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Nonlinear dynamics of a classical rotating pendulum system
with multiple excitations∗
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We report an attempt to reveal the nonlinear dynamic behavior of a classical rotating pendulum system subjected to
combined excitations of constant force and periodic excitation. The unperturbed system characterized by strong irrational
nonlinearity bears significant similarities to the coupling of a simple pendulum and a smooth and discontinuous (SD)
oscillator, especially the phase trajectory with coexistence of Duffing-type and pendulum-type homoclinic orbits. In order
to learn the effect of constant force on this pendulum system, all types of phase portraits are displayed by means of the
Hamiltonian function with large constant excitation especially the transitions of complex singular closed orbits. Under
sufficiently small perturbations of the viscous damping and constant excitation, the Melnikov method is used to analyze
the global structure of the phase space and the feature of trajectories. It is shown, both theoretically and numerically,
that this system undergoes a homoclinic bifurcation and then bifurcates a unique attracting rotating limit cycle. Finally, the
estimation of the chaotic threshold of the rotating pendulum system with multiple excitations is calculated and the predicted
periodic and chaotic motions can be shown by applying numerical simulations.

Keywords: rotating pendulum, Melnikov method, rotating limit cycle, chaotic dynamics
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1. Introduction
As the earliest forms of physical instrument to describe

nonlinearity, pendulums have played a powerful role in pro-
moting the rise of nonlinear science.[1] Ever since Galileo
theorized the isochronism of simple pendulums in the 16th
century,[2] much attention has been paid to the problems in
pendulum systems in the past four centuries. Through con-
sidering pendulum dynamics, with and without external forc-
ing, researchers are naturally drawn to essential ideas of lin-
earity and nonlinearity. Throughout the history of pendu-
lum research, a variety of classical pendulum models or sys-
tems containing pendulums have been extensively developed
so far, such as simple pendulums,[3] inverted pendulums,[4]

double pendulums,[5,6] spring pendulums,[7,8] and paramet-
ric pendulums.[9–11] Additionally, an explosion of pendu-
lum studies has produced a flood of information on non-
linear dynamics in term of oscillations,[12,13] rotations,[14,15]

bifurcations,[16,17] chaos,[18,19] synchronization,[20,21] experi-
mental investigation,[22,23] and energy absorption,[24–26] etc.
From the perspectives of historical background, theoretical ex-
ploration and engineering application, pendulums are one of
the typical and popular nonlinear oscillators that possess com-
plicated and rich dynamical behavior.

It is well known that the Melnikov method is an easy and
effective analytic method to study chaotic dynamics[27] in one-
dimensional nonlinear systems with small time-periodic per-

turbation. The analytical solution of homoclinic orbits plays
an important role in detecting lower bound lines for Horse-
shoes chaos. However, it is found that the analytic expression
of a homoclinic orbit cannot be obtained for most nonlinear
dynamical systems especially the system containing an irra-
tional term. Even if the analytical solution can be derived by
means of Hamiltonian, it will also be difficult to compute the
generalized Melnikov integrals containing the analytic expres-
sion. Therefore, it is very necessary to detect dynamical be-
havior for complex irrational nonlinear systems by means of
the numerical Melnikov method.

A rotating pendulum linked by an oblique spring with a
fixed end was presented in Ref. [28], which has shown abun-
dant dynamic behaviors compared with the classical simple
pendulum, especially the bistable dynamics and non-smooth
characteristics. This pendulum system possesses an irrational
and fractional restoring force with trigonometric function, so
that the solution of homoclinic orbits cannot be solved ana-
lytically. Then the chaotic dynamics for this pendulum sys-
tem subjected to the viscous damping and periodic excitation
is analyzed by means of an approximate analytic method, as
seen in Ref. [29]. Additionally, the global bifurcations and
different types of limit cycles of this rotating pendulum system
with a periodic perturbation have been studied in Ref. [30], in-
cluding Hopf bifurcation, the homoclinic orbit bifurcation and
the saddle-node bifurcation of periodic solution, the oscillat-
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ing limit cycle and the rotating limit cycle.
In this paper we try to explore the nonlinear dynamics of

a bi-stable pendulum exerted by viscous damping, a constant
force and a periodic excitation, which differs from other pen-
dulums. Our bi-stable pendulum can bear double well dynam-
ics owing to influence of coupling of a simple pendulum and
a mass-spring oscillator. Herein, the contribution of this paper
is to study the effect of a constant excitation on a typical pen-
dulum system characterized by strong irrational nonlinearity.
It is found that the constant excitation breaks the symmetry of
the system. From a kinematic point of view, our pendulum
system possesses both rotational motion and bistable motion,
which allow ones to have a better understanding of complex
motions in nonlinear dynamical systems. In addition, the re-
sults are listed for a better understanding of the rotating limit
cycle and different types of chaos in the complicated pendu-
lum system.

This paper is organized as follows. In Section 2, the equa-
tion of the rotating pendulum subjected to the viscous damp-
ing, constant and periodic excitations can be established. In
Section 3, the unperturbed dynamics of the rotating pendulum
are investigated using nonlinear dynamical techniques with-
out external perturbation, including nonlinear restoring force,
equilibrium bifurcation and phase portrait. In Section 4, the
perturbed dynamics are studied by means of the Melnikov
method, Bendixson theory and numerical simulations, includ-
ing the rotating limit cycle, the chaotic thresholds, the periodic
and chaotic motions. Section 5 is the conclusion.

2. Equation of motion

Figure 1(a) shows a classical rotating pendulum model,
which can be described as a simple pendulum linked by an
oblique spring with a fixed end.[28] This rotating pendulum
moves in the vertical plane determined by the spring and light
rod. Consider the pendulum subjected to a viscous damping
of ratio C, a positive constant excitation F0 and a periodic ex-
citation of amplitude F1 and frequency Ω in the direction of
motion, for which the differential equation can be derived as
follows:

mLx′′+CLx′+mgsinx

+khsinx
(

1− l√
L2 +h2−2hLcosx

)
= F0 +F1 cos(Ω t), (1)

where the prime denotes derivative with respect to t, x is the
angular displacement, m represents the lump mass, L denotes
the length of massless rod, k and l represent the stiffness and
relax length of the linear spring, h is the hight between the
rigid supports A and B, always assumed h > L. Then, sys-

tem (1) can be rewritten in the following form:

ẍ+ξ ẋ+ sinx+qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
= f0 + f1 cos(ωt), (2)

where

t =
√

g
L

t, ξ =
C
m

√
L
g
, ωp =

√
g
L
, ωs =

√
k
m
,

q =
ω2

s

ω2
p
, λ =

h
L
, f0 =

F0

mg
, f1 =

F1

mg
, ω =

√
L
g

Ω , L = l.

Notice that one dimensionless parameter q in system (2)
mainly reflects the natural frequency ratio of the mass-spring
system and the simple pendulum system, and the other di-
mensionless parameter λ represents the geometric structure of
the pendulum model. We always assume that the parameter
λ is greater than 1 in the following analysis. From a struc-
tural point of view, this rotating pendulum model presented in
Fig. 1(a) can be regarded as the coupling of a simple pendu-
lum depicted in Fig. 1(b) and a mass-spring oscillator shown
in Fig. 1(c). Interestingly, the mass-spring oscillator bears sig-
nificant similarities to the SD oscillator,[31,32] which exhibits
double well dynamics like the Duffing oscillator.[33–35]

A

B

k

h

Lx

m

k

F0⇁F1cos↼Ωt↽

Lx

m

k

m

x

h↩L

-

(b)

(c)

(a)

Fig. 1. (a) The physical model of the classical rotating pendulum with
multiple excitations, (b) the simple pendulum with rotation feature, (c)
the mass-spring oscillator with bi-stable characteristics (SD oscillator).

3. Unperturbed dynamics
The unperturbed dynamics of the rotating pendulum sys-

tem will be studied directly for the original equation with irra-
tional nonlinearity using nonlinear dynamical techniques, in-
cluding the nonlinear restoring force, the equilibrium bifurca-
tion set and the phase portrait.

Without considering the external perturbations, for ξ = 0,
f0 = 0 and f1 = 0, we derive the unperturbed dynamical sys-
tem of this rotating pendulum as follows:

ẍ+ sinx+qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
= 0. (3)

Apparently, the nonlinear restoring force can be easily ob-
tained by letting ẍ = F(x),

F(x) =−sinx−qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
. (4)
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Even the stiffness of the spring is linear and the resistance
force supplied to the system is strongly irrational nonlinear-
ity due to geometry configuration. Due to its periodicity for
F(x+2π) = F(x), the dynamical behavior of the unperturbed
system (3) can be studied over a period x ∈ [−π,π] in the fol-
lowing analysis. Defining F(x) = 0, the equilibrium positions
of the unperturbed system (3) can be easily derived and they
are

x1 = 0, x2 = π, x3 =−π, x4 = arccosρ,

x5 =−arccosρ, ρ =
1+λ 2

2λ
− q2λ

2(1+qλ )2 , (5)

when |ρ| < 1. The equilibrium bifurcation curve B in
Fig. 2(a) can be plotted by letting dF(x)/dx |x=0 = 0, and writ-
ten as

B =

{
(λ ,q)

∣∣∣∣ q =
λ −1

λ (2−λ )
, λ ∈ (1,2), q ∈ (0,+∞)

}
, (6)

where

lim
λ→1+

q = lim
λ→1+

λ −1
λ (2−λ )

= 0,

lim
λ→2−

q = lim
λ→2−

λ −1
λ (2−λ )

= +∞.

Note that the equilibrium bifurcation curve B divides the pa-
rameter space (λ ,q) into two regions denoted by I and II re-
spectively. All the possible nonlinear restoring forces of each
region are displayed in Figs. 2(b)–2(f), where α and β cor-
respond to two extreme values of F(x) satisfying F(xa) =

α,F(xb) = β and xa > xb. Interestingly, the nonlinear restor-
ing forces of region II can be divided by the curve L satisfying
α = β into two regions denoted by II1 for α < β and II2 for
α > β , respectively. Clearly, the associated Hamiltonian of
system (3) can be given by

H(x,y) =
y2

2
− (1+qλ )cosx

−q
√

1+λ 2−2λ cosx+2qλ −q+1, (7)

where y = ẋ. With the help of Hamiltonian (7), the trajectories
of system (3) can be classified by the value of H(x,y) = e, for
details see Figs. 3(a) and 3(b). For a better understanding of
the phase trajectories in system (3), we introduce a symbol Γe

that can be expressed as

Γe =

{ { (x,y) | H(x,y) = e, e ∈ [E0,+∞), (q,λ ) ∈ I } ,

{ (x,y) | H(x,y) = e, e ∈ [En,+∞), (q,λ ) ∈ II} ,

where E0 = H(x1,0), Ep = H(x2,3,0) and En = H(x4,5,0). It
is worth pointing out that the energy values E0, Ep and En

represent the energy boundaries of different motions from a
physical point of view. For example, Ep corresponds to the
energy boundary of oscillation (e < Ep) and rotation (e > Ep).
E0 is the energy boundary of mono-stable oscillation (e > E0)
and bi-stable oscillation (e < E0). En represents the potential
energy of two static equilibria x4 and x5.

x

F
↼x
↽

(a) (b)

(d)

I

q

I

F
↼x
↽

F
↼x
↽

F
↼x
↽

(e)

F
↼x
↽

(f)

(c)

xb xaxb xa

II2II1

II1

L

L

II2

x1 x2x3 x5 x4x1 x2x3

xb
x1 x2x3

xb

x1 x2x3

x5 x4
xb xa

x1 x2x3 x5 x4

π−π
x

π−π
x

π−π

α

β

λ

β

β β

α

β

α<β α=β α>β

B

B

0

0

x
π−π 0

x
π−π 0

0 0

1.0 1.2 1.4 1.6 1.8 2.0

3

2

1

0

0

0 0

0

Fig. 2. When f0 = 0 and ξ = 0: (a) the equilibrium bifurcation set (λ ,q), (b) the nonlinear restoring force for (λ ,q) ∈ I, (c) the nonlinear
restoring force for (λ ,q) ∈B, (d)–(f) three types of the nonlinear restoring forces for (λ ,q) ∈ II, where II = II1

⋃
L
⋃

II2.

Take the phase portrait in Fig. 3(b) as an example. The

unperturbed system (3) possesses elliptic points (x1,4,5,0) and

hyperbolic points (x2,3,0). When e ∈ (En,E0), Γe represents

a pair of left-and-right symmetrical closed orbits colored in

green. When e decreases from E0 to En, Γe shrinks into the pair

of equilibria (x4,0) and (x5,0) marked by green solid points.

On the other hand, Γe extends into the Duffing-type homoclinic

orbits (hom1) colored in red when e increases from En to E0.

While for e ∈ (E0,Ep), Γe gives the large closed orbit with

blue encircling three equilibria (x1,0), (x4,0), (x5,0) and the
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Duffing-type homoclinic orbits. As e increases for e = Ep, Γe

extends into the pendulum-type homoclinic orbits (hom2) in
red. When e ∈ (Ep,+∞), Γe represents a pair of upper-and-
lower symmetrical orbits denoted by black solid lines. The
corresponding symbols can be marked in Fig. 3(b).

A

B

C

A

B

C

A

B

C

A

B

C

y

(b)

(a)

hom2

hom2

hom1 hom1

hom2

e/En

e/E0

e/E0

e/Ep

e/Ep

e/En

En<e<E0

E0<e<Ep

E0<e<Ep

↼xhom2↼t↽↪ yhom2↼t↽↽
+ +

↼xhom2↼t↽↪ yhom2↼t↽↽- -

↼xhom2↼t↽↪ yhom2↼t↽↽+ +

↼xhom1↼t↽↪ yhom1↼t↽↽+ +

hom2

↼xhom2↼t↽↪ yhom2↼t↽↽
- -

↼xhom1↼t↽↪ yhom1↼t↽↽- -

e>Ep

e>Ep

e>Ep

e>Ep

x

π−π 0

6

4

2

0

-2

-4

-6

y

4

2

0

-2

-2
-4
-4 2 4

x

π−π 0-2-4 2 4

Fig. 3. (a) Phase portrait with the pendulum-type homoclinic orbits for
(λ ,q) = (2,3) ∈ I, (b) phase portrait with the coupling of the pendulum-type
and Duffing-type homoclinic orbits for (λ ,q) = (1.2,3) ∈ II.

These phase portraits plotted in Figs. 3(a) and 3(b) are, of
course, periodic in x with period 2π . In other words, the state
of the nonlinear dynamical system is unchanged by the addi-
tion of 2π to x. It is an advantage to topologically introduce a
cylindrical phase space which allows us to clearly distinguish
between the rotational motion and oscillating motion. From
a geometric point of view, the cylindrical phase space is ob-
tained by connecting one vertical line x = −π (dashed line
AC) with the other vertical line x = π (dashed line A C). Ap-
parently, the cylindrical Hamiltonian can be derived by letting
X = cosx, Y = sinx, Z = ẋ, and written as follows:

H(X ,Y,Z) =
Z2

2
− (1+qλ )X

−q
√

1+λ 2−2λX +2qλ −q+1,

X2 +Y 2 = 1.

(8)

Based upon the cylindrical Hamiltonian function (8), two
typical cylindrical phase portraits corresponding to Figs. 3(a)

and 3(b) are plotted for different values of H(X ,Y,Z) = e as
shown in Figs. 4(a) and 4(b). It is important to recognize
that orbits, e.g., marked by A and A in Fig. 3, are in fact
closed orbits which encircle the cylinder in Fig. 4: such or-
bits correspond to rotary rather than oscillatory motions of the
pendulum, and two classes of motions are separated by the
pendulum-type homoclinic orbits (hom2) to the saddle point.
The details of the parameters taken in Fig. 4 can be found in
the corresponding captions.

hom2

hom2

AA
-

BB
-

CC
-

5

0

0

0-5

-1

1 1.0

0.5

-0.5

-1.0
hom2

hom2

hom
1

hom
1

AA
-

BB
-

CC
-

X

Y
Z

(a) (b)

4

0

0

0-4
-1

1
1.0

0.5

-0.5

-1.0

X

Y

Z

Fig. 4. (a) Cylindrical phase portrait with the pendulum-type homoclinic
orbits for (λ ,q) = (2,3) ∈ I, (b) cylindrical phase portrait with the cou-
pling of the pendulum-type and Duffing-type homoclinic orbits for (λ ,q) =
(1.2,3) ∈ II.

4. Perturbed dynamics
In this section, the authors will explore the perturbed

dynamics of this pendulum system subjected to the viscous
damping, constant excitation and periodic excitation using the
Melnikov method and numerical simulations.

4.1. The pendulum system with a large constant excitation

In order to learn the effect of constant force[36,37] on this
pendulum system, all the possible phase portraits can be ana-
lyzed with the help of the Hamiltonian function in this subsec-
tion, especially the transitions of singular closed orbits.

When ξ = 0 and f1 = 0, the rotating pendulum system (2)
is given by

ẍ+ sinx+qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
= f0. (9)

Then the nonlinear restoring force of system (9) can be easily
obtained as

F(x, f0) = f0− sinx

−qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
. (10)

Letting F(x, f0) = 0, the equilibrium bifurcation diagrams of
system (9) for f0 versus x are shown in Figs. 5(a), 6(a), 7(a),
and 8(a), where the dashed lines represent the unstable equilib-
rium (saddle) and the solid lines denote the stable equilibrium
(center). Furthermore, we introduce the notation y for the ve-
locity ẋ and obtain the Hamiltonian function with a constant
excitation as follows:

H(x,y, f0) =
y2

2
− (1+qλ )cosx−q

√
1+λ 2−2λ cosx
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− f0x+2qλ −q+1. (11)

All the types of trajectories of system (9) are plotted for dif-
ferent values of the Hamiltonian function H(x,y, f0) = E, for
the details see Figs. 5–8. When (λ ,q) ∈ I, the corresponding
phase portraits are displayed for different values of parameter
f0 in Fig. 5, where the dashed lines in Figs. 5(b)–5(f) denote
the nonlinear restoring forces F(x, f0). For f0 = 0, the phase
portraits of this pendulum system bear significant similarities

to simple pendulum with the pendulum-type homoclinic or-
bits marked by thick gray lines, as shown in Fig. 5(b). As the
constant excitation f0 grows no more than β , the pendulum-
type homoclinic orbits in Fig. 5(b) break and then become the
Duffing-type homoclinic orbits marked by the thick gray line
in Fig. 5(c). When the constant excitation f0 continues to in-
crease to β , the Duffing-type homoclinic orbits shrink into an
equilibrium (sharp) depicted in Fig. 5(d). Finally, the phase
portrait without equilibrium is plotted for f0 > β in Fig. 5(e).

π

π

0 0

0 0
−π

−πβ

f0

x y 0y

(a)

(d) (e)

(b) (c)

x

π0−π

x

π0−π

x

π0−π

x

f0/

f0/β

0<f0<β

f0>β

0y 0y

Fig. 5. Dynamic behavior of system (3) for (λ ,q) ∈ I: (a) the equilibrium bifurcation diagram for f0 versus x, (b)–(e) the corresponding phase
portraits and the nonlinear restoring forces marked by dashed lines.
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π−π 0

f0/β f0>β

f0/

f0

0<f0<γ

γ<f0<αf0=γ

α<f0<β

f0/α

Fig. 6. Dynamic behavior of system (3) for (λ ,q)∈ II1: (a) the equilibrium bifurcation diagram for f0 versus x, (b)–(i) the corresponding phase
portraits and the nonlinear restoring forces marked by dashed lines.
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x 0

0

Fig. 7. Dynamic behavior of system (3) for (λ ,q)∈L : (a) the equilibrium bifurcation diagram for f0 versus x, (b)–(f) the corresponding phase
portraits and the nonlinear restoring forces marked by dashed lines.
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Fig. 8. Dynamic behavior of system (3) for (λ ,q)∈ II2: (a) the equilibrium bifurcation diagram for f0 versus x, (b)–(i) the corresponding phase
portraits and the nonlinear restoring forces marked by dashed lines.

With the help of the Hamiltonian function (11), when
(λ ,q) ∈ II, the corresponding phase portraits are plotted for
different values of parameter f0 in Figs. 6–8, where the corre-
sponding dashed lines represent the nonlinear restoring forces
F(x, f0) for α < β , α = β and α > β , respectively. Take the
phase portraits in Fig. 6 (α < β ) as an example, and the as-
sociated equilibrium bifurcation for f0 versus x is depicted in
Fig. 6(a): When f0 = 0, the phase portraits of this pendulum

system bear significant similarities to the coupling character-
istics of the simple pendulum and the Duffing oscillator with a
pair of Duffing-type homoclinic orbits and a pair of pendulum-
type homoclinic orbits marked by the thick gray line, as shown
in Fig. 6(b). As the constant excitation f0 increases no more
than γ , a pair of pendulum-type homoclinic orbits in Fig. 6(b)
shrink into a large homoclinic orbit linking with one saddle
point. Meanwhile, this large homoclinic orbit surrounds a pair
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of asymmetric homoclinic orbits connecting the other saddle
point, as shown in Fig. 6(c). When the constant excitation f0

increases to γ , Fig. 6(d) shows that a pair of heteroclinic or-
bits connect one homoclinic orbit with a saddle point. It is
worth pointing out that the large homoclinic orbit with two
saddle points in Fig. 6(c) shrinks into a pair of heteroclinic or-
bits connecting one homoclinic orbit. For γ < f0 < α , the pair
of heteroclinic orbits connecting one homoclinic orbit breaks
and then bifurcates into two homoclinic orbits marked by thick
gray line in Fig. 6(e). When the constant excitation f0 contin-
ues to grow to α , one of the two homoclinic orbits shrinks
into an equilibrium (sharp) depicted in Fig. 6(f). Increasing
f0 beyond β , Fig. 6(g) displays a homoclinic orbit connect-
ing a saddle point. Then the homoclinic orbit shrinks into an
equilibrium (sharp) for f0 = β in Fig. 6(h). Finally, the phase
portrait without equilibrium is plotted for f0 > β in Fig. 6(i).

When α = β , Fig. 7(a) shows the equilibrium bifurcation
for f0 versus x, which indicates that there exists four equilib-
ria at f0 < α , two equilibria at f0 = α and no equilibrium at
f0 > α , respectively. Note that the phase portraits depicted in
Figs. 7(b)–7(d) of this pendulum system bear significant simi-
larities to those in Figs. 6(b)–6(d), respectively. Interestingly,
two homoclinic orbits in Fig. 7(d) shrink synchronously into
two equilibria (sharps) marked by green solid points for f0 =α

as seen in Fig. 7(e). Finally, the phase portrait without equi-
librium is displayed for f0 > α in Fig. 7(f). Similarly, the
equilibrium bifurcation and the corresponding phase portraits
in Figs. 8(b)–8(i) can be plotted and analyzed for α > β , es-
pecially the transitions of homoclinic orbits, the equilibrium
bifurcation and the corresponding nonlinear restoring forces.

4.2. The damping pendulum system with a small constant
excitation

Under the sufficiently small perturbations of the viscous
damping and constant excitation,[36,37] the limit cycle of this
rotating pendulum will be analyzed by means of the Melnikov
method in this subsection, especially the rotating limit cycle.

When f1 = 0, we introduce the notation y for the velocity
ẋ, the rotating pendulum system (2) becomes

ẋ = y,

ẏ = f0−ξ ẋ− sinx

−qλ sinx
(

1− 1√
1+λ 2−2λ cosx

)
, (12)

where parameters ξ and f0 are sufficiently small. Note that
system (12) is a typical dissipative system characterized by the
strongly irrational nonlinearity. It is assumed that Te represents
a period of the periodic trajectories of system (3), the corre-
sponding Melnikov function[38–40] of system (12) is given by

M(ξ , f0) =
∫ Te

0
[−ξ y(t)+ f0]y(t)dt =−ξ I1 + f0I2, (13)

where

I1 =
∫ Te

0
y2(t)dt, I2 =

∫ Te

0
y(t)dt. (14)

The Melnikov function is proportional to the first vari-
ation of the distance function. Therefore, when the Melnikov
function is zero, it predicts the intersection of stable and unsta-
ble manifolds. In other words, the limit cycle will be obtained
and the system dynamics will be changed. The detailed clas-
sification of perturbed dynamics is shown in the following.

Case I When e ∈ (En,E0), two families of small closed
orbits which encircle one equilibrium respectively are plotted
in green in Fig. 3(b). Note that those orbits correspond to two
small oscillatory motions on the left and right sides of this pen-
dulum. There are a family of large closed orbits surrounding
three equilibria for e ∈

(
E0,Ep

)
that correspond to the large

oscillatory motion of this pendulum, as shown in Figs. 3(a)
and 3(b). Assuming T o

e is the minimum positive period of
the oscillatory motion denoted by (xo

e(t),y
o
e(t)), and the corre-

sponding Melnikov function of those closed orbits around the
equilibrium is given by

Me
o(ξ , f0) =

∫ T o
e

0
[−ξ yo

e(t)+ f0]yo
e(t)dt =−ξ Io

1 + f0Io
2 , (15)

where Io
1 > 0 and Io

2 = 0. It is found that, for ξ and f0 suffi-
ciently small, there is no value of e for which Me

o(ξ , f0) = 0,
which indicates that there is no limit cycle around the equi-
librium. Based upon Poincaré–Bendixson theory,[41] we can
prove that there exists no limit cycle around the equilibrium
in system (12). The associated phase portraits for (λ ,q) ∈ I
and II are shown in Figs. 9(a) and 10(a), respectively. For a
better understanding of phase trajectories, the corresponding
cylindrical phase portrait is plotted in Fig. 11(a).

Case II When e = Ep, the unperturbed system (3)
presents a pair of pendulum-type homoclinic orbits whose
solutions can be marked by (x±hom2(t),y

±
hom2(t)) as shown

in Figs. 3(a) and 3(b). On the upper homoclinic orbit of
pendulum-type (x+hom2(t),y

+
hom2(t)) satisfying y+hom2(t)> 0, we

obtain the corresponding Melnikov function which depends on
the two parameters ξ and f0

M+
hom2(ξ , f0) = −ξ

∫ +∞

−∞

(
y+hom2(t)

)2 dt + f0

∫ +∞

−∞

y+hom2(t)dt

= −ξ Ihom2
1 + f0Ihom2

2 , (16)

where Ihom2
1 > 0 and Ihom2

2 = 2π . On the lower pendulum-type
homoclinic orbits (x−hom2(t),y

−
hom2(t)) satisfying y−hom2(t) 6 0,

the corresponding Melnikov function can be written as

M−hom2(ξ , f0) = −ξ

∫ +∞

−∞

(
y−hom2(t)

)2 dt + f0

∫ +∞

−∞

y−hom2(t)dt

= −ξ Ihom2
1 + f0Ihom2

2 , (17)

where Ihom2
1 > 0 and Ihom2

2 = −2π . The generalized integral
value a1 can be derived by using the numerical integration
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a1 =
∫ +∞

−∞

(y±hom2(t))
2 dt =

∫ ±π

∓π

y±hom2(t)dx

= 2
∫

π

0

√
2H(π,0)+2(1+qλ )cosx+2q

√
1+λ 2−2λ cosx−4qλ +2q−2dx. (18)
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Fig. 9. Dynamic behaviors of the pendulum system with viscous damping and constant excitation for (λ ,q) ∈ I: (a) none of limit cycle
surrounding the equilibrium for 2π f0−a1ξ < 0, (b) the bifurcation of the upper homoclinic orbit for 2π f0−a1ξ = 0, (c) a rotating limit cycle
for 2π f0−a1ξ > 0.
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Fig. 11. Cylindrical phase portraits of the pendulum system with viscous damping and constant excitation for q = 0,ξ = 0.2 and a1 = 8: (a)
no limit cycle for f0 = 0.0001, (b) the bifurcation of the upper homoclinic orbit for f0 ≈ 0.2527, (c) a rotating limit cycle for f0 = 0.3.

According to the above Melnikov analysis, for the suffi-
ciently small positive parameters ξ and f0, we have a simple
zero of M+

hom2(ξ , f0) = 0 at 2π f0− a1ξ = 0, which implies
that the upper homoclinic orbit survives in a homoclinic bifur-
cation on a unique curve tangent to the line 2π f0− a1ξ = 0.
There are no values of ξ and f0 for M−hom2(ξ , f0) = 0, so the
lower homoclinic orbit is always broken.

When e = E0, the similar computations can be car-
ried out for the Duffing-type homoclinic orbits denoted by
(x±hom1(t),y

±
hom1(t)) in Fig. 3(b). It is worth pointing out that

the bifurcations of the Duffing-type homoclinic orbits must not
exist due to Mhom1(ξ , f0) 6= 0 for any parameters ξ and f0.

The associated phase portraits for (λ ,q) ∈ I and II are shown
in Figs. 9(b) and 10(b), where the red trajectory connecting
two saddle points corresponds to the bifurcation of the upper
pendulum-type homoclinic orbit. In order to describe the ho-
moclinic bifurcation, the corresponding cylindrical phase por-
trait is plotted in Fig. 11(b).

Case III When e∈ (Ep,+∞), two families of symmetrical
trajectories which correspond to rotary rather than oscillatory
motions of this pendulum are plotted in Figs. 3(a) and 3(b).
Assuming T r

e is the minimum positive period of the rotary mo-
tion, we wish to compute values of parameters ξ and f0 for
which one (or both) of those orbits is (are) preserved. On the
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upper trajectory (x+e (t),y
+
e (t)) satisfying y+e (t)> 0, we obtain

the corresponding Melnikov function which depends on the
two parameters ξ and f0

Me
r (ξ , f0) =

∫ T r
e

0

[
−ξ y+e (t)+ f0

]
y+e (t)dt

= −ξ Ir
1 + f0Ir

2, (19)

where Ir
1 > 0 and Ir

2 = 2π . We conclude that, for the fixed
parameters ξ and f0 sufficiently small, there is precisely one
value of e = e∗ for which Me

r (ξ , f0) = 0, and that Me
r (ξ , f0)<

0 (Me
r (ξ , f0)> 0) for e > e∗ (e < e∗). It follows that there is a

unique attracting closed orbit (rotating limit cycle) encircling
the phase cylinder, the detailed proof of uniqueness of the at-
tracting rotating limit cycle as seen in Ref. [42]. Note that e∗

increases as f0/ξ increases.
On the lower trajectory (x−e (t),y

−
e (t)) satisfying y−e (t) <

0, the corresponding Melnikov function which depends on the
two parameters ξ and f0 can be written as

Me
r (ξ , f0) =

∫ T r
e

0

[
−ξ y−e (t)+ f0

]
y−e (t)dt

= −ξ Ir
1 + f0Ir

2, (20)

where Ir
1 > 0 and Ir

2 = −2π . For the fixed parameters ξ

and f0 sufficiently small, there is no value of h for which
Me

r (ξ , f0) = 0, which indicates that the rotating limit cycle
does not exist for y−e (t)< 0. The associated phase portraits for
(λ ,q)∈ I and II are shown in Figs. 9(c) and 10(c), respectively.
In order to describe the rotating limit cycle, the corresponding
cylindrical phase portrait is plotted in Fig. 11(c). Note that
the equilibria with green solid points depicted in Figs. 9–11
correspond to the unstable saddle points or stable focuses.

4.3. Chaotic dynamics of the pendulum system with mul-
tiple excitations

In order to further demonstrate the complex dynamic be-
havior of the rotating pendulum system subjected to the suf-
ficiently small perturbations of the viscous damping, con-
stant force and periodic excitation,[43] the Melnikov method
is employed to detect chaos in the sense of Smale’s horse-
shoes caused by the transversal intersection of homoclinic
orbits[38–40] in this subsection.

The corresponding Melnikov function for the homoclinic
orbits of Duffing-type (y±hom1(t)) is given by

M±hom1(τ)

=
∫ +∞

−∞

[
−ξ y±hom1(t)+ f0 + f1 cosω (t + τ)

]
y±hom1(t)dt

= −ξ Ihom1
1 + f0Ihom1

2 − f1 sin(ωτ)Ihom1
3 , (21)

where

Ihom1
1 =

∫ +∞

−∞

(
y±hom1(t)

)2 dt,

Ihom1
2 =

∫ +∞

−∞

y±hom1(t)dt = 0,

Ihom1
3 =

∫ +∞

−∞

y±hom1(t)sin(ωt)dt. (22)

We define M±hom1(τ) = 0, yielding

R±hom1(ω) =

∣∣∣∣ξ Ihom1
1 − f0Ihom1

2

f1Ihom1
3

∣∣∣∣= ∣∣∣∣ Ihom1
1 −σ Ihom1

2

µ Ihom1
3

∣∣∣∣
=

1
µ

∣∣∣∣ Ihom1
1

Ihom1
3

∣∣∣∣= |sin(ωτ)|, σ =
f0

ξ
, µ =

f1

ξ
.(23)

Similar computations can be carried out for the homoclinic or-
bits of pendulum-type (y±hom2(t)), and the corresponding Mel-
nikov function of the orbits is given by

M±hom2(τ)

=
∫ +∞

−∞

[
−ξ y±hom2(t)+ f0 + f1 cosω (t + τ)

]
y±hom2(t)dt

= −ξ Ihom2
1 + f0Ihom2

2 + f1 cos(ωτ)Ihom2
3 , (24)

where

Ihom2
1 =

∫ +∞

−∞

(
y±hom2(t)

)2 dt,

Ihom2
2 =

∫ +∞

−∞

y±hom2(t)dt =±2π,

Ihom2
3 =

∫ +∞

−∞

y±hom2(t)cos(ωt)dt. (25)

When M±hom1(τ) = 0, we have

R±hom2(ω) =

∣∣∣∣ξ Ihom2
1 − f0Ihom2

2

f1Ihom2
3

∣∣∣∣= ∣∣∣∣ Ihom2
1 −σ Ihom2

2

µ Ihom2
3

∣∣∣∣
= |cos(ωτ)|, σ =

f0

ξ
, µ =

f1

ξ
. (26)

In order to detect the chaotic boundary of the pendulum sys-
tem (2), we introduce the following function:

Rhom(ω) = Min
{

R+
hom1(ω), R−hom1(ω), R+

hom2(ω), R−hom2(ω)
}
, (27)

where R+
hom1(ω) = R−hom1(ω) and R+

hom2(ω)< R−hom2(ω). For
all parameters satisfying Rhom(ω) > 1, the chaotic motion of
the rotating pendulum system (2) is practically nonexistent.
Once the chaos in the sense of Smale’s horseshoes caused by

the transversal intersection of homoclinic orbits occurs, all pa-
rameters must satisfy Rhom(ω) < 1. Notice that Rhom(ω) < 1
is a necessary condition rather than a sufficient condition for
chaos to exist.
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Fig. 12. The chaotic boundaries detected by the Melnikov analysis for the Duffing-type and pendulum-type homoclinic orbits at q = 3 and
λ = 1.5: (a) σ = 0.5 (R±hom1(1.8)= 0.7556, R+

hom2(1.8)= 4.1508, R−hom2(1.8)= 6.5314), (b) σ = 1 (R±hom1(0.5)= 0.8541, R+
hom2(0.5)= 1.3500,

R−hom2(0.5) = 3.5212), (c) σ = 2.

When q = 3 and λ = 1.5, the chaotic boundary graphs
with three different structures are plotted using the above Mel-
nikov analysis for different value of parameter σ = 0.5,1
and 2. The detailed description can be seen in Figs. 12(a)–
12(c), respectively, where one boundary denoted by the
solid curve corresponds to the Duffing-type homoclinic or-
bits for R±hom1(ω) = 1, the dashed curve represents the up-
per pendulum-type homoclinic orbit for R+

hom2(ω) = 1 and the
remaining dotted curve is the chaotic boundary of the lower
pendulum-type homoclinic orbit for R−hom2(ω) = 1.

Numerical simulations, including the bifurcation dia-
gram, phase portrait, time history[44] and Poincaré section,[45]

are carried out to verify the efficiency of the criteria derived
by the Melnikov analysis in the following. Figure 13(a)
shows the bifurcation diagram of the external harmonic forc-
ing f1 versus angular displacement x with three detected cri-
teria f hom1

1 = 0.0453, f hom2+
1 = 0.2490 and f hom2−

1 = 0.3919
for parameters q = 3, λ = 1.5, ξ = 0.06, f0 = 0.03, ω = 1.8
fixed. The bifurcation diagrams are plotted from different ini-
tial conditions (x,y) = (1,0) and (−1,0) marked by black and
gray, respectively, from which multiple periodic windows and
chaotic regions can be seen. The corresponding Lyapunov ex-
ponents can be plotted in Fig. 13(b) under the initial condition
(x,y) = (−1,0). It is obvious from Fig. 13(a) that no chaotic
motion is observed below the chaotic boundary f1 = 0.0453
marked by the solid line. The predicted chaotic boundary can
be derived by letting Rhom(1.8) = 1. Then, we analyze the
complex system which has the properties of essential non-
linearity in terms of periodic solution and chaotic solution.
When f1 increases beyond the threshold value 0.0453 reach-
ing around 0.33, the system jumps to the chaotic motion from
a pair of period-1 solutions whose phase portraits and time
histories are plotted for f1 = 0.1 in Figs. 13(c) and 13(d).
Enlarging the parameter f1 to 0.65, the proposed system ex-
hibits a period-3 motion of which phase portrait is displayed
in Fig. 13(e) and the corresponding time history x(t) is shown
in Fig. 13(f). Additionally, for f1 = 1.5, a high periodic solu-
tion is presented in Fig. 13(g) and the corresponding time his-
tory x(t) can be shown in Fig. 13(h). With the help of the time
history x(t), a single complete cycle of such periodic motion
is given in Figs. 13(d), 13(f), and 13(h), which allows ones to

understand the law of complex periodic motion in detail. In-
terestingly, the evolution law of the chaotic attractors can be
described by increasing parameter f1, as shown in Figs. 13(i)–
13(k), respectively. Interestingly, the structure of chaotic at-
tractor depicted in Fig. 13(i) bears significant similarities to
the SD attractor, which indicates that the system mainly re-
flects the oscillating characteristics, as seen in Ref. [31]. Note
that the chaotic attractor depicted in Fig. 13(k) is similar to the
coupling of the pendulum attractor and the SD attractor, which
reflects the mixing of oscillating and rotating motions.

Similarly, the bifurcation diagram of the external har-
monic forcing f1 versus angular displacement x with three de-
tected criteria f hom1

1 = 0.0427, f hom2+
1 = 0.0675 and f hom2−

1 =

0.1761 is displayed for parameters q = 3, λ = 1.5, ξ = 0.05,
f0 = 0.05, ω = 0.5, as shown in Fig. 14(a). Note that
the bifurcation diagram is plotted from the initial condition
(x,y) = (1,0). It is clear from the bifurcation diagram that no
chaotic motion is observed below the chaotic boundary f1 =

0.0427 (Rhom(0.5)= 1) predicted by the Melnikov method and
marked by the solid line. For a better understanding of pe-
riodic windows and chaotic regions, a local enlargement of
the bifurcation diagram can be presented for f1 ∈ [1.5,1.8] in
Fig. 14(b). It is found that there exist some tiny periodic win-
dows in Fig. 14(b). Due to the coupling nonlinearities of the
simple pendulum and the Duffing oscillator,[34,37] for f1 = 0.8,
the chaotic attractor depicted in Fig. 14(c) bears significant
similarities to the Duffing attractor,[46] which means that the
system mainly reflects the oscillating characteristics. The time
history of oscillating chaotic motion satisfying |x(t)| < π for
any time can be seen in Fig. 14(f). Clearly, the chaotic at-
tractor for f1 = 1.55 depicted in Fig. 14(d) is similar to the
coupling of the pendulum attractor and the Duffing attractor,
which reflects the mixing of oscillating and rotating motions.
The corresponding time history x(t) is shown in Fig. 14(g),
and the law of chaotic motions are marked including oscil-
lation and rotation respectively. When f1 = 1.8, the chaotic
attractor depicted in Fig. 14(e) is similar to the pendulum at-
tractor, which mainly reflects the rotating motions. The cor-
responding time history x(t) is shown in Fig. 14(h), and the
law of chaotic motions are marked including oscillation and
rotation respectively. The corresponding large Lyapunov ex-
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ponents (LE) can be marked in Figs. 14(d)–13(f). To demon-
strate the motions of the tiny periodic windows in Fig. 14(b),
three stable periodic trajectories are displayed after long irreg-
ular movement in Figs. 14(i)–14(k), respectively. Compared
to the standard periodic motion, the three travelable periodic
motions[47] are asymmetric and no centers for periodic mo-
tions exist. In other words, the periodic motion in pendulum
possesses both rotations and oscillations.

It is worth pointing out that the boundary Rhom(ω) = 1

is a necessary condition for chaos to exist rather than a suf-

ficient condition.[48] In order to further verify the rationality

of the chaotic region derived by the Melnikov analysis, a two-

dimensional parameter space plot in the range of f0 ∈ [0,2]

and ω ∈ [1,4] is displayed for q = 3, λ = 1.5, ξ = 0.2,[39,48,49]

as seen in Fig. 15(a). The gray region, which can be obtained

by calculating the largest Lyapunov exponents, corresponds to

chaotic motion with positive Lyapunov exponent.

(i)

(b)

(j) (k)

(a)

L
y
a
p
u
n
o
v
 e

x
p
o
n
e
n
t
s

1

1

0

0

(d)(c)

(f) (g) (h)

(e)

−1

1

0

−1

1

0

−1
−1

x

x

t

y yx

x

1

0

9900 9940 9960 9980 100009920 9900 9940 9960 9980 100009920

9950 9970 9980 9990 100009960

−1

y

4

2

−2

0

−4
−3

−3
−2

−2

−1

−1

y

0

0

1

1

2

2

3

3

10−1
x

Fig. 13. When q = 3, λ = 1.5, ξ = 0.06, f0 = 0.03 and ω = 1.8: (a) bifurcation diagram for f1 versus x with the threshold values f hom1
1 = 0.0427 (solid

line), f hom2+
1 = 0.0675 (dashed line) and f hom2−

1 = 0.1761 (dotted line), (b) the corresponding largest Lyapunov exponents under the initial condition
(1,0); (c) the phase portraits of a pair of period-1 solutions for f1 = 0.1 and their time histories (d); (e) the phase portrait of period-3 solution for
f1 = 0.65 and the corresponding time history (f); (g) the phase portrait of period-13 solution for f1 = 1.5 and the corresponding time history (h); (i)–(k)
three chaotic attractors for f1 = 0.92, 1.7, 1.9, respectively.
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Fig. 14. When q= 3, λ = 1.5, ξ = 0.05, f0 = 0.05 and ω = 0.5: (a) bifurcation diagram for f1 versus x with the threshold values f hom1
1 = 0.0453

(solid line), f hom2+
1 = 0.2490 (dashed line) and f hom2−

1 = 0.3919 (dotted line); (b) the local enlargements for f1 ∈ [1.5,1.8]; (c)–(e) three types
of chaotic motions for f1 = 0.8, 1.55, 1.8 and the corresponding time histories (f)–(h); (i)–(k) three periodic motions for f1 = 1.575, 1.616,
1.78, respectively.

Furthermore, the theoretical threshold of the chaotic re-
gion marked by the black curve in Fig. 15(a) can be displayed
by letting Rhom(ω) = 1. It is concluded that the gray region
shows a good agreement with the theoretical analysis satisfy-
ing Rhom(ω)> 1. For a better understanding of the theoretical
chaotic threshold, we take ω = 1.515 as an example. Fig-
ure 15(b) shows the bifurcation diagrams for f1 versus x with
the predicted criteria f1 = 0.13 marked by the solid line. The
corresponding Lyapunov exponents is plotted in Fig. 15(c). It
is found from Figs. 15(b) and 15(c) that the predicted chaotic
threshold is close to the real chaotic threshold.

In order to demonstrate the classification of oscillation
and rotation in chaotic motions, we introduce the cylindrical
phase portraits in Fig. 16. The oscillating chaotic motions, of

which the chaotic attractors depicted in Figs. 13(g) and 14(d),
bear significant similarities to the SD attractor and the Duffing
attractor, respectively, and can be displayed in Figs. 16(a) and
16(b). As is clearly seen in Fig. 16(c), the cylindrical phase
portraits for the chaotic motion of rotation coupled with oscil-
lation are illustrated, which indicates that the pendulum shows
both the irregular reciprocating movement in the neighbor-
hood of the equilibrium and the irregular rotating movement
around the point A depicted in Fig. 1. Obviously, Fig. 16(d)
shows the cylindrical phase portrait for the chaotic motion of
the oscillation coupled with rotation, which mainly reflects the
irregular rotating motion due to the majority of trajectories sur-
rounding the cylinder.
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Fig. 16. Cylindrical phase portraits of oscillations starting initial condition
(x,y) = (1,0): (a) SD-type chaotic motion, (b) Duffing-type chaotic mo-
tion; chaotic cylindrical phase portraits of the coupling of oscillations and
rotations (c) and (d).

5. Conclusions
In this paper, we have theoretically and numerically in-

vestigated the dynamic behavior of a classical rotating pendu-
lum system with viscous damping, constant and periodic ex-
citations using nonlinear dynamical techniques. This complex
pendulum system exhibits strongly intrinsic nonlinearity due
to its nonlinear restoring force with the coupling of the irra-
tional term, the fractional term and the trigonometric function.
The salient features of the unperturbed pendulum system bear
significant similarities to the coupling characteristics of a sim-
ple pendulum and a Duffing oscillator with coexistence of the
Duffing-type and pendulum-type homoclinic orbits. The re-
sults are as follows:

(i) Based upon the Hamiltonian with a large constant ex-
citation, all types of phase portraits are classified and analyzed
over a period x ∈ [−π,π] especially the transitions of singular
closed orbits, which is in favor of understanding the effect of
the constant force on a simple rotating machinery system.

(ii) Under the sufficiently small perturbations of the vis-
cous damping and constant excitation, the dissipative pendu-

lum system exhibits a range of interesting nonlinear phenom-
ena, such as the bifurcation of the upper pendulum-type ho-
moclinic orbit and the rotating limit cycle. Particularly, it is
found that there exists a unique attracting rotating limit cycle
unlike the standard limit cycle around the equilibrium.

(iii) The Melnikov method is employed to detect the
chaotic thresholds of the rotating pendulum system subjected
to the sufficiently small values of viscous damping, constant
and periodic excitations. According to the theoretical anal-
ysis, we derive three chaotic boundaries which correspond
to the Duffing-type homoclinic orbits, the upper and lower
pendulum-type homoclinic orbits, respectively, due to the ef-
fect of constant excitation. Finally, the numerical simulations
show a brief description of global behavior including multi-
ple periodic motions and different types of chaotic motions by
means of bifurcation diagram, Poincaré section, time history
and cylindrical phase portrait.
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