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We introduce a new class of the chirped Airy–Gaussian vortex electron plasma (CAiGVEP) wave which constitutes
the exact and continuous transition modes between the chirped Airy vortex and the chirped Gaussian vortex electron plasma
wave. The intensity, the phase, and the angular momentum density flow of the CAiGVEP wave are discussed under different
distribution factors and different chirp modes.
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1. Introduction
In recent years, the interaction between laser and plasma

had attracted the attention of many people. Then, Stix in-
vestigated waves in the plasma in 1992.[1] Salandrino and
Christodoulides introduced a new class of nondiffracting sur-
face plasmonic waves, the Airy plasmon.[2] Then in recent
years, Naveen and Arvinder mainly discussed the effect of
cross-focusing of two q-Gaussian laser beams on the excita-
tion of electron plasma waves in an underdense plasma with
collisional nonlinearity which was detective.[3] Ouahid et al.
studied the relativistic self-focusing of finite Airy–Gaussian
beams in collisionless plasma using the Wentzel–Kramers–
Brillouin approximation.[4] Just this year, effects of dust-
charge gradient and polarization forces on the waves and
Jeans instability in strongly coupled dusty plasma were also
explored.[5]

As for Airy beams or Airy–Gaussian beams, with the sup-
port of quantum mechanics, Berry and Balazs foresaw that the
basic Airy wave packet would be a solution of the Schrödinger
equation in 1979.[6] Because of several unique properties of
Airy beams, namely, non-diffracting,[7] self-acceleration,[8]

self-focusing,[9] and self-healing,[10] so many researchers had
done a lot of researches. At present, Airy beams had also
made many advances in applications, such as optical cleaning
of particles,[11] light bullets,[12] and microscopy.[13] Recently,
Xu et al. studied the radially polarized symmetric Airy beam
and found some interesting properties.[14] The Airy–Gaussian
(AiG) beams propagate with a period between Airy beams and
Gaussian beams, which is controlled by a factor. And the AiG
beams were well verified experimentally.[15]

The chirp factor is a variable that changes over time. In

the early 1990s, Melinger et al. conducted their first experi-
ment using simple linear chirped laser pulses.[16] The chirped
Bessel waves were studied in 2015 and the researchers got
their properties.[17] Shi et al. numerically analyzed dynamic
propagation of symmetric Airy pulses with initial chirps in
an optical fiber.[18] Then, in 2018, Xie et al. gave their find-
ings about the first-order chirped Airy vortex beams in a chiral
medium.[19] Further, the chirped Airy–Gaussian vortex beams
in chiral medium were discussed by Zhou et al in the same
year.[19] Both Yang and Chen had done researches on the
transmission characteristics of chirped Airy–Gaussian beams
in a harmonic potential in 2019.[21,22]

Therefore, in this paper, we propose the chirped Airy–
Gaussian vortex electron plasma (CAiGVEP) wave by mul-
tiplying Airy function, Gaussian function, vortex factor, and
chirp factor. And we mainly discuss the properties of
CAiGVEP wave of M = 1 (i.e, the first-order vortex).

2. Equation of chirped Airy–Gaussian vortex
electron plasma wave
Generally speaking, based on existing theory, we can

write the wave function as following form:

ñ(r,z, t) = ñ0 (r,z)exp(ikz− iwt) , (1)

which is a function of time and space. In this function, ñ is the
perturbed electron density with equilibrium value n0, ñ0(r,z)
is the CAiGVEP wave function in form of cylindrical coordi-
nates and r =

√
x2 + y2. The longitudinal wave number k is

set to satisfy linear dispersion relation k2Se = ω2−ω2
pe. Se =

(3kbTe/me)
1/2 is electron thermal speed, Te is electron temper-

ature, kb is the Boltzmann constant, me is electron mass, and
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ωpe = (4πe2n0/me)
1/2 is electron plasma frequency. Then, in

order to obtain the satisfied equation of electron plasma wave,
we give the plasma model containing unmagnetized collision-
free neutral particles and inertial electrons. Therefore, the cor-
responding equation is(

∂ 2

∂ t2

)
−S2

e∇
2 +ω

2
pe)ñ = 0. (2)

By substituting Eq. (1) into Eq. (2) we obtain the simplified
equation (

∇
2
⊥+2ik

∂

∂ z

)
ñ

0
(r,z) = 0. (3)

In modern optical theory, we can express the CAiGVEP wave
in the initial plane as

ñ0 (r,0) = Ñ0Ai
(

x
w0

)
Ai
(

y
w0

)
× exp

(
a

x
w0

+b
y

w0
−
(

χ0
x

w0

)2

−
(

χ0
y

w0

)2
)

× exp
(
− i
(

β1x
x

w0
+β1y

y
w0

+β2x

(
x

w0

)2

+β2y

(
y

w0

)2))( x
w0

+ i
y

w0

)M

, (4)

where Ñ0 is the maximum amplitude of the CAiGVEP wave,
a and b are decay factors ranging from 0 to 1, χ is distribution
factor which tends toward Airy vortex beams with a smaller
value or Gaussian vortex beams with a larger one, β1x and β1y

indicate the first-order chirp parameters, β2x and β2y indicate
the second-order chirp parameters, M is topological charge, w0

is an arbitrary transverse scale. In order to obtain the analyt-
ical solution of the wave, we used the following Airy integral
formula: ∫

Ai
( x

a

)
exp
(
bx2 + cx

)
dx

=

√
−π

b
exp
(
− c2

4b
+

c
8a3b2 −

1
96a6b3

)
×Ai

(
1
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c

2ab

)
. (5)

By substituting Eq. (4) into Eq. (3), we get the exact analyt-
ical equation after using the integral formula and the Fourier
transform

ñ0 (r,z) = −
M

∑
m=0

iMCm
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where

a1 = a− iβ1x, b1 = iβ2x−χ0, b2 =−b1 + ib2
1

z
Zr

,

c2 =−
1

8b1
− i

z
8Zr

+ ia1b1
z

Zr
+2b1

x
w0

,

a∗1 = b∗− iβ1y, b∗1 = iβ2y−χ0, b∗2 =−b∗1 + ib∗21
z

Zr
,

c∗2 =−
1

8b∗1
− i

z
8Zr

+ ia∗1b∗1
z

Zr
+2b∗1

y
w0

,

Zr = kw2
0, (7)

and Zr is Rayleigh range.

3. Discussion and annlysis

So, we set some parameters like the unperturbed elec-
tron density of plasma when the electron density distribution
of finite-energy chirped Airy–Gaussian vortex plasma mode is
discussed in the x–y plane neo = 1015 cm−3, electron temper-
ature Te = 106 K, electron density perturbation Ñ0 ∼ 0.1ne0,
arbitrary transverse scale w0 = 5λ , and attenuation factors a =

b = 0.05. The first-order chirp factor is set as β1 = β1x = β2y

and the second-order chirp factor is set as β2 = β2x = β2y. So,
when β1 6= 0 and β2 = 0, the first-order chirped Airy–Gaussian
vortex electron plasma wave can be obtained. It follows the
same way to get the second-order chirped Airy–Gaussian vor-
tex electron plasma wave by setting β1 = 0 and β2 6= 0. In
order to better study this wave, we also discuss these cases
with different distribution factors.

When the wave just emits, the intensity mainly distributes
in side lobes as shown in Fig. 1. With the distance increas-
ing, the energy concentrates towards main lobe and the area
of intensity distribution becomes smaller. However, when it
comes to z = 6Zr, the energy of main lobe spreads to lower
left, which results in a fan-shaped distribution at z = 16Zr. We
can see that propagation features are roughly the same when
the chirp β1 increases, but the difference is that the larger the
chirp factor is, the smaller the distribution area at the same
distance is. In addition, the distribution is closer to lower left
corner with larger chirp factor.
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Fig. 1. The cross-sectional intensity of the CAiGVEP wave during propagation at different chirp factors when χ0 = 0.05, β1 6= 0, and β2 = 0.
Panels (a1)–(a4), (b1)–(b4), (c1)–(c4), and (d1)–(d4) are distributions when β1 = 0.05, β1 = 0.5, β1 = 1, β1 = 2, respectively.

(a) (b) (c) (d)

z/Zr

x

Fig. 2. The intensity distribution with different chirp factors of the CAiGVEP wave on the x–z plane when χ0 = 0.05, β1 6= 0, and β2 = 0.
Panels (a)–(d) are distributions when β1 = 0.05, β1 = 0.5, β1 = 1, β1 = 2, respectively.

In the case of single chirp factor in Fig. 2, this wave
focuses on the top in the x–z plane and below it has some
faint distributions. The first-order CAiGVEP wave is approx-
imately parabolic, and the intensity distributions are narrow
and long when the chirp factor is small. As the chirp factor β1

increases, the curvature of these distributions becomes smaller
and the wave is positioned closer to the z axis.

Although the intensity distributions show similarities, the
phase distributions in Fig. 3 are quite different. When β1 =

0.05, we can see from Fig. 3(a1) that the phase distribution is
even in the first quadrant. When the propagation gets further,
the phase distribution is spiral and gets more regular. As it
comes to Fig. 3(a4), a more complete vortex-like phase dis-

tribution brings uniformity. However, as the chirp parameter
β1 gets larger to 0.5, the initial phase distribution in Fig. 3(b1)
shows like Fig. 3(a2). And at z = 2Zr the distribution of the
first quadrant is very uniform in Fig. 3(b2). As the chirp fac-
tor increases to 1 or 2, it is different that the vortex-like phase
distribution also begins to appear in the initial plane such as
Figs. 3(c1) and 3(d1). The formation of vortex distribution at
z = 16Zr is their common feature.

The electrostatic potential V (x,y,z, t) is closely related to
electron density disturbance. The relationship between them
can be written in the following form:[23]

∇
2V = 4πeñ. (8)

125202-3



Chin. Phys. B Vol. 29, No. 12 (2020) 125202

Considering paraxial approximation, we can give the for-
mula of electrostatic potential in form of a wave function

V (x,y,z, t) = Ṽ (x,y,z)exp(ikz− iwt) , (9)

putting Eq. (9) into Eq. (8), the following equation can be ob-
tained: (

∇
2
⊥+2ik

∂

∂ z

)
Ṽ − k2Ṽ = 4πeñ0. (10)

Following the previous method, we get

k2Ṽ =−4πeñ0, (11)

so electrostatic potential caused by this wave can be expressed
as

V (x,y,z) =−4πe
k2 ñ0. (12)

According to the relationship between electrostatic potential
and electric field, the electric field can be expressed by elec-
trostatic potential

𝐸 (x,y,z) =−i𝑘efV, (13)

where 𝑘ef is composed of effective wave vectors of waves on
each component

𝑘ef =

(
i∂ ñ
ñ∂x

,
i∂ ñ
ñ∂y

,
i∂ ñ
ñ∂ z
− ik

)
. (14)

In plasma physics, the energy flow has a predetermined rela-
tionship with group velocity

𝑇 =W𝑣g, (15)

where the electron group velocity 𝑣g = vg𝑒ef, the unit wave
vector parallel to electric field 𝑒ef =𝑘ef/kef, W is electron den-
sity associated with the CAiGVEP wave,[23]

W =
|E|2 A(k,ω)

16π
,

A(k,ω) = 1+ω
2
pe

(
ω2 + k2S2

e
)

(ω2− k2S2
e)

2 . (16)

Therefore, the time-averaged angular momentum density flow
can be obtained based on angular momentum density, as fol-
lows:

𝑀 =
1

4π
(𝑟×𝑇 ) . (17)
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↼b↽ ↼b↽ ↼b↽ ↼b↽z/Zr z/Zr z/Zr z/Zr

↼c↽ ↼c↽ ↼c↽ ↼c↽z/Zr z/Zr z/Zr z/Zr

↼d↽ z/Zr z/Zr↼d↽ ↼d↽ z/Zr ↼d↽ z/Zr

x ↼mm↽

y
 ↼
m
m

↽

. mm

Fig. 3. Phase distribution (x = y) of the CAiGVEP wave during propagation at different chirp factors when χ0 = 0.05, β1 6= 0, and β2 = 0. Panels (a1)–
(a4), (b1)-(b4), (c1)—(c4), and (d1)–(d4) are distributions when β1 = 0.05, β1 = 0.5, β1 = 1, β1 = 2, respectively.
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The angular momentum density flow symmetrically dis-
tributes about the y= x direction in Fig. 4 when the chirp factor
β1 is 0.05. When the wave is just formed, the angular momen-
tum density flow distributes in the y and x directions. And then
the flow of main lobe appears in the y = x direction. Then, the
directions of flow change to the y = x direction and the entire

angular momentum density flow profile is tapered when the
wave goes further. Increasing the chirp factor β1 to 1 or 2,
the flow shares some common characteristics with the flow of
β1 = 0.05 and 0.5. The obvious difference is that the angu-
lar momentum density flow distribution gradually shrinks, and
the cone distribution becomes less conical.

z/Zrz/.Zr↼a↽ ↼a↽ ↼a↽z/Zr↼a↽ z/Zr ↼a↽ ↼a↽ ↼a↽z/Zr z/Zr z/Zr

↼b↽ ↼b↽ ↼b↽ ↼b↽z/Zr z/Zr z/Zr z/Zr

↼c↽ ↼c↽ ↼c↽ ↼c↽z/Zr z/Zr z/Zr z/Zr

↼d↽ z/Zr z/Zr↼d↽ ↼d↽ z/Zr ↼d↽ z/Zr

x ↼mm↽

y
 ↼
m
m

↽

. mm

Fig. 4. Angular momentum density flow (x = y) of the CAiGVEP wave during propagation at different chirp factors when χ0 = 0.05, β1 6= 0, and β2 = 0.
Panels (a1)–(a4), (b1)–(b4), (c1)–(c4), and (d1)–(d4) are distributions when β1 = 0.05, β1 = 0.5, β1 = 1, β1 = 2, respectively.

For intensity in Fig. 5, the second-order CAiGVEP wave
behaves similar to the first-order CAiGVEP wave when β1 =

0.05. For instance, the intensity focuses on side lobes and then
goes to main lobe, which is accompanied by a significant re-
duction in the focus range. At z = 12Zr, the entire distribution
appears as a triangular distribution due to the diffusion of en-
ergy. There is a quite different thing that the energy does not
spread back when the chirp factor β2 grows larger. When β2

becomes 0.5, we find that intensity distribution will reverse
and focus on the side lobes like the initial field by comparing
Fig. 5(b4) to Fig. 5(b3). Before reversing, energy still con-
verges towards main lobe. Apparently, the inversion distance
is approximately z = 2Zr when β2 = 0.5. After the inversion,
the energy stays in side lobes without converging to main lobe.

At the same time, the focusing range of side lobes is getting

wider. The reversal point gets closer and closer to the starting

point when the chirp β2 increases. We can estimate that when

β2 = 1, the reversal point is at z = 1Zr, and when β2 = 2, it is

at z = 0.5Zr.

We can see the intensity distribution on the x–z plane in

the Fig. 6. When the second chirp factor is 0.05, the inten-

sity distribution is parabolic, like the distribution of the same

chirp factor. But, it is very different when the chirp factor in-

creases to 0.5, 1, and 2. There are obvious discontinuities in

the intensity distribution. The position of these discontinuities

happens to be at the point of reversal. And at the same time,

the intensity distribution is not so concentrated.
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Fig. 5. The cross-sectional intensity of the CAiGVEP wave during propagation at different chirp factors when χ0 = 0.05, β1 = 0, and β2 6= 0. Panels (a1)–
(a4), (b1)–(b4), (c1)–(c4), and (d1)–(d4) are distributions when β2 = 0.05, β2 = 0.5, β2 = 1, β2 = 2, respectively.

(a) (b) (c) (d)

z/Zr

x

Fig. 6. The intensity distribution on the x–z plane with different chirp factors for the CAiGVEP wave when χ0 = 0.05, β1 = 0, and β2 6= 0. Panels (a)–(d)
are distributions when β2 = 0.05, β2 = 0.5, β2 = 1, β2 = 2, respectively.

The angular momentum density flow of side lobes in
Fig. 7 is along the x and y directions, while the direction of an-
gular momentum density flow of main lobe is along the y = x
direction. Similarly, the angular momentum density flow has
a conical distribution due to the change in the direction of an-
gular momentum density flow of side lobes. In the two side
lobes, the angular momentum density flow distribution along
the x-axis direction is more pronounced and stronger with
the chirp factor becoming 0.5. However, as the wave prop-
agates farther and reverses, the angular momentum density
flow distribution also reverses. At this time, the stronger per-
formance is replaced by the angular momentum density flow
flowing along the y axis, such as Figs. 6(b4), 6(c4), and 6(d4).

However, the unilateral enhancement effect weakens as β2 in-
creases, which is easy to be found by comparing the processes
of β2 = 0.5, 1, and 2.

We calculate the case where distribution factor is χ0 = 1
for comparison. In Fig. 8, an uneven circular distribution ap-
pears on the initial plane and its distribution range is small.
By increasing propagation distances, the focusing part slowly
turns clockwise from bottom left and at the same time the in-
tensity range becomes larger. As you can see, the ring-like
intensity distribution is very obvious in this case. We also in-
crease the first-order chirp factor, and find that there is basi-
cally no change, except that the distribution location changes
slightly at the same distance.
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Fig. 7. Angular momentum density flow (x = y) of the CAiGVEP wave during propagation at different chirp factors when χ0 = 0.05, β1 = 0, and β2 6= 0.
Panels (a1)–(a4), (b1)–(b4), (c1)–(c4), and (d1)–(d4) are distributions when β2 = 0.05, β2 = 0.5, β2 = 1, β2 = 2, respectively.
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 ↼
m
m

↽

Fig. 8. All are the same as those in Fig. 1 except χ0 = 1.
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Similarly, we can see from Fig. 9 that the intensity dis-
tribution changes in the x–z plane. The entire distribution
presents a parabolic shape with an opening down on the plane.
When the chirping factor is relatively high, it presents a more
narrower and longer distribution, and is closer to the x axis.
And the focusing range is larger.

To match this case, we complete angular momentum den-
sity flow analysis. The size of angular momentum density flow
distribution is proportional to intensity distribution in Fig. 10.
When β1 = 0.05, the left half gathers most of angular mo-
mentum density flow distribution. However, the directions of
angular momentum density flow in left half and right half tend
to converge toward the y = x direction. When β1 comes to 0.5,

1, and 2, the three cases have a very high degree of similarity
but are almost different from the case of β1 = 0.05. The an-
gular momentum density flow is basically concentrated in left
half, and the direction uniformly points to upper right. Ob-
viously, the slope of the direction increases as β1 increases,
getting closer to the y axis.

We added Fig. 11 as a supplement to the effect on β2.
We also saw an uneven pie-shaped distribution in Fig. 11. As
the propagation distance increases, the distribution range in-
creases and the focused position rotates clockwise. Impor-
tantly, the rotation of the focused position becomes faster as
the chirp factor increases.

(a) (b) (c) (d)

z/Zr

x
 ↼

m
m

)

0.89 mm

Fig. 9. All are the same as those in Fig. 2 except χ0 = 1.
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↼b↽ ↼b↽ ↼b↽ ↼b↽z/Zr z/Zr z/Zr z/Zr

↼c↽ ↼c↽ ↼c↽ ↼c↽z/Zr z/.Zr z/Zr z/Zr
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. mm . mm . mm . mmx ↼mm↽

y
 ↼
m
m

↽

Fig. 10. All are the same as those in Fig. 4 except χ0 = 1.
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↼b↽ ↼b↽ ↼b↽ ↼b↽z/Zr z/Zr z/Zr z/Zr

↼c↽ ↼c↽ ↼c↽ ↼c↽z/Zr z/Zr z/Zr z/Zr
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x ↼mm↽

y
 ↼
m
m

↽
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Fig. 11. All are the same as those in Fig. 5 except χ0 = 1.

4. Conclusion and perspectives
In this paper, we mainly discussed the influence of the

chirp factor and the distribution factor to the CAiGVEP wave.
When distribution factor is lower, the energy focuses on side
lobes, converges from side lobes to main lobe, and then dif-
fuses out from main lobe, forming a fan-shaped distribution
in terms of the first-order CAiGVEP wave. But the difference
is that the curvature of intensity distribution on the x–z plane
becomes smaller as the chirp factor becomes larger, and the
corresponding phase distribution is also quite different. The
distribution of angular momentum density flow corresponds
to the distribution of intensity. It is worth mentioning that the
distribution of the second-order CAiGVEP wave reverses dur-
ing propagation and reversal point in distance changes with the
chirp factor. When distribution factor grows higher, the focus
area rotates clockwise in a circular area and gets larger when
the wave propagates. For angular momentum density flow, the
direction of the main part tilts more towards the y axis as the
chirp factor increases.
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