Crinese Puysica Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Effect of weak measurement on guantum correlations

L Jebli, M Amzioug, S E Ennadifi, N Habiballah, M Nassik
Citation:Chin. Phys. B . 2020, 29(11): 110301 . doi: 10.1088/1674-1056/aba5fa
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Bidirectional multi-qubit guantum teleportation in noisy channel aided with weak measurement

Guang Yang(# ), Bao-Wang Lian(FE{RHE), Min Nie(3%:4), Jiao Jin(%:4F)
Chin. Phys. B . 2017, 26(4): 040305 . doi: 10.1088/1674-1056/26/4/040305

Amplifying and freezing of quantum coherence using weak measurement and quantum
measurement reversal

Lian-Wu Yang(#i£ ), Yun-Jie Xia(E =7%)
Chin. Phys. B . 2016, 25(11): 110303 . doi: 10.1088/1674-1056/25/11/110303

Decoherence suppression for three-qubit W-like state using weak measurement and iteration
method

Guang Yang(#7%), Bao-Wang Lian(J#f#HE), Min Nie(Z: )
Chin. Phys. B . 2016, 25(8): 080310 . doi: 10.1088/1674-1056/25/8/080310

Weak value amplification via second-order correlated technigue

Ting Cui(##&), Jing-Zheng Huang(#{#% 1Y), Xiang Liu(X|#), Gui-Hua Zeng( % 1)
Chin. Phys. B . 2016, 25(2): 020301 . doi: 10.1088/1674-1056/25/2/020301

Dynamics of super-guantum discord and direct control with weak measurement in open
quantum system

Ji Ying-Hua
Chin. Phys. B . 2015, 24(12): 120302 . doi: 10.1088/1674-1056/24/12/120302


http://cpb.iphy.ac.cn/EN/abstract/abstract76216.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract69911.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68541.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68541.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract67826.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract67826.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract66566.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65925.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65925.shtml

Chin. Phys. B Vol. 29, No. 11 (2020) 110301

Effect of weak measurement on quantum correlations

L Jeblib®, M Amzioug4=5 . S E Ennadifi*, N Habiballah?3, and M Nassik!

1EPTHE, Department of Physics, Faculty of Sciences, Ibn Zohr University, Agadir, Morocco

2Fazculty of Applied Sciences, Ibn Zohr University, Ait-Melloul, Morocco
3Abdus Salam International Center for Theoretical Physics, Strada Costiera, 11 I-34151, Trieste, Italy
4LHEP—MS, Department of Physics, Faculty of Science Mohammed V University, Rabat, Morocco
5Departmf—:nt of Physics, Ecole Normale Supéieure (ENS), Mohammed V University, Rabat, Morocco

(Received 21 April 2020; revised manuscript received 29 June 2020; accepted manuscript online 15 July 2020)

We investigate the local quantum uncertainty (LQU ) in weak measurement. An expression of weak LQU is explicitly
determined. Also, we consider some cases of three special X states, Werner state, circulant two-qubit states, and Heisenberg
model via LQU in normal and weak measurements. We find that the LQU in weak measurement is weaker than the case of

strong measurement.
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1. Introduction

Since its inception, quantum mechanics (QM) shows sev-
eral counterintuitive concepts and so has been purported not
to be a complete theory.!'3] Among these quantum concepts,
that of measurement plays a central role in quantum theory. [+
Indeed, the way in which quantum measurement acts on quan-
tum systems is fundamentally and radically different from that
of classical measurement.

The weak measurements, %! for which the coupling of
the system and the measuring device is weak, are proved to
be soft measurements that do not strongly influence the state
of the quantum system. In fact, even if an arbitrary quantum
state loses its decoherence, when a projective measurement is
made. It will be weakly disturbed and will not lose its coher-
ence completely if a weak measurement is made. In partic-
ular, weak measurements have been shown to be universal in
the sense that any generalized measurement can be obtained
in the form of a series of weak measurements resulting in mi-
nor changes in the quantum state for all the results.!”! The low
value attributed to an observable can take values outside the
spectrum of the observable. Recently, it has been shown that
weak measurements have been used to understand quantum
systems in a coherent way, such as the uncertainty principle,

8-12

realism, and non-locality.[®~'?! They are therefore important

for exploring fundamental physics issues and have technolog-
ical implications.[!3-17]

Another particular result is the type of correlations exist-
ing between different parts of a composite system, commonly
called non-classical correlations.!'=3! One of the most pow-
erful non-classical correlations is the entanglement, which is
clear from its importance in different information processing

tasks.!?! To fully understand the behavior of composite quan-

Corresponding author. E-mail: larbi jebli@gmail.com
© 2020 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/aba5ta

tum systems, several quantum correlation measurements have
been invented recently and have attracted much interest.!'8]
In particular, a new quantifier of quantum correlations called
local quantum uncertainty (LQU) has recently been intro-
duced in the literature.!'”) Due to the measurement of a lo-
cal observable, this quantum measurement quantifies uncer-
tainty in a quantum state. Although, the LQU form for higher-
dimensional systems is not available, such a quantifier is rele-
vant in quantum metrology, particularly in quantum informa-
tion measurement. Thus, LQU has good reason to be consid-
ered as a faithful measure of quantumness of quantum states.

In this paper, after reviewing briefly the skew information
and LQU, we introduce, in a simple way, the formalism of the
weak measurements, and then we determine weak local quan-
tum uncertainty (WLQU) of two-qubit X states in comparison
with strong LQU. As an application, we consider some cases
of special X states: (i) z-Werner state, (ii) (e, g)-circulant two
qubit states, and Heisenberg XXX model. A conclusion closes
the paper.

2. Skew information and LQU
2.1. Skew information

One of the intrinsic features of quantum mechanics is the
quantified non-classical correlations. Skew information is an
uncertainty relation which provides the statistical nature of
measurement errors. The measurement of a single observable
can also help to detect the uncertainty of a quantum observ-
able. For a bipartite system AB with the quantum state p, an
observable is said quantum certain if the measurement error
of the observable is only due to the ignorance of the classical
mixture p.?!) The skew information is a good quantifier to the

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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uncertainty of an observable, and is given by?"]
1
Z(pan.K) = =5 Te (IvPan, K1) M
where Tr denotes the trace and the symbol [.,.] denotes the

commutator. Wigner and Yanase introduced this quantity
to express the amount of information stored in an inacces-
sible state by measuring the observable K, because of the
non-commutativity between the state p and the observable K.
Therefore, it serves as a measure of uncertainty of the observ-
able K in the state p. The measurement of skew information
has interesting properties for pure states (p> = p), the vari-
ance V (p,K) = TrpK? — (TrpK )2 is purely quantum in nature.
Nevertheless, for a mixed state (Trp2 < 1) itincludes classical
and quantum contributions. The Wigner—Yanase skew Infor-

mation can be rewritten as

Z(pas.K) = Tr(pas (K)?) — Te(v/PasKy/pasK . (2)
It has many good properties,?>??! as (i) it is non-negative,
(ii) reduces to the variance of the pure state (p> = p), and
(iii) is convex in p in the meaning where Z(Y;4;p;,K) <
Y AiZ(pj,K), Aj € R, which means that skew information
decreases when the multiple states are mixed. For example,
it disappears if and only if p and K commute and it is positive
in the other cases; it does not increase under classical mixing.
In particular, if we select an observable K = K4 ® I with Ky
that can be observed on subsystem A, Z(pap,K) is contractive
under completely positive and trace-preserving maps P on B,
that is, Z((Iy @ ®) pap, Ko @) < Z(pap,Ka ®1).

The skew information is delimited from below by the
amount of discord-type correlations in the state and its min-
imum value can actually be used as a measure of discord-type
correlations, defined in Ref. [19] as the LQU. The authors have
chosen the local observable K4 = K ® Ig such that K is a
Hermitian operator on subsystem A with non degenerate spec-
trum K4 =Y, @;|i) , (i|]. The LQU based on the skew informa-
tion is given by

U(pag) = H;iAHI(PABaKﬁ\ ®1Ip)
A

I .
= fimlnTr([,/pAB,Kﬁ‘ ®IB]2). 3)
K}

In Eq. (3) the minimization is performed over all local
maximally informative observables K = K,{x\ ® Ip on non-
degenerate spectrum K4 = Y, ;i) (i|, where {|i),} is an
orthonormal basis of A and the ¢ are all different. That is,
only observables of the form K4 = UAAUX are taken into ac-
count, where Uy is any local unitary transformation on sub-
system A.["”) This quantity is not only a quantzation of the
minimum amount of uncertainty in quantum state, but also a
well-defined quantum correlations measurement. In particu-
lar, for 2 ® d dimensional state p, by dropping the superscript
A for brevity and choosing the non-degeneate observales as
KA = n .o with 0 = (01,0,,03) being the vector of Pauli

operators, the LQU can be derived as!'”]
u(p) = lfa'max{w}v “

where Anax denotes the maximal eigenvalue of the matrix
W = (@;})5,.; Whose matrix elements are given by

a)ijETr{\/pAB(O',‘®I)\/pAB(Gj®I)}. (®)]
Here o;’s (i = 1,2,3) are the standard Pauli matrices in this
case (for d = 2) of subsystem A. It has been demonstrated that
the LQU satisfies the full physical requirements of a measure
of quantum correlations. ]

3. Weak mesurement

Although the information obtained was lower than the
evaluation of the von Neumann projection, the disturbance was
much smaller. More significantly, the quantum states were re-
coverable after a weak measurement.®! Then, a test is imple-
mented to minimize the impact on the initial quantum state
which induces a relatively small modification of the quantum
states. This is called the weak measurement. It is a way of
manipulating and controlling the quantum state. The weak op-
erators of the measurement are provided by!”)

1 —tanhx 1 +tanhx
P(x) = \/Tﬂo—i—\/ #Hl,

1+x 1 —tanhx
P(—x)z\/ 5 H0+\/2 1, (6)

where x is a parameter indicating the strength of the measure-

ment process, Iy and II; are the two orthogonal rank-1 pro-
jectors that satisfy Il 4+ I} = 1. The weak measurement op-
erators satisfy P'(x)P(x) + P(—x)P'(—x) = 1. The larger the
x value, the stronger the weak measurement. One can easily
find that if and only if x — oo, the weak measure is close to the
projective measurement. These operators have the following
properties:

i) P(0)= % resulting in no state change;

i) in the strong measurement limit we have the projective
measurement operators, i.e., )}1_51010 P(—x) =1IIj and }1_r>1010P(x) =
IT; (for }glgotanhx =1);

iii) [P(x),P(—x)]=0.

To see that these operators indeed correspond to weak
measurement, consider the action of the weak operators given
by gg?otanhx =1,

Pl =3 (G4 QI3 (G -Bo, (D)

where §; = /1280 and § = /Y ndeed, it is pos-

sible to parameterize a particular local observable P(+x) with

non-degenerate spectrum {{;, { } 2%

P(xx) = Uy <;(C1+C2)1Ai;(§ —Cz)#) Ui
(§1+C2)IAi%(§]7§2)n-o—A, (®)

N =
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where n is a unit vector, as it follows from the concept of skew
information.

4. LQU in weak measurement

In this section, we can give a rigorous definition of the
skew information and LQU based on a weak measurement of
quantum correlations. For the case of bipartite states, >3 de-
fined on a Hilbert space 2 ® d (qubit—qudit states), the local
quantum based on skew information has the closed form.!?*! In
order to find a closed form for the weak local quantum (WLQ),
we would like to give the connection between the LQU and the
WLQU.

Theorem 1 Any 2-dimensional observable (8) can be de-
composed as P(+x) = aly + n - 04"°! with the parameters
o and P being respectively determined by the strength of the
weak measurement, while n varies on the unit sphere. There-
fore, equation (1) can also be rewritten as

WL (p,P(£x)) = B*Z (p, 1~ 024).

Proof After a simple calculation, one can see that the LQ
of skew information defined in Ref. [19] can be rewritten as

W (p,P(x)) = 3 Tr{aly/p, 1]+ B[VBm- o]}’
2

= - T {[Vp.n-ouly
= BZI(pvn'UA)~

Therefore, for qubit—qudit systems, the choice of the spectrum
A does not affect the quantification of non-classical correla-
tions, and without loss of generality, we suppose that the local
observables are of the form K4 = n-o4. After having sim-
plified the form of the observables over which we need to op-
timise (the minimisation now works on 712), we can write the
LQU in the following fashion:

Wit} (p) = minWZ (p.K2) = pmin (p.n-s)
Wit (p) = BPmin {1 —Tr (VP (.0 01) /P (n; - 0;1))}
= ﬁz(l_ﬂfmax)a

where Anax is the maximum eigenvalue of the matrix W whose
matrix elements are (W);; = Tr(y/p (0:®1)/p (0;®1)).
Theorem 1 provides a succinct and significant relation be-
tween the WLQU and LQU. We are more interested here in
skew information and LQU. From this theorem, we can find
that the WLQU has also a closed form like the LQU and that
the WLQU vanishes if and only if the state is a classical quan-
tum state and for f = 0. Since 0 < 8 < 1, Theorem 1 im-
plies that the WLQU in the weak measurement process cap-
tures only the partial quantumness of operator density p.
Now, under normal and weak measurements, we have ob-
tained the analytic formulas of LQU. It should be noted that in
the case of a weak measurement or a projective measure, the
analytic statements of LQU are very independent of the di-
mension d. The relationship between quantum entanglement

and local quantum uncertainty, as well as their development in
noisy channels, will be discussed below.

5. WLQU for two-qubit X states

Two-qubit states belonging to the Hilbert space H> ® H?,
constitute the main constitutive elements for encoding correla-
tions in quantum information theory. The basis of calculation
of H2®H?is {|00),]01),]10),|11)}. We consider the general
state X with two-qubits written in matrix form with respect to
the usual basis

pu 0 0 pig
0 pnps3 0
. 9
0 pxp33 O ©)
par 0 0 pas
As a density matrix, the coefficients p;; are complex numbers
and satisfy the following conditions: Z?:] pii =1, pnp3z >
1p231%, pr1pas > |p1al’s pii € R, po3 = pds. p1a = pj;. Then
the Fano—Bloch decomposition form of p4p is

PAB =

1
PAB:ZZRijGi@)Gj; (10
ij
where the correlation matrix R;; = Tr (pABG,~®0j) with ©;
(i,j=10,1,2,3) being the Pauli matrices. It is easy to ver-
ify that the square root of ps5!>! also has the X-structure ex-

pressed by
1
\/PABZZZRU@G@GJ’ (11)
ij

with R;; = Tr (\/ PABO; ® Gj). The non-vanishing matrix cor-
relation elements R;; are explicitly given by

1
\/pAB:ZZ Rijo; ® 0; (12)
ij

with R;; = Tr (, /PABC; @ O'j). The non-vanishing matrix cor-
relation elements R;; are explicitly given by

Rop = <\/t1+2\/c71+\/t2+2\/672>,

Ros = 1 R3+Ros 1 R3p—Ro3
. 2 /n+2Vd, 2\/t2+2\/¢72’

1 R3p+Ro3 1 R30—Ro3
Rao = 5 + = )
2Vn+2vd 2\n+2Vd

1 Rii+Rp 1 Ri1—Rx»
Ru =5 +5 ;
2Vn+2vd, 2\/n+2vd,

R 1 Rii+Rp I Rii—Rxp

2

C2Vh+odd 2\n+2vd)
Ry = (\/z1+2\/c71—\/t2+2\/d7), (13)

with t; = p11 + paa, ta = P22 + P33, di = P11P44 — P14Pa1, and
dyr = pap3z — Pa3pP3z. At this stage, we have the tools to eval-
uate the matrix elements defined by

(W);; =Tr(V/pag (0: ®1)\/pag (0, ®1)). (14)

[25]

The eigenvalues of matrix (W), ; are explicitly given by
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1 [ L N (R —R3,) + (RG; — R3,)
1 | (R3, —RY)) + (Rs —RS)
o = g |4V V) (Vi Vi) e v |
i 2 2 1 (Roz+Rs0)* — (Ri1 —Ra2)* 1 (Ro3 —R30)> — (Ri1 +R)?
= _ A A A A - — )
o5 = 5 _(\/ V) + (VR V) 4+ Vi) +7 (Vi)
o = @ =;(mﬁf%ﬂ%fm), o3 = 031 = 3 = 3 =0, (15)

where A; (i =1,2,3,4) denote the eigenvalues of the density

matrix psp, which are given by

1 2 _ 1 2
M= 5 (l1+ H _4d1), A3 = ) (fl —VA _4d1>’
1 1
A = 2(t2+ t224d2>, 142(& t224d2)’(16)

in terms of the Fano-Bloch components R;;. For the case of
bipartite 2 ® d systems and from Eq. (4) the LQU can be eval-

uated as

U (pag) =1—max (A2,). (17)

The last equation shows that it is difficult to determine the
great value among the eigenvalues of matrix W. Then, in or-
der to study the LQU in our system, we will examine the sit-
uation numerically. The next section will be focused on the
application of all such background on some cases of two-qubit
states, for example, z-Werner states, cicrulant two-qubit state,

and Heisenberg model.

6. Application

To illustrate our method of computation of the WLQU, let
us now consider the case of some special two-qubit X-states
for which quantum correlations have recently been evaluated
in the literature using this quantifier. We will focus on three
special X states: (i) z-Werner state, (ii) cicrulant two-qubit

state, and (iii) Heisenberg model.

6.1. The z-Werner state

The two-qubit of one-parameter states given by a d x d di-
mensional Werner state is a mixture of symmetric and antisys-

metric projection operators represented by the density matrix
2z 2(1—z)
d*>—d

where 0 <z < 1, Pys = %(l—k}'), and Py = %(l —F) are
the projectors as well as the flip operator defined by F =

Pass, (18)

\
Y 1i) (jl®@]Jj) (i]. When d =2, the density matrix representing

a Werner state is given by

Z
=0 0 0
3
1 z 2z 1
0 -—= = 0
= 2 20 2 | (19)
OZZ 1 1 ZO
3 22 3
<
0 0 0o =
3

In the Fano—Bloch representation, the z-Werner state is
1 3
P=7 00 @ 0o+ Y RiG; 27 |,
i=1

where the non-vanishing correlation matrix elements are given

by
4z
Ri1 =R =Rs3 = ?—1 .

The square root of the state p, can be easily calculated from
Ref. [25], it is straight forward to check that the matrix W (14)

is diagonal. The diagonal elements are given by

W = Z\Tﬁ <\/< 3(lz)+z>zz(z+l)> ;

3 = %(H- 3(1—1)1).

w11

Having the analytical expressions of @;; and @33, the LQU
and WLQU measurements of quantum correlations in the

Werner states p, are then given by

U(p;) = 1 —max(o1,ms3),
WU (p.) = B? (1 —max(@y1,ws3)), (20)
Gi—&

where 8 = -

The highest value of LQU reaches U (p;) =1 atz=10
and also LQU reaches U (p;) ~ 0.35 at z = 1. The behavior
of LQU as a function of parameter z is depicted in Fig. 1(a)
and WLQU versus z for different values of x is reported in
Fig. 1(b). From Fig. 1(a), we observe two different regimes of

variation of LQU. At small values of parameter z, the LQU
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decreases to zero when z takes the value (z = 0.75). On
other term, a sudden change is observed along to (z =0.75)
in which the U (p;) starts to grow up to attend its maximal
value (U (p;) ~ 0.35 ). Similarly, the same behavior is ob-
tained for WLQU, when we change the values of x. Then,
we denote that the weak LQU takes an important value for
the higher values of parameter x (Fig. 1(b)). A comparison
between U (p;) and WLQU (WU (p.)) for initial qubit-qudit
systems shows that WLQU (WU (p,)) is smaller than U (p;)
for smaller values of x and they approach each other for larger
values of x. Quantum correlations can be extracted by opti-
mally projective measurement through continuously infinitesi-
mal weak measurements. However, the total amount extracted
by using a series of weak measurements is less than the quan-
tity extracted from the projective measurements. This explains
the fact that the continuous infinitesimal weak measurements
cannot realize the projective measurement. In other words,
weak measurements destroy (extract) a very weak part of the
quantum correlation compared with the projection measure-
ment which destroys the quantum correlation of a quantum
system and makes it classical. Mathematically, using Fig. 2,
we note that the quantity based on LQU extracted by the weak
measurements is much lower than that extracted by the projec-
tion measurements. Moreover, we conclude that the quantum
correlation extracted by the weak measurement is less than that
of projective measurement. This means that the LQU by weak

measurement destroys much less quantum correlation.

1.0
(a)
0.8\
\
— \
S 0.6 \
2 AN
3’ 0.4 N
0.2 \\ /
—
——
0.2 0.4 0.6 0.8 1.0
z
b _
020t ® r=0.2
—x=0.8
< 0.15 r=1.5
; x=2.5
c
< 0.10
=
N
0.05 ~<_
-\.\'ﬁ—-a__L L _/
0 0.2 0.4 0.6 0.8 1.0

Fig. 1. Effect of measurement strength on LQU and WLQU for various
zwithx=0.2,x=0.8, x = 1.5.

0.08

2 4 6 8 10
T

Fig. 2. Weak LQU for different values of x with z = 1.

6.2. Circulant two-qubit states

Now, let us consider the following family of circulant
two-qubit states:
0
8
pe,g —1
0

This family does not belong to the Bell diagonal states
considered in Ref. [26]. Based on the method of the evalua-
tion of LQU and quantum discord X states (see Ref. [27]), we
can rewrite the circulant two-qubit states p. , on the form of

10 1

o 0Oc g 0

C 24etel|0ge
10 1

the Fano—Bloch representation

1 3
Peg = 2 0y ® 0p + ZRii6i®Gi )
i=1

where the non vanishing correlation matrix elements are given

1 — 2e(+g). — 2e(g—). I —

by Rii =1; Riy = e Ry = o Rz = 1753 Rso =
2
e—1. Ryz = (e=1)

e T The square root of the state p. can be
easily calculated from Ref. [25]. It is straighforward to check

that the matrix W (14) is diagonal and the diagonal elements
are given by

1 2
) =2 ¢ e +ey/1—g2
1+€ 2
€
2
eg\/ 1+e€

(5 vs)

€ 1+ €2
C"22:2\/1+e\/< 2 +“1_g2>
[ €
2
€8 1+e

e ’
\/<1_; +€\/1—g2)
(14+€2) (1—€)* +8¢%3\/T—¢?
(14¢€)? ((1 —62)2+4g2€2) '

The off diagonal matrix elements @;; are zero. It is simply
verified that the states have @] > @33 or w1 < w33 for any

+

W33 =
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value of € and g.1*”! Therefore, the LQU and WLQU have re-
spectively the following forms:
U(Peg) = 1 — Omax,

wit(pee) = (952 1 on.

In Fig. 3, we report the behavior of the LQU and WLQU
versus the parameter e for different values of g with x = 1.2.

0.4
(a)

05 09 09 0y

e
Cooo
DU Wb
e
Cooo
Y RN RN

03 09 09 0y

0.31

0.2

LQU (p)

0.11

0.04 (b)

03 09 09 Og
I
cocoo
Tk W N
03 09 0g Oy
IR
cooo
NeNo s Nep)

0.03

0.021

WLQU (p)

0.01¢ /

0.2 0.4 0.6 0.8 1.0
E

Fig. 3. LQU and WLQU as functions of e for various values of g at
x=12.

To start, we observe the phenomenon of sudden birth in
Fig. 3(a). Afterwards, the system undergoes a transition when
the LQU arrives at a maximal value. Also, this maximum is
strongly dependent on the values taken by the parameter g. Af-
ter sudden birth, LQU increases to a maximal value at certain
parameter ¢ for different values of parameter g, we say that
there is a transition at these points of €. Then, it starts to de-
crease to some minimum value at (e = 1). A similar behavior
is observed in the case of the WLQU (Fig. 3(b)). Note that
the curves with the following pairs of g: (0.2,0.9); (0.3,0.8);
(0.4,0.7); (0.5,0.6) have the same maximum values of the
LQU and WLQU and they are suddenly decreasing for the first

values of the pairs of g (for the smaller number) compared to
the second values (for the greater value) of the pairs g which
decrease gradually, with a growing value of e. This shows that
the variation of quantum correlations of a two-qubit measured
by the LQU and WLQU is not monotonic with the growing
g, and exhibits a resonant behavior that firstly increases and
then decreases as g grows. This implies that the dynamics of
the LQU and WLQU is synchronous, but the LQU is always
greater than the WLQU for all g.

6.2.1. The Heisenberg XXX model

To be realist, we consider the Heisenberg XXX model
composed of two qubits which are immersed in a constant ex-
ternal magnetic field B. Then, the Hamiltonian for the system
can be written as

H=1J (oo} +0]0)+0{0;) +B(0{+03), 1)

where J is the coupling constant, and B is the z-component of
the external magnetic field acting on qubits 1 and 2. In the
two-qubit computational basis {|00),|01),]10),|11)}, Hamil-
tonian (21) has the following form:
2B+J 0 0 0
0o —-J2 0

0 27 —J 0
0 0 0 -2B+J

The eigenvalues and the corresponding eigenvectors of the

H= (22)

Hamiltonien are

1
El = _3J7 |w1>:ﬁ(|10>_‘01>)7
1
Ey=1J, |y)= ﬁ(\10>+\01>)7
E; =J-=2B, |y3)=|11),
Ey = 2B+J, |ya) = 00). 23)

A system, in equilibrium state at temperature 7, is described
by operator density

<0 (— 4
p(r) = 2PCPH ¥ exp(pr). 04
i=1

where Z = Tr[exp (—H/kT)] is the partition function of the
system and 8 = 1/kT, and k is the Boltzman constant.
For simplicity, we choose k = 1. In the standard basis
{]00),|01),]10),|11}}, the thermal state p (T') is written as
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2B+J
Xp (—;> 0 0 0
3J J J 3J
exp T +exp| — T exp | — 7" exp T
0 0
2 2
3 37 J : (25)
exp| — 7~ exp T exp T +exp| — T
0 0
2 2 2B—-J
0 0 0 exp (T_
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where

Z = ex 3—J +ex —i +ex 2B-J

- P\ 7 PATT PATT
2B+J
+eXp(_T)

In the Fano—Bloch representation, the states p (T') are written

as

1 3
P(T) =3 L Rup0Oua®0p, (26)
op

From Ref. [25], it is easy to show that the square root of the
state p (T') also has a structure in X state expressed by

P 0 0 0
0 pn ps O

P22 P , 28
0 p2p33 O 28)
0 0 0 pu

p(T)=

where the diagonal elements of \/p (T) are given by

2B+J 2B+J 2J
exp T 1+4-exp T exp T

where the non-vanishing correlation matrix elements of Ryg P = ,
are given by 23 J 2J
VZ | exp +exp( = |y /exp| ——
T
Roo = lex 7 1 +2cosh 28
AN T)) _ 1) J 47
1 J P2 =5\ Z%P <_T> (HGXP (T))
Ry = 7P\~ 7 |
~ 1 /1 J 4J
1 2B+J = — B Y -
Ro3=eXP<—+) Pu =73 ZeXp< T)( 1+exp<T)>7
Z T
—J
4B 2(B+2J
o) (). ()
r r Pas = By )
1 2B+J +
= — _ A -
R30 Zexp< T ) \/ GXP< T )
X ( 1 —exp ( 4;?) +exp <2 (B;:ZJ) )) , and the off-diagonal matrix elements are
Ry = ! J By = — 2 lex _J —1+4ex ad
2 = Zexp —? s P23 = 2\ 7 p T p T ’
1 J
— _Z ~ 1 /1 J 4]
weim(DOmE) ()
i 3J i 3J 7
Rip = Zexp( = |, Ru=—Zexp| — ( )‘ Then, the eigenvalues of matrix elements (14) become
2
ex —2(B+J 2— +ex ex Y +ex il —14ex
p T p p T Pl Pl 7
0 = W =

(exp

We note that the eigenvalue @;; = @y so that Wy =
max (@1, 033). It is easy to verify that the states for which
W1 > 33 or @11 < sz are parametrized by J. Then, for dif-
ferent value of J the LQU and WLQU in the state (25) can be
expressed by

u (poc,[i) =1- max

WU(P(X,[}) — <Cl ;Cz

2
) (1 _wmax)~ (30)

Therefore, we must consider the situations where Wpyax 1S

@11 or ws3. This question is examined numerically in what

+ex J €x —y
PAT PA™T
lex 723+J | +ex 2(B+4J)

33 7 Y 7 p 7T

)

follows for various values of the coupling constant J, in pres-

ence of external magnetic fields as well as the effect on the

quantum correlations in the state p (7).

Let us now analyze the LQU and WLQU in Heisenberg
XXX model. From the thermal behavior of the LQU for differ-
ent values of parameter J with 7 = 1 and T = 5 in Figs. 4(a)
and 4(b), the LQU decreases with increasing J and when we
modify the parameter 7 = 5 to 7 = 1, it increases for the
smaller values of J despite the thermal effects tending to re-
duce the amount of quantum correlations. Moreover, LQU via

weak measurement is weaker than that in the projective mea-
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surement for different values of J with T =1and T = 5.

0.30
(a)
0.25
. 0.20F
=
o 0.15F — J=0.01
c
s ] — J=0.03
0.10 T 0.06
0.05 b J=0.09
J=0.2
0 0.2 0.4 0.6 0.8 1.0
B
0.030 7y
0.025
< 0.020 F
)
g 0.015 F — J=0.01
— J=0.03
= 0.010 | T—0.06
0.005 b J=0.09
: J=0.2
0 0.2 0.4 0.6 0.8 1.0
B

Fig. 4. Evolution of (a) LQU and (b) WLQU for suitable parameter of
B, where T = 1 for different values of J.

7. Concluding remarks

The LQU is potentially a powerful way to describe the
quantum correlations in quantum systems. This is mainly due
to its accuracy and ease of use from a computational point
of view. In this vision, we studied the LQU in weak mea-
surement. After presenting the distinctive feature of the weak
measurement with respect to the projective one, we have de-
termined the WLQU whose form is considered closed by the
LQU. We focused on the WLQU for the case of two-qubit
X states, and then, for a comparison purpose, we have deter-
mined the corresponding WLQU with respect to the LQU for
the cases of three special X states: (i) z-Werner state, (ii) (e, g)
circulant two-qubit state, and (iii) Heisenberg XXX model.

Quantum correlation can be extracted by optimally pro-
jective measurement through continuously by the infinitesimal
weak measurements. However, the total amount extracted by

using a series of weak measurements is less than the quan-
tity extracted from the projective measurements. This explains
the fact that the continuous infinitesimal weak measurements
cannot realize the projective measurement. In other words,
weak measurements destroy i.e., extract a very weak part of
the quantum correlation compared with the projection mea-
surement which destroys the quantum correlation of a quan-
tum system and makes it classical.
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