
 

 

 

Dynamical interactions between higher-order rogue waves and various forms of n-soliton 

solutions (n→∞) of the (2+1)-dimensional ANNV equation 

Md Fazlul Hoque, Harun-Or-Roshid, Fahad Sameer Alshammari 

Citation:Chin. Phys. B . 2020, 29(11): 114701 . doi: 10.1088/1674-1056/aba612 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Multi-bubble motion behavior of uniform magnetic field based on phase field model 

Chang-Sheng Zhu(朱昶胜), Zhen Hu(胡震), Kai-Ming Wang(王凯明) 

Chin. Phys. B . 2020, 29(3): 034702 . doi: 10.1088/1674-1056/ab6839 

A mass-conserved multiphase lattice Boltzmann method based on high-order difference 

Zhang-Rong Qin(覃章荣), Yan-Yan Chen(陈燕雁), Feng-Ru Ling(凌风如), Ling-Juan Meng(孟令娟), Chao-Ying Zhang(张

超英) 

Chin. Phys. B . 2020, 29(3): 034701 . doi: 10.1088/1674-1056/ab6834 

Relaxation-rate formula for the entropic lattice Boltzmann model 

Weifeng Zhao(赵伟峰), Wen-An Yong(雍稳安) 

Chin. Phys. B . 2019, 28(11): 114701 . doi: 10.1088/1674-1056/ab48f0 

Stabilized seventh-order dissipative compact scheme for two-dimensional Euler equations 

Jia-Xian Qin(秦嘉贤), Ya-Ming Chen(陈亚铭), Xiao-Gang Deng(邓小刚) 

Chin. Phys. B . 2019, 28(10): 104701 . doi: 10.1088/1674-1056/ab3f26 

On-node lattices construction using partial Gauss-Hermite quadrature for the lattice Boltzmann 

method 

Huanfeng Ye(叶欢锋), Zecheng Gan(干则成), Bo Kuang(匡波), Yanhua Yang(杨燕华) 

Chin. Phys. B . 2019, 28(5): 054702 . doi: 10.1088/1674-1056/28/5/054702 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract76198.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract76198.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract75475.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract75453.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract74921.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract74690.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract73912.shtml
http://cpb.iphy.ac.cn/oldweb/EN/abstract/abstract73912.shtml


Chin. Phys. B Vol. 29, No. 11 (2020) 114701

Dynamical interactions between higher-order rogue waves and
various forms of 𝑛-soliton solutions (𝑛→∞) of

the (2+1)-dimensional ANNV equation
Md Fazlul Hoque1,†, Harun-Or-Roshid1,‡, and Fahad Sameer Alshammari2

1Department of Mathematics, Pabna University of Science and Technology, Pabna 6600, Bangladesh
2Department of Mathematics, College of Science at Alkharj, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia

(Received 1 June 2020; revised manuscript received 6 July 2020; accepted manuscript online 15 July 2020)

We present new lemmas, theorem and corollaries to construct interactions among higher-order rogue waves, n-periodic
waves and n-solitons solutions (n→∞) to the (2+1)-dimensional asymmetric Nizhnik–Novikov–Veselov (ANNV) equation.
Several examples for theories are given by choosing definite interactions of the wave solutions for the model. In particular,
we exhibit dynamical interactions between a rogue and a cross bright-dark bell wave, a rogue and a cross-bright bell wave,
a rogue and a one-, two-, three-, four-periodic wave. In addition, we also present multi-types interactions between a rogue
and a periodic cross-bright bell wave, a rogue and a periodic cross-bright-bark bell wave. Finally, we physically explain
such interaction solutions of the model in the 3D and density plots.
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1. Introduction
Nonlinear partial differential equations (NLPDEs) have

attracted a great deal of attention in various branches of sci-
ences. They present many significant phenomena in physics,
biology, applied mathematics as well as in engineering appli-
cations. NLPDEs lead to powerful methods for explaining
states and evolution with time. Solitary waves (rogue/lump) of
NLPDEs are a class of dynamical behaviors to describe prop-
erties of seismic nonlinear phenomena. Thus there has been an
emerging research field to solve the solitary wave problems of
the NLPDEs. The study of the solitary waves leads to periodic
waves, lump solitons, rogue waves, breathers, semirational so-
lutions as well as their interactions in Refs. [1–18].

Recently, the feather of rogue waves or killer waves has
grown much popularity as they represent surreptitious over-
size sea waves.[8–10] Such awful phenomena of rogue waves
can make water wall larger than 20–30 m and create cataclysm
for ships, coastal oil platform and marine industries.[9] A wave
can be defined rogue category if its hight is two or more times
taller than the background peak, and appears from nowhere
and disappears without a trace.[19] Sometimes these massive
rogue waves become Tsunamis, because of underwater distur-
bance by earthquakes or volcanic eruptions or typically with
the aid of nuclear explosion or asteroids. During Tsunamis,
this dissipated energy travels through water medium and when
the depth of the ocean decreases, the wave height increases
to higher. However, characteristics of rogue type waves
have also been explored in optics,[11] superfluidity,[20] plasma

physics,[21] finance,[22] and so on.
Moreover, interactions between higher-order rogue waves

and n-solitons (n → ∞) are a rear case in literature, and such
calculations are still much more complicated involving the ex-
isting theories.[3,23] In this work, we present new theories with
proper examples to built dynamical interactions between rogue
waves and different forms of n-solitons solutions for the (2+1)-
dimensional asymmetric Nizhnik–Novikov–Veselov (ANNV)
equation via the Hirota bilinear scheme.[24–28] To our knowl-
edge, this is a first step to study these type of dynamical inter-
actions with the existing theories for the ANNV model.

2. The bilinear form of the ANNV model
Let us consider the (2+1)-dimensional asymmetric

Nizhnik–Novikov–Veselov (ANNV) equation[27–29]

𝒲t +𝒲xxx +3(𝒲𝒱)x = 0 and 𝒲x = 𝒱y, (1)

where 𝒲(x,y, t) is evolution of the wave surface function. The
model (1) plays a vital role in nonlinear incompressible fluids
such as shallow-water, long internal and acoustic waves. It is
a special case of the model studied in Ref. [16]. To investigate
interaction soliton solutions of the model, we use the famous
Hirota-bilinear scheme.[25] It is a classical approach to obtain
multiple-front soliton solutions to the NLPDEs.[24–28] We now
convert the model (1) in terms of bilinear form via the follow-
ing transformations:

𝒲 = 2(lnℋ)xy and 𝒱 = 2(lnℋ)xx. (2)
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The model leads to

(DyDt +DyD3
x)(ℋ·ℋ) = 0, (3)

where D is the bilinear differential operator defined in
Refs. [25,27]. Now we can explicitly write the bilinear ex-
pression of Eq. (3) as follows:

ℋytℋ−ℋyℋt +ℋyxxxℋ−3ℋyxxℋx

+3ℋyxℋxx −ℋyℋxxx = 0. (4)

In the following sections, we will establish some theories to
form interaction soliton solutions that will play various combi-
nations of higher-order rogue waves, oscillating and n-soliton
solutions of the model.

3. Interactions between higher-order rogue
waves and n-solitons
In this section, we focus on constructing dynamical in-

teractions of a general form in terms of quadratic polynomial
functions (rogue) with n periodic waves and n-solitons solu-
tions to Eq. (1) involving certain assumptions on the parame-
ters. We also present some relevant examples with their illus-
trative graphs. To the purpose, we first need to introduce the
following lemmas and theorem.

Lemma 1 Suppose that φ(x,y, t) = a0+∑
M
i=1(lix+miy+

nit+ri)
2 is a quadratic polynomial. If φ(x,y, t) satisfies Eq. (3)

with assumptions a0 > 0, ∑i l3
i mi = 0 and ∑i mini = 0, then

φ(x,y, t) will be a rogue wave solution to Eq. (1) with the trans-
formation (2).

Proof Since D is a bilinear operator, we have

(DyDt +DyD3
x)(φ ·φ)

= 2(φytφ −φyφt +φyxxxφ −3φyxxφx

+3φyxφxx −φyφxxx), [by (4)]

= 2(φytφ −φyφt +3φyxφxx),

[∵ φ is a quadratic polynomial]

= −4∑
i

mini(lix+miy+nit + ri)
2 +24∑ l3

i mi. (5)

By the assumptions ∑ l3
i mi = 0 and ∑i mini = 0, Eq. (3) be-

comes

(DyDt +DyD3
x)(φ ·φ) = 0. (6)

Therefore φ(x,y, t) is a solution to Eq. (1) with the transforma-
tion (2).

Lemma 2 If ϕ(x,y, t) = b0 +∑
N
j=1 λ jeν j(ρ jx+τ jt+σ j) is an

N exponential function with ϕy = 0, then ϕ(x,y, t) will be a
solution to Eq. (1) with the transformation (2).

Proof For the bilinear operator D, we have

(DyDt +DyD3
x)(ϕ ·ϕ)

= 2(ϕytϕ −ϕyϕt +ϕyxxxϕ

−3ϕyxxϕx +3ϕyxϕxx −ϕyϕxxx)

= 0, [∵ ϕy = 0]. (7)

Therefore ϕ(x,y, t) is a solution to Eq. (1) with the transfor-
mation (2).

The above lemmas lead to the following theorem.
Theorem 1 Suppose that

ℋ(x,y, t) = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2

+
N

∑
j=1

λ jeν j(ρ jx+τ jt+σ j) (8)

is a combination of a quadratic polynomial with N exponen-
tial functions. If ℋ(x,y, t) satisfies Eq. (3) with the assump-
tions ∑i l3

i mi = 0, ∑i limi = 0, ∑i mini = 0 and τ j =−ρ3
j , then

ℋ(x,y, t) will be a solution to Eq. (1) with the transformation
(2).

Proof Let

φ(x,y, t) = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2, (9)

ϕ(x,y, t) =
N

∑
j=1

λ jeν j(ρ jx+τ jt+σ j) (10)

with ϕy = 0. Then Eq. (8) takes the form

ℋ(x,y, t) = φ(x,y, t)+ϕ(x,y, t). (11)

We now have

(DyDt +DyD3
x)(ℋ·ℋ)

= (DyDt +DyD3
x)(φ ·φ +φ ·ϕ +ϕ ·φ +ϕ ·ϕ). (12)

In the proof, the first and fourth terms are similar to Lemmas
1 and 2, respectively. Now for the second term, we have

(DyDt +DyD3
x)(φ ·ϕ)

= 2(φytϕ −φyϕt +φyxxxϕ −3φyxxϕx

+3φyxϕxx −φyϕxxx)

= 2(φytϕ −φyϕt +3φyxϕxx −φyϕxxx),

[∵ φyxxx = 0, φyxx = 0]

= 2φytϕ +6φyxϕxx −2φy(ϕt +ϕxxx). (13)

It can be easily seen that φyt = 2∑mini = 0, φyx = 2∑ limi = 0
and ϕt +ϕxxx = ∑λ jν

3
j (ρ

3
j + τ j)eν j(ρ jx+τ jt+σ j) = 0, by using

the assumptions. Hence

(DyDt +DyD3
x)(φ ·ϕ) = 0. (14)

It is obviously seen in the third term that

(DyDt +DyD3
x)(ϕ ·φ)

= 2(ϕytφ −ϕyφt +ϕyxxxφ −3ϕyxxφx +3ϕyxφxx −ϕyφxxx)

= 0, [∵ ϕy = 0]. (15)
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Thus from Lemma 1, Lemma 2 and Eqs. (14), (15) and (12),
we can conclude that

(DyDt +DyD3
x)(ℋ·ℋ) = 0. (16)

Therefore ℋ(x,y, t) is a solution to Eq. (3) as well as Eq. (1)
via the transformation (2). In addition, it is obviously seen that
φ(x,y, t), ϕ(y, t) and ℋ(x,y, t) are also the solutions to Eq. (1).
Hence the theorem is complete.

We now study the dynamical interactions of solitary wave
solutions so as to provide particular values of parameters in
higher-order rouge waves and in N-solitons, and their 3D and
density graphical representations. It is noted that the value of
M should be 2 to study the lump solutions based on a general
theory in Ref. [29].

Example 1 First we choose M = 2 with parameters
l0 = l1 = m1 = m2 = n1 = r1 = r2 = 1, l2 = n2 = −1, λi = 6,
νi = 1, ρ1 = 0.5, ρ2 = −0.5, ρ3 = 0.6, ρ4 = −0.6, σi = 0,
i = 1,2,3,4 at t = 0, then Theorem 1 leads to

i. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+6e0.5x for N = 1;

ii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+6e0.5x +6e−0.5x for N = 2;

iii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 +6e0.5x

+6e−0.5x +6e0.6x +6e−0.6x for N = 4;

and their profiles are displayed in Figs. 1 and 2.
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Fig. 1. The 3D (upper) and density (lower) profiles of Eq. (8) for 𝒲: interaction between (a) a rogue and a bright bell wave, (b) a rogue and a
two-bell (one bright and one dark) wave, and (c) a rogue and a four-bell (double bright and double dark) wave.
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Fig. 2. The 3D (upper) and density (lower) profiles of Eq. (8) for 𝒱: interaction between (a) a rogue and a bright bell wave, (b) a rogue and a
two-cross-bright-bell wave, and (c) a rogue and a four-cross-bright-bell wave.

To the observation, the Euler formulas 2coshθ = eθ +

e−θ , 2sinhθ = eθ − e−θ and Theorem 1 lead to the following
corollaries:

Corollary 1 If

ℋ = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2

+
N

∑
k=1

ωk cosh(νk(ρkx−ρ
3
k t +σk)) (17)

is a function with the assumptions ∑ l3
i mi = 0, ∑i limi = 0 and

∑mini = 0, then ℋ(x,y, t) will be a solution to Eq. (3).
Example 2 If we choose M = 2 with parameters l0 = l1 =

m1 = m2 = n1 = r1 = r2 = 1, l2 = n2 = −1, ωi = 6, νi = 1,
ρ1 = 0.5, ρ2 =−0.5, ρ3 = 0.6, σi = 0, i = 1,2,3 at t = 0, then
Corollary 1 will lead to

i. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 for N = 0;

ii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+6cosh(0.5x) for N = 1;

iii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+6cosh(0.6x)+12cosh(0.5x) for N = 3;

and their profiles are displayed in Figs. 3 and 4.
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Corollary 2 Setting µs = iνk into Corollary 1 yields

ℋ = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2

+
N

∑
s=1

ωs cos(µs(ρsx−ρ
3
s t +σs)). (18)

If ℋ satisfies the assumptions ∑ l3
i mi = 0, ∑i limi = 0 and

∑mini = 0, then ℋ(x,y, t) will be a solution to Eq. (3).
Example 3 If we choose M = 2 with parameters l0 = l1 =

m1 = m2 = n1 = r1 = r2 = 1, l2 = n2 = −1, ωi = 40, µi = 1,
ρ1 = 0.25, ρ2 = 1, ρ3 = 0.2, σi = 0, i = 1,2,3 at t = 0, then
Corollary 2 will lead to

i. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+40cos(0.25x) for N = 1;

ii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+40cos(0.25x)+40cos(x) for N = 2;

iii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 +40cos(0.25x)

+40cos(x)+40cos(0.2x) for N = 3;

and their profiles are displayed in Figs. 5 and 6.
Corollary 3 If

ℋ = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2
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+
N

∑
q=1

ωq sin(µq(ρqx−ρ
3
q t +σq)) (19)

satisfies the conditions ∑ l3
i mi = 0, ∑i limi = 0 and ∑mini = 0,

then ℋ(x,y, t) will be a solution to Eq. (3).
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Example 4 First we choose M = 2 with parameters
l0 = l1 = m1 = m2 = n1 = r1 = r2 = 1, l2 = n2 =−1, ωi = 40,
µi = 1, σi = 1, i = 1,2,3,4; for ρ1 = 1/3 in (i), ρ1 = 1/2,
ρ2 = 1/7 in (ii), ρ1 =−0.5, ρ2 = 0.5, ρ3 = 1/7, ρ4 =−1/7 in
(iii) at t = 0, then Corollary 3 will lead to

i. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+20sin(x/3+1) for N = 1;

ii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 +20sin(0.5x+1)

+20sin(x/7+1) for N = 2;

iii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 −20sin(0.5x−1)

+20sin(0.5x+1)−20sin(x/7−1)

+20sin(x/7+1) for N = 4;

and their profiles are displayed in Figs. 7 and 8.
Corollary 4 If

ℋ(x,y, t) = l0 +
M

∑
i=1

(lix+miy+nit + ri)
2
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+
N

∑
j=1

λ je
ν j(ρ jx−ρ3

j t+σ j)

+
L

∑
k=1

ωk cosh(εk(εkx− ε
3
k t + ςk))

+
P

∑
s=1

δs cos(µs(ιsx− ι
3
s t +αs))

+
Q

∑
q=1

ξq sin(βq(γqx− γ
3
q t +κq)) (20)

satisfies the conditions ∑ l3
i mi = 0, ∑i limi = 0 and ∑mini = 0,

then ℋ(x,y, t) will be a solution to Eq. (3).
Example 5 If we choose M = 2 with parameters l0 =

l1 = m1 = m2 = n1 = r1 = r2 = 1, l2 = n2 =−1, λ1 = 5,ν1 =

1,ρ1 = 1, σ1 = 0, ω1 = ω2 = 15,ε1 = ε2 = 1, ε1 = 1,ε2 = 0.5,

ς1 = ς2 = 0, δ1 = δ2 = 40,µ1 = µ2 = 1, ι1 = 1/3, ι2 = 1/5,
α1 = α2 = 0 at t = 0, then Corollary 4 will lead to

i. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2

+40cos(x/3)+15cosh(x)

for N = 0, L = 1,P = 1, Q = 0;

ii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 +40cos(x/3)

+40cos(x/5)+15cosh(x)+15cosh(0.5x)

for N = 0, L = 2, P = 2, Q = 0;

iii. ℋ = 1+(1+ x+ y)2 +(1− x+ y)2 +5ex

+40cos(x)+15cosh(x)

for N = 1, L = 1, P = 1, Q = 0, ι1 = 1;

and their profiles are displayed in Figs. 9 and 10.
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Fig. 9. The 3D (upper) and density (lower) profiles of Eq. (20) for 𝒲: multi-interaction among a rogue periodic wave and bright-bark bell soliton
waves.

(a) M/↪ N/↪ L/↪ P/↪ Q/ (b) M/↪ N/↪ L/↪ P/↪ Q/ (c) M/↪ N/↪ L/↪ P/↪ Q/

-40

0

0 -20 -4040
2040

x

y

0

-0.5

0.5

V

-20

0

0 -2020

20
x

y

0

-0.4

-0.8

0.4

V

2

1

0

-1

-20
0

0 -20
20

20
x

y

Fig. 10. The 3D (upper) and density (lower) profiles of Eq. (20) for 𝒱: multi-interaction among a rogue periodic wave and bright-bark bell soliton
waves.

4. Conclusion

The main results in this paper is to present new the-
ories to allow multi-type interactions among higher-order
rogues, n-periodic waves and n-soliton solutions to the (2+1)-
dimensional asymmetric Nizhnik–Novikov–Veselov (ANNV)
equation. To illustrate the existence of the theories, we present
details of proofs of the theories with enough examples. We
also explain dynamical behaviors of the corresponding inter-

actions in graphically. Let us point out that more multi-types
interaction solutions could be investigated by considering the
following equation:

ℋ= l0 +
M

∑
i=1

(lix+miy+nit + ri)
2 +ϕ(x, t), (21)

with the assumptions ∑ l3
i mi = 0, ∑i limi = 0, ∑mini = 0 and

ϕt +ϕxxx = 0 of the model (1). This illustrates a deep con-
nection between higher-order rogue waves and n-soliton so-
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lutions. Such computations would provide much interesting
nonlinear physical phenomena in complex models.[30]
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