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Ferromagnetic transition of a spin–orbit coupled
dipolar Fermi gas at finite temperature∗
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We study the ferromagnetic transition of a two-component homogeneous dipolar Fermi gas with 1D spin–orbit cou-
pling (SOC) at finite temperature. The ferromagnetic transition temperature is obtained as functions of dipolar constant
λd, spin–orbit coupling constant λSOC and contact interaction constant λs. It increases monotonically with these three pa-
rameters. In the ferromagnetic phase, the Fermi surfaces of different components can be deformed differently. The phase
diagrams at finite temperature are obtained.
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Since the realization of Bose–Einstein condensation in al-
kali atoms,[1,2] there are many breakthroughs in the field of ul-
tracold atoms, among which the creation of ultracold dipolar
gas in polar molecules 40K87Rb,[3–6] 23Na40K[7] and magnetic
dipolar atoms 161Dy[8] are striking. Due to the anisotropy and
long range character of the dipolar interaction, unconventional
quantum phases such as p-wave or d-wave superfluidity,[9–18]

supersolidity[19–21] and charge density wave[22,23] were pre-
dicted in dipolar Fermi gases. Raman-induced artificial spin–
orbit coupling (SOC) has been realized in the dysprosium
system,[24] which stimulates our research of the spin–orbit
coupled dipolar system.

Experimental search for the itinerant ferromagnetism
state[25,26] in a two-component Fermi gas has been intriguing
since Stoner published his theory.[27,28] Up to date, most the-
oretical studies on the itinerant ferromagnetism have been re-
stricted to the case with an s-wave contact interaction,[29–35]

although fluctuation effects were considered using different
methods. Several papers studied the formation of itinerant fer-
romagnetism in the presence of repulsive polaron.[34,35] The
ferromagnetic state can be formed with less contact interaction
in the presence of a magnetic dipolar interaction.[36] When 1D
SOC is added to a two-component dipolar Fermi gas it shows
in our previous work that the system undergoes a 1st-order and
2nd-order transition from a paramagnetic state to a ferromag-
netic state at zero temperature.[37] In this paper we investigate
the spin–orbit coupled dipolar Fermi system at finite temper-
ature using the self-consistent Hartree–Fock approximation to
determine the ferromagnetic transition temperature and finite-
temperature phase diagram.

The Hamiltonian for the two-component dipolar Fermi

system in the momentum space consists of three parts, the ki-
netic energy part Hkin, the 1D SOC part HSOC, and the interac-
tion part HI which includes both dipole–dipole interaction and
contact potential,

Hkin = ∑
𝑘α

h̄2k2

2m
a+𝑘α

a𝑘α , (1)
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𝑘αα ′

h̄2k0

m
kzσ

z
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+
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where a+𝑘α
and a𝑘α are the fermion creation and annihilation

operators, the spin-up and spin-down components are labeled
with α = 1,2 respectively, indexes i, j, k all represent x, y, z
directions, σ i represents the Pauli matrix, d is the dipole mo-
ment of the fermion, g is the coupling constant of the contact
interaction, and k0 is the SOC strength.

In the Hartree–Fock approximation, we obtain excitation
energies of spin-up and spin-down atoms
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where θ𝑘−𝑘′ is the angle between 𝑘−𝑘′ and the z axis, and
the fermion occupation number is given by

nα𝑘 =
1

e[εα (𝑘)−µ]/kBT +1
. (6)

The fermion occupation numbers can be solved self-
consistently with the constraint on the total number

N = ∑
𝑘

(n1𝑘+n2𝑘). (7)

For convenience, we introduce the dimensionless parameters
including DDI constant λd = nd2/εF, SOC constant λSOC =

k0/kF, contact interaction constant λs = gn/εF, and the tem-
perature constant λT = kBT/εF, where εF is the Fermi energy,
kF is the Fermi wave vector, and kB is the Boltzmann constant.

In the absence SOC and dipole interaction as in the orig-
inal Stoner model, only the repulsive s-wave interaction is
present, and at the low temperatures the ferromagnetic transi-
tion temperature is a function of the contact interaction con-
stant, λs = 4/3 + a2λ 2

T + a4λ 4
T + · · · , where a2 = π2/9 =

1.096622 and a4 = π4/20 = 4.870454. When 1D SOC is
added to the Stoner model, Fermi surfaces of two components
are translated oppositely in 𝑘-space by ±𝑘0 where 𝑘0 = k0𝑧̂.
By defining new wavevectors 𝑘′ = 𝑘+𝑘0 for the spin-up com-
ponent and 𝑘′ = 𝑘− 𝑘0 for the spin-down component, the
Hamiltonian can be written in the same form as before. Thus
SOC does not change the relation between the ferromagnetic
transition temperature and the contact interaction. The spon-
taneous magnetization can occur in any direction in the spin
space.

When the dipolar interaction is present, the Hamilonians
with and without SOC can no longer be brought in the same
form by redefining the wavevectors, because the dipole-dipole
interaction is not rotationally invariant in the spin space. The
Hamiltonian in the Hartree–Fock approximation can only be
diagonalized self-consistently when the magnetization appears
in the SOC direction. The SOC enhances ferromagnetism in
the presence of the dipolar interaction,[37] which can be seen
from the energy difference between the fully magnetized state
and the paramagnetic state. With and without SOC, the dipo-
lar interaction energy is the same in the fully magnetized state.
However in the paramagnetic state, SOC leads to the relative
translation of the two Fermi surfaces. As a result, the dipolar
interaction energy between the spin-up and spin-down compo-
nents is increased because the transferred momentum in this
interaction process is shifted by ±2𝑘0 and the dipolar inter-
action strength is increased. Therefore the energy difference
between the paramagnetic state and the fully magnetized state
is larger in the presence of SOC.

We solve the fermion occupation number self-
consistently in the Hartree–Fock approximation, from which

the magnetization M can be obtained as

M =
1
N ∑

𝑘

(n1𝑘−n2𝑘). (8)

The ferromagnetic transition point is where the magnetiza-
tion M vanishes. As shown in Fig. 1, the magnetization in-
creases monotonically with any one of the three parameters
λd, λSOC, and λs above the ferromagnetic transition point with
the rest parameters are fixed. When these three parameters
are fixed, below the critical temperature the magnetization de-
creases with the increase in temperature.
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Fig. 1. Magnetization M as functions of λd, λT, λSOC, and λs. (a)
M increases with λd for λSOC = 0.7, λT = 0.1 and λs = 0; (b) M de-
creases with λT for λSOC = 1, λd = 0.26 and λs = 0; (c) M increases
with λSOC for λd = 0.25, λT = 0.1 and λs = 0; (d) M increases with λs
for λSOC = 0.6, λd = 0.02 and λT = 0.1.

From the magnetization, we compute the ferromagnetic
transition temperature numerically and present it in Fig. 2. The
ferromagnetic transition temperature increases with the con-
tact interaction constant λs, as shown in Fig. 2(a). The pres-
ence of the dipolar interaction and SOC can increase the tran-
sition temperature and reduce the critical contact interaction
at zero temperature. For fixed λs and λSOC, the ferromagnetic
transition temperature increases monotonically with the dipo-
lar interaction constant λd, as shown in Fig. 2(b). For constant
λs and finite λd, the ferromagnetic transition temperature in-
creases with the SOC constant λSOC, as shown in Fig. 2(c).
In the inset, the ferromagnetic transition temperature shows
a saturation behavior when λSOC is increased to large values.
These results show that the dipolar interaction, contact inter-
action, and SOC in the presence of the dipolar interaction all
enhance ferromagnetism. The increase of the three parame-
ters, λd, λSOC, and λs, all help to stabilize the ferromagnetic
state.

We obtain the finite temperature phase diagrams shown
in Fig. 3. In the absence of the contact interaction, when λSOC

and λd are relatively small, this system is in the paramagnetic
phase, as shown by the solid line in Fig. 3. When λSOC and
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λd increase to critical values, the system goes to the ferromag-
netic state. As temperature increases, larger critical values of
λSOC and λd are needed for the ferromagnetic phase. When
contact interaction is present, the ferromagnetic phase transi-
tion takes place at smaller critical values of λd and λSOC as
shown by the dotted line Fig. 3.
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Fig. 2. Ferromagnetic transition temperature as functions of λs, λd, λSOC.
In (a), the solid line is the ferromagnetic transition temperature as a function
of λs with λSOC = 0.6 and λd = 0.02 and the red dashed line is the result
of the Stoner model. In (b), the solid line is the temperature for λSOC = 1
and λs = 0. The dashed line is the temperature for λSOC = 0.8 and λs = 0.
The dotted line is the temperature for λSOC = 1.0 and λs = 0.2. In (c), the
solid line is the temperature for λd = 0.27 and λs = 0. The dashed line is
the temperature for λd = 0.22 and λs = 0. The dotted line is the temperature
for λd = 0.27 and λs = 0.4. In the inset, these lines are saturated to different
values at large λSOC.
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Fig. 3. Phase diagram at λT = 0.1. The horizontal axis represents SOC
constant λSOC and the vertical axis represents DDI constant λd. The
solid and dotted lines are ferromagnetic transition lines. The solid line
is for λs = 0 while the dotted line is for λs = 1.

In a single component dipolar Fermi system at zero tem-
perature, Fermi surface can be elongated along the polariza-
tion direction[38,39] and in a two-component system, Fermi
surfaces of spin-up and spin-down can be one elongated and
one stretched or both elongated.[36,37] To characterize Fermi
surfaces at finite temperature, we introduce deformation pa-
rameters α1 = 〈|kx|〉/〈|kz− k0|〉 for spin-up atoms and α2 =

〈|kx|〉/〈|kz−k0|〉 for spin-down atoms. As shown in Fig. 4, the
two Fermi surfaces can be deformed differently at low temper-
atures in the ferromagnetic phase. As temperature increases,
the system undergoes a transition to the paramagnetic phase
where the deformation of the two Fermi surfaces are the same.
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Fig. 4. Parameters α1 and α2 as a function of λT with λSOC = 1.0,
λd = 0.26 and λs = 0. As λT increases, α1 and α2 meet at the fer-
romagnetic transition temperature and then slowly approach to 1 from
below, which indicates that the two Fermi surfaces are deformed differ-
ently in the ferromagnetic phase. The red solid line stands for the ideal
Fermi surface.

In the experimental system of dipolar 161Dy with
SOC,[24] the experimental parameters are given by λSOC ≈
0.6, λd ≈ 0.02 with density of 1014 cm−3, and λT ranges from
0.1 to 0.4. In the absence of the s-wave contact interaction,
the system is in the normal state at zero temperature according
to our results. If the contact interaction can be tuned by Fes-
hbach resonance, with λs increasing to about 1.25, the ferro-
magnetic transition temperature is about 30 nK corresponding
to λT = 0.1, which is available in the experiment.

In summary, we have studied the ferromagnetic transi-
tion in a spin–orbit coupled two-component dipolar Fermi gas.
It is found that the ferromagnetic transition temperature in-
creases with the dipolar and contact interaction, and also SOC
strength. The deformations of the two Fermi-surfaces can be
different in the Ferromagnetic phase and become the same in
the paramagnetic state. Finite-temperature phase diagrams are
obtained.
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