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We focus on the localized characteristics of lump and interaction solutions to two extended Jimbo—Miwa equations.
Based on the Hirota bilinear method and the test function method, we construct the exact solutions to the extended equa-
tions including lump solutions, lump-kink solutions, and two other types of interaction solutions, by solving the under-
determined nonlinear system of algebraic equations for associated parameters. Finally, analysis and graphical simulation
are presented to show the dynamical characteristics of our solutions and the interaction behaviors are revealed.

Keywords: Hirota bilinear method, test function method, lump solution, interaction solution, symbolic com-

putation
PACS: 05.45.Yv, 05.30.Jp, 02.70.Wz

1. Introduction

Soliton has the characteristics of maintaining its speed
and waveform during propagation, which makes it a hot topic
of current researches.!'™! Soliton is widely studied and ap-
plied in many areas, such as fluid mechanic, nonlinear op-
tics, and traffic flow theory.!®~!3] Many nonlinear evolution
equations (NLEESs) are presented and studied associated with
solitons and integrable systems, which are closely linked
with mathematical physics method and variety of mechan-

[14-20

ical phenomena. I Tt is meaningful to obtain the exact

solutions to nonlinear evolution equations. Lump solution
defined differently from soliton solutions is a type of ratio-
nal solution,'?21 which are localized in all directions in
space.[>324 In 2015, lump solutions have been constructed
to the Kadomtsev—Petviashvili (KP) equation via substitut-
ing the positive quadratic function to bilinear equation.!*! In
2006, lump solutions were studied with the variable separa-
tion method.?®! Moreover, lump or multi-lump solutions to
the Boussinesq equation,*”! the KPI equation,>! the BKP
equation,?® and the potential-YTSF equation!®”! have been
deduced.?"!

The well-known (3+1)-dimensional Jimbo—-Miwa (JM)

equation
uxxxy'f'?’(uxuy)x‘f'zuy; —3u,, =0 €))

is firstly introduced by Jimbo and Miwa as the second mem-
ber of the entire KP hierarchy in 1983.83! Nevertheless, the

DOI: 10.1088/1674-1056/aba9c4

(3+1)-dimensional JM equation does not pass the Painlevé
test of integrability, which makes it different from the KP
equation. Based on the (3+1)-dimensional JM equation, var-
ious methods have been used to deduce the exact solutions
such as multi-soliton solutions, rational solutions, and de-
terminant solutions. 334 Analysis on these exact solutions
plays an important role in the study on the (3+1)-dimensional
JM equation. [33-36]

In the present paper, we will study two extended (3+1)-
dimensional JM equations as given below:

Uyxxy + 3uyuxx + 3uxuxy + 2uyt - 3(”)51 +uy; + ”zz) =0, (2)
Uy + Syly + 3ttty + 2 (U + Uty + ) — 3, = 0, (3)
which are introduced by Wazwaz, and the last two linear terms
uy, and uy of Eq. (1) are extended to uy, + uy; + u;, and

Uy + Uy + Uz, Tespectively.!?! Through the following transfor-

mation:

u="2[Inf(x,y,z,t)]x, 4)

equations (2) and (3) can be cast into the bilinear form, respec-

tively, as follows:

(DDy+2DyD, —3D,D, —3DD,—3D?)f-f =0, (5)
(D3Dy+2D.D; +2DyD; +2D.D; —3DD,)f - f =0, (6)

where Dy, Dy, D;, D;, D3, and D? are bilinear operators!!!!
defined by the following equation:
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d aN*/a aNPra aN'/a a)\°
D)?DEDZD?(fg)_<ax_ax/> (8))_8)1’> (az_az/> <8t_8t’> f(xayvzvt)g(xlay/vzlat/) X/:xy/_y~ @)
z’:z’.t’;tﬁ

The structure of this paper is as follows: In Section 2, we will solve Eq. (5) and obtain the lump and lump—kink solutions to
the first extended (3+1)-dimensional JM equation. In Section 3, equation (6) will be solved to deduce interaction solutions to the
second extended (3+1)-dimensional JM equation. In Section 4, we will give analysis and discussion on our solutions. Figures
describing the characteristics of solutions and the interaction behaviors will also be presented. In Section 5, we will conclude our
results.

2. Lump and lump—kink solutions to the first extended equation
2.1. Lump solutions

According to the structure of lump solutions, we substitute the following form of the function f into Eq. (5),
f=8+h+an, ®)

where g = a1x+ axy + azz+ ast +as, h = agx + a7y + agz+ aot + ayg, ay; > 0, and a; (1 < i < 11) are some constants to be
determined.
With symbolic computation, we obtain three sets of the parameters a; (1 <i < 11).

Case 1
aegay (361% +3arasz — 3a6a7)a3 azay 3a;3 (a2a6 +aza; + a3a7)
ay = — , a4 = 2 ,ag = ,adg = 2 ) (9)
a 2a; a 2a;
where ay, as, as, ag, a7, a0, a1 are real constants, and azag # 0.
Parameters in Eq. (9) give us the exact form of
2
aga 3d? + 3azaz — 3agar)a
f= {6 7x+a2y+a3z+( 2 2 32 6 7) 3t+a5]
ap 2a;
2
asza 3az(araeg + ara7 + aza
+ [a6x+a7y+ a7, 3a3(axds s 7)t+a10] tay,
an 2612
and the lump solution to the first extended equation as
4|(aga7/ay)A1 + agB
. [(627/ 2)21+6 1]7 (10)
AI +Bl “+am
where
aga 32+ 3araz — 3agar)a asza 3as(arag + arar + aza
A= 7x—a2y—a3z—( Z 2 32 647) *t—as, B =agx+ary+ 7+ 34206 ; (R 7)t+a10
a 2a;3 ap 2a;3
Case 2
3 3
al:_a3’a2:0’a4zm,06:0’agzm ’ (an
2647 2a7
where a3, as, a7, ag, ayo, aj; are real constants, and aza; # 0.
Parameters of Eq. (11) give us the exact form of
3az(a7 +as) 2 3ag(a7 +as) 2
f=|—ax+azz+——"t+as| + |a7y+agz+——7——"t+aj| +an,
2a7 2a7
and the lump solutions to the first extended equation as
4 —azz— |3 2a7|t —
. as{azx — a3z — [3a3(a7 +ag) /2a7]t —as} (12)

{—a3x+a3z+ [3613(07 +ag)/2a7]t+a5}2 + {a7y+agz+ [3(18((17 —|—ag)/2(17]l‘ +a10}2 +ai
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Case 3
3 3
4 =0,y = 22¥BIG 0= S8R T @) | (13)
2612 2612
where ay, a3, as, ag, ayo, aj; are real constants, and ayag # 0.
Parameters of Eq. (13) give us the exact form of
3(ap+a3)a 2 3ag(ay +a 2
f=|ay+azz+ Mt—i—as + | —agx+agz+ Mt—i—alo +ayy,
2a; 2an
and the lump solution to the first extended equation as
dag{agx — a7y — agz — [3ag(ax + a3) [2ax]t — a0} (14)

u= .
{aay +azz+ [3(az +a3)az2ax)t +as }2 + {—agx +agz + [3ag(az + a3) [2ax )t + a10}* + an

Based on the expression of « in Eq. (14), conditions du/dx =0, du/dy = 0, and du/dz = 0 leads to the extremum points.
When y = 0, there are two sets of extremum points

a ajo++/a 3(ay+a a

as ag 2a; as

as —aj—+/a 3(ax+az) as
Xp=——+ , 2= — —r—— .

as ag 202 as

2.2. Lump-kink solutions

According to the structure of lump-kink solutions, we substitute the following form of the function f into Eq. (5),
f=g>+h*+cosh(n) + by, (15)

where g = bix+ byy + b3z + bat + bs, h = bex + b7y + bsz+ bot + b1y, N = by1x+ b1oy + b13z+ bi1at + bys, big > 0, and b;
(1 <i < 16) are some constants to be determined.

With symbolic computation, we get three sets of the parameters b; (1 <i < 16).

Case 1

3b; (b7 + bg)

bg =0,bg =
2b7 y 6 ;09

3bg(b7+b b3 (b%b7 +3b7 +3b
3051 bs) s by = 0,y = D3PI 307 F 8)},06)

by = —b3,by =0,b4 =
{1 3,02 =U,b4 2b7 2by

where b3, bs, by, bg, byo, b13, bis, b1 are real constants, and b3b7b13 # 0.
Parameters in Eq. (16) give us the exact form of

3b3(b7 + bg)
2b7

3bg(b7+bg)

2
t+b
2, + 10}

2
f= [—b3x+b3z+ t-l—bs} + {bw—i—bgz-ﬁ-

b13(b33b7 + 3b7 + 3bs)
2b7

+cosh <b13x+b13z+ l+b15> +bye,

and the lump—kink solution to the first extended equation as

2(2b3A2 — b13 Sinh(Cz))

u= , 17
A%+ B3 +cosh(Cy) +bye 17
where
3b3(b7+b 3bg(b7+b
Ay = bsx— b3z — MI —bs, By =b7;y+bgz+ 8(;8%‘-"-[710;
2b7 2b7
b13(b33b7 + 3b7 + 3b
Cy = —bizx+bi3z+ 13( 1377 U 8)l+b15.
2b7
When t — 4o, we have lim,_ 4o, 1 = —2by3.
Case 2
beb7 3b3 (b% +brbsy — b6b7) b3b7 3b3 (bzbs +byb7 + b3b7)
blz_ 7b4: 2 abszia 9 = 7 7b11:07
by 2b2 by 2b2

120502-3
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b3b1p _ 3b3bia(by +b3)
- bu=—""7T"F—"",
by 262

b1z = (18)
where by, b3, bs, b, b7, bo, b12, b1s, big are real constants, and bybgby # 0.
Parameters in Eq. (18) give us the exact form of

2

beb7 3b3 (b% + brbsy — b6b7) t+byo

=|—— b b
f [ by x+byy+b3z+ T
bsbi» n 3b3b12(b2 —|—b3)

by 23

b3by - 3b3 (b2b6 + byb7 + b3b7)
by Zb%

2
t—l—bs} + [b6x—|—b7y+

+ cosh <b12y+ t+b15> +bye,

and the lump-kink solution to the first extended equation as

_ 4[(b6b7/b2)A3 + bﬁB3]
A%+ B3 +cosh(C3) + by’

19

where

beb7 3b3(b3 + bybs — bebr) bsb;  3b3(babg+ baby + b3by)
A3 = —x—bry—b3zz— t—bs, Bz =0> b
3 by X 2y 37 2b% 5, B3 6X + b7y + by Z+ Zb%
b3b 3b3bia(by+b
3bia_, 3bs 12(b2 +b3)

by 23

t+bo,

+ bys.

When t — 4o, we have lim,_, 4., u = 0.
Case 3

3bg(b b bsb 3b3b1r(by +b
{blo, by — g(b2+b3) 3bin 3b12(by + 3)}7 20)

3b3(by +b3)
—————== bg=—bg, b7 =0, bg = b1 =0, b3 = by =
2b2 » U6 8, 07 s U9 2b2 ; U11 s O13 b2 ; D14 Zb%
where by, b3, bs, bg, b1o, b12, b1s, b1 are real constants, and bybgbn # 0.
Parameters in Eq. (20) give us the exact form of

3b3(by + b3

2
3bg(by + b
- %+ﬁ4 +[—mx+mz+8(2f”
2

2
t+b
2, + 10}

f= [b2y+b3z+

b3b 3b3b1a(byr + b
sbia 312(22 3)
b 262

+ cosh (b12y+ l+b15> + byg,

and the lump—kink solution to the first extended equation as

4bgAy
U= m )
A7+ B; +cosh(Cy) + bie

2y

where

3b3(by+b3) 3bg(by + b3) bsbiy  3b3bia(br+b3)
——— ~"t+bs, By =bgx—bgz— ——t—b Cs=b
2b, + 05, B4 8x —bgz 26, 10, C4 12y + by z+ 2b§

Ag =bry+biz+ + b5

When t — 4o, we have lim, 4., u = 0.

3. Interaction solutions to the second extended equation

In this section, we will derive two types of interaction solutions to the second extended equation, i.e., Eq. (3), and employ
two test functions in the form of

f =cos(cix+coy+c3z+cat +c¢s) +cosh(cex + c7y + cgz+ cot +c10) + ci1, (22)
f =sin(dix+dyy + dsz+dat +ds) + cosh(dex + d7y + dsz+ dot +dyo) + d11, (23)

respectively, where ¢; and d; (1 <i < 11) are some constants to be determined, c;; > 1 and dj; > 1.
With symbolic computation, we can get parameters in Eq. (22) as

=0 C4:73CIC3 c6=0,c :7736168 cg=0
’ 2(c1 +c3)’ 6= c}+cies—3c3’ ’ ’

120502-4

(24)



Chin. Phys. B Vol. 29, No. 12 (2020) 120502

where ¢y, ¢3, ¢s, c8, €10, €11 are real constants, ¢jcg(c) + C3)(C? + 0%03 —3c3) # 0, and the exact form of f is as follows:
3cic3 3cics
=cos|cix+c3z+———t+cs | +cosh| ———vy+cgz+c¢ +c
f ( et 5) ( C?+c%63_363y 82+ c10 1,
which leads to the interaction solution to Eq. (3) as
—2c;sin(cix+c3z+ (3erez/2(c1 +¢3))t +¢5)

" . 25
cos(c1x+c3z+ (3ciez/2(c1 +¢3))t +cs) +cosh(—(3eics /c3 +c2es — 3e3)y +esz+cio) + ¢ (25)

We can find that u is a periodic function u(x,y,z,t = to) = u(x,y,z,t =top+ T) and the value of the period is determined by the
expression T = (47/3)[(c1 +¢3)/(c1¢3)]-
In the same manner, we can derive parameters in Eq. (23) as

3d1d3 3d1d8
b =0,ds = B ge—0dy=—— B go—0}, 26
{2 YT 20d +d3)C T B4 dldyi—3ds } (26)

where d|, d3, ds, ds, do, dy are real constants, d1ds(d| +d3) (d% +d12d3 —3d3) # 0, and hereby the interaction solution to Eq. (3)
as
"y 2dy cos(dyx+dsz+ (3d1ds /2(d) + d3))t + ds)
sin(dix+dsz+ (3d1d3/2(dy + d3))t + ds) +cosh(—(3d1a’g/a’f’ —|—d12d3 —3d3)y+dgz+dio) +dii )

27

We can find that u is a periodic function u(x,y,z,t = fy) =
u(x,y,z,t =to+ T) and the value of the period is determined
by the expression T = (47/3)[(d1 +d3)/(d1d3)). 5

4. Analysis and discussion

In this section, we will study the dynamic characteristics
and interaction behaviors of the exact solutions with graphical
simulation. Based on the test function method and symbolic
computation, we have solved the under-determined nonlinear
systems of algebraic equations and obtained exact solutions to
the two extended (3+1)-dimensional JM equation. We have
derived three sets of lump solutions, that is, Eqs. (10), (12),
and (14) to Eq. (2), three sets of lump—kink solutions to Eq. (2)
as seen in Egs. (17), (19), and (21), and interaction solutions
Egs. (25) and (27) to Eq. (3). The 3-dimensional plots and

contour plots of these solutions can be found in Figs. 1-5.

4.1. Features of lump solutions

In Figs. 1-3, the features of the lump solutions are pre-
sented. We can see that the lump solutions have two peaks

corresponding to the two extremum points of the solution, the

waves are localized in all directions in the space and decay in Fig. 1. The three-dimensional plots and contour plots of u via Eq. (10) at
the timet = —5,1=0,andt =5 withy =0, ap=1,a3 =2,a5s =1, a6 =1,

a rational way.
Y a7 =1,a;9=1,and a;; = 2.

2. 2
(b) t=0
1
3 s 0
-1
-2
e N —50 :
0 \\\ /,//f:'a’"’” 50 N 5o
z 50 z T 0
—50 * 50 _50 -

Fig. 2. The three-dimensional plots and contour plots of u via Eq. (12) at the timet = —5,¢ =0, and t =5 withy =0, a3=-1,a5s =1,a7 =1, a3 =1, a0 =1,
and aj; = 1.
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Chin. Phys. B Vol. 29, No. 12 (2020) 120502

50

0 0 0
z —50 —50 T z —50 —50 z z —50 —50 x
Fig. 3. The three-dimensional plots and contour plots of u via Eq. (14) at the time r = —4,¢ =0, and r =4 with y =0, ap=1, a3 =2, as = 1, ag = —1,
ajp = 1, and ay = 1.
4.2. Interaction behaviors ure 4 illustrate the interaction phenomena between lump and
. . kink. As can be seen, the wave is consist of two parts includ-
4.2.1. Lump—kink solutions ) ] ) .p
ing the lump wave and the kink wave. With the increase of 7,
Based on the expressions of u given by Eqs. (17), (19),  the lump first appears from one kink, then it begins to move to
and (21), figures of the lump—kink solutions are obtained. Fig-  the other kink and finally the lump disappears again.
21(al) t=—4
1

3 0
-1

(a2) t=—2 (a3) t=0

—30

—20 0 20 —20 0 20 —20 0 20 —20 0 20 —20 0 20
T T T T T

Fig. 4. (al)-(a5) The three-dimensional plots of u via Eq. (17) at the time r = —4, 1 = —2,t=0,r =2, and r =4 withy =0, b3 = =2, bs = 1, by =1,
bg =3,b10=1,b13=—1,b;5 =1, and bjg = 2; (b1)—(b5) the corresponding contour plots.

4.2.2. Cos—cosh and sin—cosh type solutions

From the three-dimensional plots and contour plots in Figs. 5 and 6, we can clearly find that the waves exist in both sides
of the plane u = 0, they move periodically associated with the valuable ¢, and the value of the period is 27. The behaviors of this
type waves can be explained as the interaction between the soliton solution and trigonometric function solution. The speed and
waveform do not change during the propagation.

1y (@) t=—27
3 0 3

-1 -1

-2 —2l.

20

20
0
—20 _9g x 7 —20_9p z Z 20 -20 z

Fig. 5. The three-dimensional plots and contour plots of u via Eq. (25) at the time (a) t = —2x, (b) ¢t =0, and (¢) r =2n withy =0,¢; =1, c3 =2, ¢5 = 1,
cg = 1, Ccl0 = 1, and Cl11 = 1.

1{(a) t=—-27 L{m)t=0 1
3 0 3 3 0
-1 -1 -1
_92 —2 —2

20 : 20 -

20 20 20
S z z
# —20 _9q x —20 _9q x —20_9p x

Fig. 6. The three-dimensional plots and contour plots of u via Eq. (27) at the time (a) t = —2x, (b) t =0, and (¢) t =27 withy =0,d; = 1,d3 =2,d5 = 1,
dg = 1, d10 = 1, and d11 =1.
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5. Concluding remarks

Based on the Hirota bilinear representation, the test func-
tion method provides a feasible and efficient way to obtain
exact solutions to high-dimensional NLEEs. In this paper,
we have mainly studied two extended (3+1)-dimensional JM
equation. Firstly, we cast the extended equations including
Egs. (2) and (3) into their Hirota bilinear forms by a depen-
dent transformation. With symbolic computation, we have
substituted test functions into the bilinear equations to solve
the lump solutions, lump—kink solutions, and interaction so-
lutions. Finally, graphical simulation has been presented to
reveal dynamical characteristics of lump solutions, and anal-
ysis has also been given to show the interaction behavior of
lump—kink solutions and two other types of interaction solu-
tions.
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