et al.3%!

Finally, to check the stability of the DC equilibrium point
Spc = (x0,0), we set Kwsin(wt) = 0, thus we obtained a
similar equation as Eq. (40), with g = —6 (a)ng(x) /o and
m=m'=—(6/a)B p. Following a similar procedure as in the

previous case, we obtain

, _—1—|—1\/§>< 3 _§+\/E+—1—1\/§

o= 2 2
X ﬂ—% —Va, (48)
x62:§/—§+\/A’+</—§—\/E, (49)
—1-iV3 —14+iV3
P Sk s I Y VL S A
2 2 2
x 3 —g—\/AQ (50)

where
’ 8\? m'\’
A=(8+(%) 51
5+ (%) 61)
Figure 5 plots the new Cardan discriminant with respect
to time using similar parameters as in the previous case. It

is observed that the Cardan discriminant is always negative
showing that the system always presents three DC equilibrium

points.
59
<1 -60
—61

0 5 10 15 20 25 30 35

T

40 45

Fig. 5. Evolution of the Cardan discriminant in time. The parameters are
a; =0.21,a; =0.001, B =20,w=0.2¢y =1, p=1073, and a3 = 0.2.

5. Effects of parameters on resonant states

In this section, we evaluate the influence of different pa-

rameters and the stability in each type of resonance.

5.1. Effects of parameters on primary resonant state

In this subsection, we probe the effect of parameters «,
K, i, o, and ay on the primary resonant state. Figures 6, 8,
9, 10, 11, 12, and 13 respectively show the influence of the
different parameters o, K, i, o, and @y on the frequency re-
sponse curves of the primary resonance in (0;a) space. We
note that the amplitude of the response has two branches which
curve to the left, most showing the softening behavior. The
lower branch presents unstable and stable solutions while the
upper branch presents stable solutions. From these figures,
we note the presence of jump, hysteresis, and resonance phe-
nomena with the increase in external excitation. These are the
important characteristics showing the existence of nonlinear

phenomena in the circuit.
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We present in Fig. 6 the comparison between the exis-
tence (o > 0) and the absence (o = 0) of the nonlinear param-
eter a. This comparison is obtained by solving numerically or
analytically Eq. (15). These curves show us that the amplitude
reaches its maximum when the detuning parameter becomes
zero. The peak amplitude given by the equation Eq. (16) is
independent of the value of the nonlinear parameter ¢. The
nonlinear results are symmetrical to this order of approxima-
tion and represent the solution in a very narrow band around
the resonant frequency, so that the scale ¢ is considerably ex-
tended. We observed that in the presence of a nonlinearity, the
dynamics of the junction turn to the left, presenting here ma-
genta the hysteresis and jump phenomena and in the absence
of nonlinearity, the dynamics of our MJJ present only the reso-
nance phenomenon. The nonlinearity effects seem to bend the
curve amplitude.

Similarly, in these figures, we present the analytical (red
curve) and numerical (blue curve) results. We notice a per-
fect similarity between these two results, which allows us to
confirm our analytical resolution method.

15 a>0 . analytical result
- numerical result
10
3
5
(a)
0
-50 0 50
g
30
.analytical result
.numerical result
20 :'I a=0
3
10
(b)
0
-50 0 50
ag

Fig. 6. Comparison of linear and nonlinear response curves, analytical, and
numerical results: amplitude response. In panels (a) and (b): u = 0.75,
B=05amy=1,€=10"° p=0.1,and K = 10.

-stability case

15 -instability case|
10
[S]
5
0
-50 0 50

(e

Fig. 7. Stability curves of the harmonic oscillations of the system for the
nonlinearity parameter ¢ > 0. The red curve stands for the stable solution
and the blue curve represents the unstable solution. wp =1, & =3, u =0.75,
and K = 20.

Figure 7 presents the solutions of stability (curve in red)

and instability (curve in blue) of the dynamics of the junction.

This curve has been plotted only for positive value of a. By
observing this figure, we note that for the values of the de-
tuning parameter, the solutions of stability and instability are
separated in a certain zone.

In addition, figure 8 shows that the nonlinearity bends the
frequency—response curve away from the linear curve (¢ = 0),
to the right for hard spring (i.e., & < 0) and to the left for
soft spring (i.e., @ > 0). Moreover the maximun amplitude of
the response stays unchanged but its location value increases.
We also noticed that for (@ = 0), we have the resonance phe-
nomenon, and for (o # 0) we have the jump and hysteresis

phenomena.

10 - o=
ca=5
ca=-2
La=2

3 5 a=0
0 -

-40 -30 20 10 0 10 20 30 40
o

Fig. 8. Frequency response curves for primary resonance of MJJ equation:
effect of the nonlinearity parameter. In this figure, we take wy = 1, K = 10,
a=3,and u =0.75.

Figure 9 shows the variation of the frequency-response
curve with the amplitude of the external excitation for the soft
spring. We note that when the value of K increases, the max-
imum amplitude response increases highly as well as the in-
stability region. As the amplitude of the external excitation
increases, the frequency-response curves band away from the
zero axis. We observed that, depending on the value of K,
some of the frequency-response curves are of single valued
while others are multivalued. We also note that, the increase
in the excitation parameter K allows us to have the hysteresis

and amplitude jump phenomena.

cK=1
10 K=5
K=10
3
5
=30 —20 -10 0 10 20 30

g
Fig. 9. Frequency-response curves for primary resonances of MJJ equation:
the effect of the amplitude of the external excitation by taking @y = 1, K=10,
a=3,and u =0.75.
Figure 10 shows the effect of the damping parameter L.
We note that when u increases, the maximun amplitude re-
sponse decreases. This curve presents the softening behavior.
We also noticed the appearance of the jump and hysteresis phe-

nomena.
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15
pu=0.5
L u=2
10 . p=3
] L =5
5
0 |
—40 -30 -20 -10 0 10 20 30

ag
Fig. 10. The effect of the damping on the frequency response of the mod-
ified Josephson junction equation to a primary-resonance by taking @ = 1,
K=5,and @ = 2.

Figure 11 shows the variation of the amplitude response
with the amplitude of the excitation for several values of ©.
The values of o and u are the same for all curves. These
curves are obtained from Eq. (15). We note that depending on
the value of o, some curves are multivalued while others are
single-valued. The amplitude-response is a linear function of
K and the slope decreases when ¢ increases. The hysteresis
phenomenon appears for the value of ¢ and disappears when

O increases.

20

0 50 100 150 200
K
Fig. 11. The effect of detuning parameter on the amplitude— response curve

and frequency-response curve for primary resonances of MJJ equation: the
effect of detuning parameter, ® =1, ¢« =0.5, u = 1.

20

(W, =0.75
L, =025

15¢

60 40 20 0 20 40 60
g

Fig. 12. The effect of the proper frequency on the amplitude response curves
with K =20, a =1,and u = 1.

Figure 12 presents the plot of the amplitude response as
a function of the detuning parameter for several values of the

proper frequency and for a fixed value of the excitation force

amplitude K. We observed that the decrease in the @y fre-
quency decreases the peak amplitude. We also note the pres-
ence of hysteresis and amplitude jump phenomena with the
increase in the value y.

Figure 13 displays the plot of the amplitude response as a
function of the detuning parameter for several values of the ex-
citation force amplitude K, and for a fixed value of the proper
frequency. It is observed that an increasing in the value of K
increases the peak amplitude. We also note the presence of
hysteresis and amplitude jump phenomena with the increase
of the value of K .

40
‘K=1
K=1
30
1 K =20
3 20
10
0
—100 —50 0 50 100

Fig. 13. The effect of the external excitation on the amplitude response
curves withwp =1, a=1,and u = 1.

5.2. Effects of parameters on superharmonic resonance

In Figs. 14, 15, 16, 17, and 18, various frequency—
response curves are shown. These curves show the influence
of the parameters o, A, and . Here as in the case of primary
resonance, the bending of the frequency-response curves is

responsible of the jump phenomenon.

6 ranalytical result
+ numerical result
4
3
2
0
-40 -20 0 20 40

g
Fig. 14. Frequency-response curves for superharmonic resonance of MJJ
equation: analytical and numerical results for @y =5, A = 1, K=70,
e=10"%u=0.75 a=3.00, =05,and p=0.1.

In Fig. 14, the frequency-response curve is plotted for a
positive nonlinear parameter (o« > 0). This curve is obtained
by analytically or numerically solving Eq. (28). The maximum
amplitude given by Eq. (29) is independent of the value of the
nonlinearity parameter ¢c. We observed that, due to the nonlin-

ear term, the dynamics of the JJ turn to the left, depicting the
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hysteresis and jump phenomena. It turns out that in the neigh-

borhood of the resonant frequency, the system can accumulate

energy.
20
1 stability case
1instability case
15
s 10
5

0
-25 -20 -15 -10 -5 0 5 10 15 20 25
o

Fig. 15. Stability curves of the harmonic oscillations of the system for the
nonlinearity parameter & > 0. The red curve stands for the stable solution
and the blue curve represents the unstable solution. The other parameters
are: wp =3, A=3,u=0.5,and @ =3.

6 ra =2
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Fig. 16. Frequency-response curves for superharmonic resonance of MJJ
equation: the effect of the nonlinearity parameter for @y = 3, A = 1, and

u=2.

As in the case of primary resonance, these figures present
the analytical (red curve) and numerical (blue curve) results.
We note a perfect similarity between these two results, which
allows us to confirm our analytical resolution method.

Figure 15 presents the solutions of stability (curve in red)
and instability (curve in blue) of the dynamics of the junction.
This curve has been plotted only for positive a. Observing
this figure, we can conclude that for different values of the de-

tuning parameter, the solutions of stability and instability are

separated in a certain zone displaying the dynamic of the junc-
tion.

In Fig. 16, we noted that the system exhibits harden-
ing behavior when o becomes negative. The upper and
lower branches have stables solutions. When « increases, the
maximum amplitude decreases highly and the corresponding
curves move to the right with respect to typical frequency re-
sponse curves with negative values of . For positive values of
a, softening behavior is obtained and the maximum amplitude
of the response decreases with decreasing of «.

Figure 17 shows the effect of the excitation amplitude A.
We realize that when A decreases, maximum amplitude of the
response decreases. The system displays softening behavior
and therefore it appears in such systems the jump and hystere-

sis phenomena.

15

SR
R
N DD =
B

10

10

0
=50 0 50

Fig. 17. The effect of amplitude of excitation A on the frequency—-response
curve of the superharmonic resonance for wy =1, 4 =1, and ot = 3.

Figure 18 presents the effect of the nonlinear damping co-
efficient. We observed that, when the nonlinear damping coef-
ficient increases, the maximum amplitude responses decreases
considerably, and the hysteresis phenomenon becomes more

pronounced.

6

TEET
L
cw o
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A

-50 40 -30 20 -10 0 10 20 30
o

Fig. 18. The effect of the damping on the frequency response of the MJJ
equation to a superharmonic resonance for @y =3, A =1, and @ = 5.
5.3. Effects of parameters on subharmonic resonance

In this subsection, we search for the effects of the param-
eters U, 0, K, and o on subharmonic resonance. Figsures 19,
20, 21, 22, 23, 24 show the frequency-response curve for the
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variations of the parameters U, ¢, K, and o in the subhar-
monic resonance. All these curves present an hysteresis phe-
nomenon, and in contrast to the primary and superharmonic
resonances, there is not amplitude jump.

Figure 19 shows the effect of the positive nonlinearity
parameter (i.e.,a > 0). It is obtained analytically by solving
Eq. (36). We observed that this parameter turns the curve to
the left showing softening behavior. This curve presents the
results obtained analytically (curve in red) and numerically
(curve in blue). We also notice a coincidence between both
results, which confirms our numerical simulation and analyti-

cal resolution method.

15

« analytical resul|

. numerical result]

10

Fig. 19. The frequency—response curves for subharmonic resonance of the
MJJ equation: analytical and numerical results for wp =5, ® =2, p =0.1,
B=08,e=10"°% u=0.25and o = 3.

Figure 20 is plotted by analytically solving the nonlinear
algebraic Eq. (36) taking into consideration of the condition of
stability Eq. (38). This figure presents the plot of the stability
condition of the MJJ in the subharmonic case. We observed
on this plot two branches oriented to the left: one for unstable
(curve in blue) and the other for stable (curve in red).

20 - stability case
- instability case
s 10
0
-60 -50 -40 -30 —20 -10 0
o

Fig. 20. Stability curves of the harmonic oscillations of the system for the
nonlinearity parameter & > 0. The red curve stands for the stable solution
and the blue curve represents the unstable solution. wy =5, @ =2, K =40,
and u = 0.25.

Figure 21 shows the effect of damping parameter for sub-
harmonic resonance. We observed that the amplitude response
has a multivalued continuous curve represented by semi-oval.
For further increasing of u respectively (i.e., u takes the val-
ues 0.5, 2, 3, and 5), we note that the semi-oval is contract-
ing respectively. In addition, the lower and the upper branches

magnitudes of the semi-oval are respectively increased and de-
creased.
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Fig. 21. Subharmonic response for the MJJ equation, amplitude oscillation
term versus detuning: the effect of damping for wy =5, @ =0.1, K =5, and
o=2.

Figure 22 shows the effect of detuning parameter for
subharmonic resonance. Similar phenomenon is observed in
Fig. 21 concerning the response amplitude. For further in-
creasing of o respectively (i.e., o taking the values 0.1, 0.5,
and 1), we note that the semi-oval is contracted respectively.
The lower and the upper branches magnitudes of the semi-oval
are respectively increased and decreased too.

100
. 0=0.1
= 0=0.5
s o=1
s 50
0

30 40 50 60 70 80 90 100
K

Fig. 22. Subharmonic response for the MJJ equation, amplitude oscillation
term versus amplitude of the excitation: the effect of detuning for wy = 2,
®=0.01, 4 =0.25, and & = 0.01.
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Fig. 23. Subharmonic response for the MJJ equation, amplitude oscilla-
tion term versus detuning: the effect of amplitude of excitation for @y =5,
w=0.1,u=025anda=1.5.
Figure 23 shows the effect of amplitude response of exci-
tation for subharmonic resonance. We observed that the am-
plitude response has multivalued continuous curve represented
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by semi-oval. For further decreasing of K respectively (i.e., K
taking the values 10, 5, and 1), we notice similar phenomenon
as in Fig. 22 regarding the lower and upper semi-oval branches
magnitudes.

Figure 24 presents the plot of the amplitude response as
a function of the detuning parameter ¢ obtained for different

40
a=0.5

a=1

30 a=2
s 20
10

(a)

0

-30 -25 -20 -15 10 -5 0 5 10
o

values of the parameter o (& > 0 and & < 0) nonlinearity pa-
rameter. We note that each curve has two lower and upper
branches. For positive values of «, the curves are bent to the
left showing softening behavior, on the other hand for nega-
tive values of o, the curves are oriented to the right presenting
hardening behavior.
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Fig. 24. Subharmonic response for the MJJ equation, amplitude oscillation term versus detuning: the effect of nonlinearity parameter for wy =5, @ =2,

K =10, and p = 0.25.

6. Conclusion

This paper presents a modified Josephson junction (MJJ)
model and its equivalent electrical diagram, which presents a
nonlinear differential equation with a proper frequency. The
analysis of nonlinear resonances of the MJJ was studied using
the multiple time scale method. It followed that the Joseph-
son junction (JJ) with a proper frequency has three states of
resonance namely, the primary resonance, the superharmonic
resonance and the subharmonic resonance. The effects of the
system’s parameters on each type of resonance were quietly
studied analytically. Numerical results obtained showed that
the system exhibits hardening and softening behaviors. In ad-
dition, we also noticed the appearance of hysteresis phenom-
ena and jump amplitude. Stable and unstable solutions in each
type of resonance have been highlighted, thus showing the
possibility of controlling the dynamics of the JJ. The stability
of equilibrium points were kindly investigated. Furthermore,
it has been shown that system’s parameters can be used to con-
trol the magnitude of the system’s nonlinear response.
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