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Systematic error suppression and test data processing are very important in improving the accuracy and sensitivity of
the atom interferometer (Al)-based weak-equivalence-principle (WEP) test in space. Here we present a spectrum correlation
method to investigate the test data of the Al-based WEP test in space by analyzing the characteristics of systematic errors
and noises. The power spectrum of the E6tvos coefficient 77, systematic errors, and noises in Al-based WEP test in space
are analyzed and calculated in detail. By using the method, the WEP violation signal is modulated from direct current
(DC) frequency band to alternating current (AC) frequency band. We find that the signal can be effectively extracted and
the influence of systematic errors can be greatly suppressed by analyzing the power spectrum of the test data when the
spacecraft is in an inertial pointing mode. Furthermore, the relation between the E6tvos coefficient 17 and the number of
measurements is obtained under certain simulated parameters. This method will be useful for both isotopic and nonisotopic

Al-based WEP tests in space.
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1. Introduction

Atom interferometer (AI) is an important tool with
ultra-high precision in acceleration and rotation measure-

Now it has been widely used in many fields!!~!
4-10]

ments.

such as measurements of the gravitational acceleration,|

[11-14] [15-18] Newtonian gravita-

[21-23]

gravity gradients, rotations,

19201 fine structure constant,

tional constant, gravita-
tional redshift,[**! post-Newtonian gravity,!**! and so on. Es-
pecially, one can perform the test of the weak-equivalence-
principle (WEP)[?%-33] by measuring the gravity acceleration
of two different kinds of atoms. Through sharing a com-
mon reflection Raman mirror as well as cooling and manip-
ulating the dual-species atoms synchronously, usually, many
noises and systematic errors such as gravity gradients, vi-
brations and rotations**33 can be eliminated. At the same
time, errors caused by Zeeman shift and AC-Stark shift can
be eliminated by designing Als with the same internal state
in the double Raman transition and Bragg transition interfer-

(36,371 Therefore, the expected precision of the

ence schemes.
WEP test could be much higher than the gravity measurement

precision.

DOI: 10.1088/1674-1056/aba609

On this basis, more and more groups in the world are car-
rying out the Al-based WEP test experiments. Their chosen
atoms pairs include isotope atoms, non-isotope atoms, and the
same kind of atoms with different spins, and their test accu-
racy range from 10~ to 1072,131:33:38-401 Eor Mach—Zehnder-
type Al-based WEP tests, the measurement sensitivity is in-
versely proportional to the square of the free evolution time of
atoms, thus extending the evolution time is an effective way to
improve the test precision. Kasevich’s group in Stanford, 33!
Zhan’s group in WIPM,3%! Rasel’s group in Hannover, 4]
etc., have built long-baseline atomic fountain instruments re-
spectively to extend the free evolution time.

On the other side, the microgravity environment in space
provides a nearly ideal platform for atom interferometry. It is
possible to further extend the free evolution time, and to pre-
pare atom clouds with lower temperature and better overlaps in
space. Moreover, the absence of the large static gravitational
force in space also minimizes the necessary lengths for the
atom trajectories, therefore, it greatly simplifies and enhances
the environmental isolation and controlling of Als. In addi-
tion, the pointing mode of the spacecraft orbit also has an im-
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portant effect on the precision of Al-based WEP tests in space.
The inertial pointing mode has more advantages than the earth-
pointing mode. For instance, the errors of Als are related to the
rotation rate of the spacecraft. The smaller the rotation rate is,
the smaller the measurement error is. The rotation rate of the
spacecraft is zero in the inertial pointing mode. In contrast, the
angle between sensitive axes of Als and earth’s gravity varies
evenly with the orbital period of the spacecraft. Now several
space Al-based WEP projects have been proposed and pre-
pared on the way, and the higher test precision compared with
the Al-based WEP on earth is expected to be achieved.!3>#!]
However, even if the WEP test is violated in space, some sys-
tematic errors (for instance, magnetic field, light field distribu-
tion, wave-front-aberration, efc.) which do not diminish with

35411 would be a fatal factor to the improvement of

test sites, !
measurement precision since the violation signal will be com-
pletely submerged in these errors, and it becomes very difficult
to extract signal directly in ultra-high precision tests. Fortu-
nately, the phase difference caused by the violation signal be-
tween the interference fringes oscillates sinusoidally in every
orbital periods. This gives us a way to extract the violation
signal from the noise background. In addition to using micro-
scopic atoms for WEP tests, the MICROSCOPE space mis-
sion aims to test the WEP by using macroscopic test masses,
which was launched and injected into a circular orbit of 710-
km altitude.[*?! The satellite, which moves oppositely to the
orbit, spins around the normal to the orbital plane. In the satel-
lite frame, the earth’s gravity field rotates at the sum of the
orbital and spin frequencies. A WEP violation would give a
signal modulated at this frequency. However, adding spin fre-
quency only changes the position of signal frequency on the
power spectrum, and it does not increase the power spectrum
density of the signal.

In this paper, we present a spectral correlation method to
effectively analyze and extract the experimental data from the
mixed background noises in the Al-based WEP tests in space
when the spacecraft is in an inertial pointing mode. By using
the method, the WEP violation signal is modulated from DC
frequency band to AC frequency band. Our method can effec-
tively suppress the influence of time-independent systematic
errors and other errors at the non-sensitive frequency band.

Pi]=

N =N =

pfi] =

where i means the number of interference. ¢, ; = kesr ja;T>
(j = 1,2) are acceleration-induced phases of these two Als.

T is the free evolution time. We have introduced scanning

2. Al-based WEP tests in space
2.1. Orbit of the spacecraft

Suppose the orbit of the spacecraft is an ideal roundness.
The orientation of the Al sensitive axis along the orbit of the
spacecraft is shown in Fig. 1. The spacecraft moves around
the earth in inertial pointing mode.
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Fig. 1. The schematic diagram of the spacecraft’s orbit in space. The
spacecraft moves around the earth in inertial pointing mode.

2.2. Systematic errors in Al-based WEP tests

The interferometer is implemented by performing double
diffraction beam splitters in a Mach—Zehnder-like 7 /2-n—7 /2
configuration. In the Al-based WEP test experiments, by syn-
chronously measuring the accelerations a; (j = 1,2) of two-
species atoms (such as 3°Rb and 3’Rb atoms) and calculating
the corresponding differential acceleration (Aa = a; —ay) to
the projection of local g in direction of the sensitive axis, we
can get the Eotvos coefficient 1) of the WEP which can usually
be described as

_@m—a

n= : ey
8

The Als’ phase is influenced by variations of the environmen-
tal parameters such as gravity, gravity gradients, rotations,
magnetic field, vibrations, wave-front-aberration,!*3! and so
on. We assume that ke and ke are the effective wave
vectors of the dual-species Als. o = kego /kefm is the ratio
between the two wave vectors. After Nnumber of measure-
ments, the populations for different internal spin states of two
Als are*4]

[1+ cos(kefr,1a1 T* + 4,1 [i] + Pscan.1 [i])] »

i=1,2,...,N, 2)

[1+cos(ketparT* + @u 2 [i] + Pscan2[i])] -

phases @scan,j[i] (j = 1,2) which changes at every measure-
ment data point and is used to change the total phases to form

the sine curves or an ellipse curve. The environment back-
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ground induced phases are defined as ¢4 ;[i] (j = 1,2) at each
interference period.

By synchronously scanning the phase (@scanli] =
Oscan,1[i] = @scan2[i]) and parametrically plotting Py versus
P, an elliptic curve is obtained as shown in Fig. 2(a). The
shape of the ellipse curve represents the phase differences be-
tween these two Als, and the information of E6tvos coeffi-
cient 1) is derived by fitting the differential phase of this el-
liptic curve. However, for nonisotopic dual-Al experiments,
the ker,1 and kg are different, their difference gives a phase
shift AkergT>.1441 In general, the environment-induced phases
¢4.jli] (j = 1,2) are different so that an additional phase shift

00 05 1.0 oo

Pl/a.u. P]/a.u_

Fig. 2. The elliptic curve and the Lissajous curve. (a) The elliptic curve
obtained by synchronously scanning the phase and plotting P; versus P,, the
range of (scan is 27. (b) The Lissajous curve obtained by plotting P versus
P>. The ratio of effect vectors is a =780/767, and the range of @scan,1 is 207.

If the ratio between the environment-induced phase
042[i]/0a,1i] = @, it does not lead to a deviation in the WEP
test. We can utilize a proportional-scanning-phase method 44!
to suppress the phase shift. For instance, the wave-front-
aberration phases and the vibration-induced phases are pro-
portional to the effective wave vectors kef, ;,[****] and they all
have the same ratio. We scan the phases and the effective wave
vectors Pscan,1]i]/ Pscan 2[i] = o with the same ratio and plot Py
versus P>. A Lissajous curve is obtained as shown in Fig. 2(b).
The populations of internal states of two Als can be written as

Py [l] = [1 +Cos(¢com [l])} )
i=1,2,...,N,
[1+ cos(a@comli] + Pair[])]

N = =

Pi] =
3)

where Qcom[i] = kesr, 101 T2+ 0d.1[i] + @scan,1 [i] is defined as the
common-mode phase. @gis[i] = kegr o1 [f] gT? is the residual
phase. We define @gife[i] = eff,zn[i]gTz as the differential-
mode phase, and it is also the Eotvos coefficient phase. It can
be derived by using the Bayesian estimation method.*>! The
information of 1 can be described as
. it [1]
i] = At (&)
nli ket 28T?
If the ratio of phase ¢y ;[i] (j = 1,2) induced by the environ-
ment background is not «, the systematic phase of the mean

field will be independent from kegj.!*!! There is a systematic
error in WEP tests, it can be described as

Ga2li]  Paali]
keff,2gT2 keff,lgT2 .

Anli] = (5)

3. Power spectrum for the violation signal of
WEP tests in space

In the inertial pointing mode, the phase difference be-
tween the interference fringes caused by the violation signal
oscillates sinusoidally with the orbital period. And the phase
difference induced by the environment background oscillates
sinusoidally with other different periods. Fortunately, the in-
formation of 1 can be derived from the difference of power
spectrum between the violation signal and noises. When the
spacecraft goes around the earth, the angle 6 between the sen-
sitive axis of Al and the earth’s gravity varies evenly with the
orbital period of the spacecraft. Once the WEP is violated,
the differential-mode phase @izt [{] of the interference fringes
caused by the violation signal will oscillate sinusoidally with
the orbital period. Therefore, the time-domain description of
the differential-mode phase can be rewritten as

Gaite(t) = Asin( @t + i), (6)

where A is the sinusoidal amplitude, 8 = wt, ® is the angu-
lar frequency of the orbital period of the spacecraft. @,; is the
initial phase. Here we set ¢ip; = O to simplify the calculation.
To make a meaningful estimation of the statistical process in
the presence of correlations, one has to specify the number of
measurements N. A single measurement time (cycle time) is ¢,
and 27 = Nt is the total measurement time. Notice that the T
in here represents a half of the total measurement time. Hence
the autocorrelation function of the differential-mode phase of

the violation signal can be defined by!“°!
1 N—-1
Ry(m) = A}ILEO N l;o Oditt,i Pdiff i-+m @)

we transfer Eq. (7) into the frequency domain by using the
Fourier transformation. It can be then expressed below:

Nl
Ry (m) = lim = Y. uitt i Pt im
i=0

1 N—1 N—1 -
= lim — Y lim — Y Fje 2miN
N—oo N = N_se0 Nt %=
i=0 j=0
N 7 o nlim N
x lim — Y Fye 12mlitm)
N—oo Nt ,Z 7
J'=0
) 1 ) 1 N—1 ) 1 N—1
= hm—hm—z lim —
N—oo N N—oo Nt = N—oo Nt 4
N-1 Il .
« ( Z elem(]+j )/N>FijleIZ7rm] /N
i=0
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1 N—1
= 1 i FiFye 12mmi /N
NeooNt ZNIELNZ Z Oy=-j ¢
N_
= lim ! ZFF el2mmi/N
N—>c>oN2t2
-1
— lim — Z |F‘ e2mmi/N. ®)
N—oo Nt =0 Nt

where F; = Z it e">™I/N is the discrete Fourier transfor-

mation of ¢dltfl
|7
Saird = Al,lgio Nt
represents the power spectral density of the differential-mode
phase fluctuations. Equation (8) can be rewritten as

N—1

1
Ro (m) = A}lglo Nt Z Sositr.j el 2mmi/N, ©)

For stationary stochastic processes, the autocorrelation

=Ry (—m).
The value of the autocorrelation function for m = 0 represents

function must be an even function, i.e., Ry (m)
the variance of the differential-mode phase fluctuations

lim —

R(m 0) = G¢dlff N—seo Nt Z Dditt»J -

(10)

If the power spectrum of the differential-mode phase fluctua-
tions comes from white noise, the amplitude of noise power
spectrum density (NPSD) S, (v) can be derived as

Sn (V) = Op \/ia

where oy, is the standard deviation of noises in a single mea-

1)

surement cycle. ¢ is the single measurement time. v is the fre-
quency of periodic oscillation. In addition, if the power spec-
trum of the differential-mode phase fluctuations comes from
the systemic errors of DC, the power spectrums of the sys-
tematic errors will be in the zero frequency band, which are
not in the same frequency band with the WEP violation sig-
nal. Similarly, the differential-mode phase of the interference
fringe caused by the violation signal will oscillate sinusoidally
with the orbital period. Equation (10) can be rewritten as

1Nl

Z ¢d.ffz =

where S, is the power spectrum density of the violation sig-

Nt Si=v, 12)

nal. A power spectrum impulse is generated at frequency v
when one performs the WEP test in the spacecraft, the ampli-
tude of this impulse can be expressed as

1 —
SnO = 5710 Nt7

where 1) is the amplitude of the violation signal in the WEP

13)

test experiment.

4. Simulation results and discussion

Here, we suppose the altitude of the spacecraft is
1000 km. A single measurement time is # = 20 s, and the num-
10000. According to the altitude
of spacecraft, it is easy to know the orbital period of spacecraft
is 6313 s, and the frequency of the WEP breakdown signal of
the sinusoidal oscillation is 1/6313 Hz. This frequency is de-

ber of measurements is N =

fined as the sensitive frequency.

Figure 3 shows the full power spectrum of the WEP
breakdown signal and noises together. The phase ¢; caused
by environment noises forms the background of the full power
spectrum (that is the amplitude of (NPSD) Sy, (v)). In Fig. 3(a),
the breakdown signal of WEP is mixed in the background
In Figs. 3(b)-3(d), there is a peak signal in the sen-
sitive frequency band (1/6313 Hz). This peak represents the

noises.

breakdown signal of WEP which is caused by the acceleration-
induced phase ¢,. The smaller the standard deviation oy, of the
noise is, the more obvious this peak is.
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Fig. 3. Numerical simulation of the power spectrum of WEP tests in space.
The E6tvos coefficient 1 is set to be 1x 10713, The standard deviations of
noises in a single measurement cycle are set to be (a) 1x 10713, (b) 1x10~14,
(¢) 1x10~13 and (d) 1x10~19, respectively.

The value of the peak in the sensitive frequency band of
Fig. 3(a) cannot be distinguished from the background of the
full power spectrum. This is because the number of measure-
ments set here is too little compared to the standard deviation
oy, of the noise. The intensity of the background noise is much
bigger than the intensity of the breakdown signal of WEP. This
problem can further be overcome by increasing the number
of measurements. When the number of measurements is in-
creased to 1x10%, an obvious peak of the breakdown signal
of WEP appears in the sensitive frequency band, as shown in
Fig. 4.

To determine whether the WEP breakdown is true, we
must make sure that the amplitude of this peak is much bigger
than the amplitude of the background noise. When the ampli-
tude of this peak is 5 times bigger than that of the background
noise (Spo/Sy (v) > 5), the probability of the WEP breakdown
i5 99.99994%. In order to achieve the above probability and
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by substituting Eq. (11) into Eq. (13), the number of the WEP
measurements should meet the following condition:

2
N> (1?7(:”> : (14)

On the contrary, if the peak is not 5 times bigger than the
amplitude of the background at the sensitive frequency, the
Eo6tvos coefficient 1 can be described as

no < 100 (15)
JN
that is to say, there is no 99.99994% probability that the WEP
breakdown will occur. It will occur with a low probability, for
example, 90% or lower. 1y is commonly called the precision
of the WEP test.

2.5 T T T T

[\
en)
T
1

Sy(v)/1012 Hz—1/2

v/10* Hz

Fig. 4. Numerical simulation of the power spectrum of WEP tests in space.
On the basis of Fig. 3(a), the number of measurements is increased to 1x10°.
oy is 1x10713,

By analyzing the power spectrum of the test data, the in-
formation of the WEP test signal can be effectively extracted
and the influence of systematic errors can be effectively sup-
pressed. For the Al-based WEP tests in space, there are many
systematic errors such as vibrations, wave-front-aberration,
fixed magnetic field, and light field distributions which do not
vary with time. They are defined as the time-independent
DC errors in here. Although the intensities of these errors
are much greater than the intensity of the breakdown signal
of WEP, these errors do not affect the power spectrum of the
Eotvos coefficient 1. In addition, errors in the non-sensitive
frequency band can be effectively eliminated in the power
spectrum. For instance, the power spectrum of the phase dif-
ference caused by gravity gradients repeats at twice of the
period of the Eotvos coefficient 1), thus the error caused by
gravity gradients can be effectively eliminated.*’! Therefore,
power spectrum analysis is very useful for the extraction of
test data of the WEP test in space.

5. Conclusion

In summary, the paper presents a spectrum correlation
method to investigate the test data of the Al-based WEP tests

in space. The power spectrum of the Eotvos coefficient 1,
systematic errors, and noises in the Al-based WEP tests in
space are analyzed and calculated in detail. When the space-
craft is in an inertial pointing mode, we find that the signal can
be effectively extracted and the influence of systematic errors
can be greatly suppressed by analyzing the power spectrum
of the measurement data in the Al-based WEP tests in space.
This is a useful way to suppress the systematic errors in Al-
based WEP tests in space. Furthermore, the relation between
the Eotvos coefficient 11 and the number of measurements can
be obtained under certain simulated parameters. Our scheme
will be helpful for the future design of ultra-high-precision Al-
based WEP tests in space, and it is suitable for both isotopic
and nonisotopic Als-based WEP tests.
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