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Complexity and abundant dynamics may arise in locally-active systems only, in which locally-active elements are
essential to amplify infinitesimal fluctuation signals and maintain oscillating. It has been recently found that some mem-
ristors may act as locally-active elements under suitable biasing. A number of important engineering applications would
benefit from locally-active memristors. The aim of this paper is to show that locally-active memristor-based circuits can
generate periodic and chaotic oscillations. To this end, we propose a non-volatile locally-active memristor, which has two
asymptotically stable equilibrium points (or two non-volatile memristances) and globally-passive but locally-active char-
acteristic. At an operating point in the locally-active region, a small-signal equivalent circuit is derived for describing the
characteristics of the memristor near the operating point. By using the small-signal equivalent circuit, we show that the
memristor possesses an edge of chaos in a voltage range, and that the memristor, when connected in series with an inductor,
can oscillate about a locally-active operating point in the edge of chaos. And the oscillating frequency and the external
inductance are determined by the small-signal admittance Y (iω). Furthermore, if the parasitic capacitor in parallel with the
memristor is considered in the periodic oscillating circuit, the circuit generates chaotic oscillations.

Keywords: memristor, chaos local activity, Hopf bifurcation

PACS: 05.45.–a, 05.45.Jn, 05.45.Pq DOI: 10.1088/1674-1056/ab9ded

1. Introduction
There are three kinds of basic circuit elements in tradi-

tional circuits: resistor, capacitor, and inductor, which can be
defined by the mathematical relations connecting the four ba-
sic circuit variables: current, voltage, charge, and magnetic
flux. In 1971, Chua proposed the fourth basic circuit ele-
ment, i.e., memristor described by the relation between charge
q and magnetic flux ϕ from the perspective of completeness
of circuit theory.[1] In 1976, Chua further extended the no-
tion of memristor to memristive systems.[2] However, due to
the lack of practical memristor implementation it has not re-
ceived much attention for nearly 30 years since it was first
proposed. It was not until the HP Labs announced the prepa-
ration of a two-terminal device with memristor characteristics
and reported its research in Nature in 2008, that the memris-
tor received immense worldwide attention from both academia
and industry.[3] This has led to a series of researches on how
to use the characteristics of memristors to design nonlinear
circuits,[4,5] intelligent computers,[6,7] and neural networks.[8]

A memristor is a nonlinear resistor with memory, accord-
ing to which we can design chaotic circuits, which can be used
in the chaotic neural networks and various information en-
cryption systems.[9–11] In Ref. [4] proposed was a memristor-
based multi-scroll hyperchaotic system, which has complex
dynamic behaviors such as coexisting attractors, hidden co-
existing attractors and multistability. In Ref. [12], a memris-
tor based circuit was introduced, which exhibits multistabil-

ity, transient dynamics and anti-monotonicity. Furthermore,
by using the excellent characteristics of the chaotic memris-
tor system a chaotic image encryption algorithm based on dy-
namic DNA manipulation and dynamic diffusion (CIEA-4D)
was designed, which can improve the security of the encryp-
tion algorithm and has a high computing rate. At present, there
are few studies on the generation mechanism of chaotic os-
cillation. Fortunately, Chua proposed that local-activity was
the origin of all complexities,[13] and locally-active memristor-
based chaotic circuits can better reveal the mechanism of gen-
erating the complex chaotic phenomena.

Locally-active memristive system can produce more com-
plex and richer dynamics, which is of great significance for
amplifying small signals and then maintaining the oscillation
in nonlinear dynamic systems.[13,14] Based on the concept of
local activity, Chua found a minuscule region called the edge
of chaos, in which complex phenomena such as creativity, in-
telligence, and chaos, may emerge.[13,15]

A simplest chaotic circuit in which used are only an active
memristor, a capacitor and an inductor in series, was designed
by Muthuswamy and Chua.[16] Thereafter, Chua introduced
the notion of locally-active memristor, which is defined for
any memristor that has a negative memristance at some values
of voltage across the memristor.[17] In Ref. [17], Chua pro-
posed a passive but locally-active memristor, which can oscil-
late periodically about a locally-active operating point, when it
is connected in series with a linear inductor and a battery.[15,18]
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Furthermore, In Ref. [19] proposed was a locally-active mem-
ristor model, based on which a simple chaotic circuit that con-
tains only an inductor, a capacitor and the memristor in paral-
lel was designed. The chaotic phenomenon means the ability
of the locally-active memristor to amplify infinitesimal signal
and generate chaos.

If a non-volatile memristor has two stable memristance
states, it can be used to present logic states to realize non-
volatile memories and logic operation circuits. In Ref. [20],
a locally-active memristor was proposed and its state switch-
ing mechanism realizing the fast switching between differ-
ent memristance states was discussed in detail. Then in
Refs. [21,22] the authors proposed a locally-active memris-
tor with 5 equilibrium points and a locally-active memristor
with 7 equilibrium points, respectively. However, in Ref. [21],
only the locally-active memristor-based periodic oscillation
was found, and in Ref. [22], only the switching strategy of
the proposed model was studied. Hence neither involves the
complex chaotic oscillation, which is the important problem
in exploring the complex mechanism of locally-active mem-
ristor based systems.

Memristors also have great potential applications in neu-
ral networks. The human brain is very powerful and com-
plex, consisting of countless neurons and synapses. In 2014,
Sah et al. presented that the human brain is composed of
memristors,[6] showing that memristors have similar charac-
teristics to biological synapses. Furthermore, from the per-
spective of information processing, synapses and neurons are
comprized of locally-passive memristors and locally-active
memristors, respectively.[13]

Using Chua’s local activity and edge of chaos theory, in
Ref. [23] studied are the generation and control of complex
behaviors in a cellular neural network based on NbOx locally-
active memristor under coupled conditions. To study the gen-
eration and control of this complex behavior is the premise
of simulating the neural cell information processing, and pro-
vides a theoretical basis for memristors in simulating cellular
synapses.

In Ref. [13] reported was a locally-active nano-
scale NbO2 Mott memristor, which has both current-
and temperature-controlled negative differential resistances
(NDRs). And an intrinsic coupled oscillator incorporated into
such a memristor can generate chaotic oscillations. Further-
more, computational efficiency of a hardware-implemented
Hopfield neural network can be improved by investigating the
memristor-based intrinsic chaotic oscillators.[13]

There is evidence that neural networks, when operated
at the edge of chaos, can exhibit enhanced computational
efficiency.[13] So, a memristor-based chaotic oscillator that can
be incorporated into a memristor-based neural-inspired circuit
may be a good scheme for future computational systems. For-
tunately, locally-active memristor is a perfectly suitable can-

didate for constructing both chaotic oscillators and neural net-
works. At present, however, there is a lack of research on
locally-active memristor-based chaotic oscillators and neural
networks.

In order to explore the edge of chaos regime and non-
linear dynamic characteristics of locally-active memristors, a
new locally-active generic memristor model is proposed in
this paper. This new memristor has local activity with two
non-volatile memductances. Using small-signal circuit of the
memristor, we design a periodic oscillator, whose dynamics
including Hopf bifurcation and periodic oscillations are an-
alyzed in detail. We also design a chaotic circuit based on
the proposed memristor, which is used to uncover the mecha-
nism of complexity. It is found that the proposed locally-active
memristor that operates on the edge of chaos regime can gener-
ate a complex chaotic oscillation, which is the most important
finding in this paper.

2. Locally-active memristor model
All memristors can be divided into four categories,

namely ideal memristor, ideal generic memristor, generic
memristor, and extended memristor. When a memristor is
driven by a voltage source (or current source), it is a voltage-
controlled (or current-controlled) memristor.[17]

According to Chua’s unfolding theorem,[24] a generic
voltage-controlled memristor can be given by

iM =W (x)vM,

dx
dt

= f (x,vM)=
n2

∑
k=−n1

akxk +
m2

∑
k=−m1

bkvk
M

+
p2

∑
k=−p1

q2

∑
l=−q1

cklvk
Mxl ,

(1)

where W (x) =
r2
∑

k=−r1

dkxk is the memductance of the memris-

tor; x is the internal state variable; ak, bk, and ckl are unfolding
parameters, which can determine different generic memristor
models from Eq. (1).

According to Eq. (1) and the Chua corsage memristor,[17]

to make the memristor have both local activity and non-
volatility characteristics, we define a mathematical model of
a voltage-controlled locally-active generic memristor as fol-
lows: 

i = G(x)v = (x2 +m)v,
dx
dt

= h(x,v) =−x|x+α|+ |x+β |+ v.
(2)

For the memductance function G(x), m is a control pa-
rameter of the locally-active region, which can control the
locally-active region of the memristor. In the state equation, α

and β are the parameters to control the number of equilibrium
points. Here, let α =−10 and β = 10, then the memristor will
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have 3 equilibrium points, in which there are 2 asymptotically
stable equilibrium points, thereby exhibiting the non-volatility.

Any memristor, when driven by a zero-mean periodic
voltage (or current) source, must have frequency-dependent
pinched hysteresis loops in the v–i plane and coincident zero-
crossing characteristics.[25,26] The memristor, when driven by
a sinusoidal source v(t) = Asin(2π f t) with a amplitude of
A = 10 V and frequencies f = 0.5 Hz, 2.5 Hz, and 500 Hz,
exhibits the frequency-dependent pinched hysteresis loops, as
shown in Fig. 1(a), where m= 0 and initial value of x(0) = 0.5.
Observe all pinched hysteresis loops that pass through the ori-
gin (0, 0). As the frequency increases, the lobe area of the
pinched hysteresis loop gradually decreases and shrinks into a
straight line at a frequency of f = 500 Hz. When the voltage
passes through the t axis, the current must also pass through
the t axis at the red points in Fig. 1(b), showing the coincident
zero-crossing signature. However, when the voltage waveform
does not pass through the t axis, the current waveform can also
pass through the t axis, which is described by the magenta
points in Fig. 1(b), showing non-coincident zero-crossing sig-
natures, which is one of the characteristics of a locally-active
memristor.

f=0.5 Hz
f=2 Hz
f=5 Hz
f=500 Hz
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Fig. 1. (a) Pinched hysteresis loops driven by sinusoidal voltage with am-
plitude A = 10 V at f = 0.5 Hz, 2 Hz, 5 Hz, and 500 Hz, with m = 0 and
initial state x(0) = 0.5; (b) time domain waveforms of input voltage (red)
and output current (blue) at frequency f = 2 Hz.

3. Non-volatility and local activity of memristor
3.1. Non-volatility

According to Ref. [17], a memristor with a scalar state
variable, if its power-off plot (POP) has two or more negative

intersections with the x axis, it is a non-volatile memristor. The
POP is a dynamic route map (DRM) on the (dx/dt)–x plane
when the voltage source is zero. The POP of the locally-active
memristor determined by Eq. (2) can be solved by the follow-
ing equation:

dx
dt

= h(x,0) =−x |x−10|+ |x+10| . (3)

We plot the POP determined by Eq. (3) on the (dx/dt)–x
plane, as shown in Fig. 2.

- -       

-

-













↼↪ ↽

Q2

↼.↪ -↽

Q1
Q0

x

dx/dt

Fig. 2. POP of locally-active memristor.

Observe from Fig. 2 the POP that has 3 intersections
with the x axis: Q0 (x = 1.298), Q1 (x = 7.702), and Q2

(x = 11.844), where dx/dt = 0, and the arrowheads attached
indicate the direction of motion of state variable x. Any initial
state x on POP lying in the upper half plane, where dx/dt > 0,
must move rightward along the POP. In contrast, any initial
state x on POP located in the lower half plane must move left-
ward along the POP, because dx/dt < 0 there. It follows from
the dynamical route on the POP in Fig. 2 that the equilibrium
points Q0 and Q2 are asymptotically stable, while equilibrium
point Q1 is unstable.

Depending on the initial state x(0), the memristor can ex-
hibit two non-volatile states, namely,

x =

{
x(Q0) = 1.298, x(0)< 7.702,
x(Q2) = 11.844, x(0)> 7.702.

(4)

These two different stable states generate two correspond-
ing stable memductances, that is,

W =

{
W (x(Q0)=(7.702)2=1.685S, x(0)< 7.702,

W (x(Q2)=(11.844)2=140.280S, x(0)> 7.702.
(5)

These two different stable memductances can be used to
represent the binary states ‘0’ and ‘1’, one sate will remain
unchanged until an appropriate external voltage is applied to
the memristor to drive the stable equilibrium state to the other
state. Therefore, this locally-active memristor can be used as
a non-volatile binary memory.
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3.2. Local activity

It is impossible to judge whether a generic memristor has
locally-active property only through its hysteretic curve, be-
cause a generic memristor behaves like a nonlinear resistor in
the regime of the direct current (DC) stable state,[26] and there-
fore we cannot measure the DC behavior by using the pinched
hysteretic v–i curve under a periodic exciting signal. However,
according to the DC V –I plot,[17] we can easily understand the
inherent characteristics of the memristor and its local activity.

Let dx/dt = 0, v = V , and x = X , where V and X are
the DC voltage input and corresponding state variable, respec-
tively, in the state equation of Eq. (2), then we will obtain

V = v̂(X) = X |X−10|− |X +10| . (6)

Substituting Eq. (6) into the first equation of Eq. (2), we
obtain

I = î(X) = x2v̂(X) = X3 |X−10|−X2 |X +10| . (7)

In the interval of −2 ≤ X ≤ 12, the DC V –I plot deter-
mined by Eqs. (6) and (7) is shown in Fig. 3.

↩ ↩ ↩ 

↩
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
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(b)

Fig. 3. (a) DC V –I plot of memristor (b) zoomed DC V –I plot near negative
slope region.

This memristor (defined in Eq. (2)) is passive at DC V –I
plot because all points on the plot lie in the 1st and 3rd quad-
rants where V I ≥ 0.

From Fig. 3(a), we can observe that all points of the DC
V –I plot lie in the 1st and 3rd quadrants where V (x)I(x) ≥ 0,
so this memristor is passive. However, it is locally-active in
the interval of −10 V < V < −3.095 V, where the DC V –I
plot has a negative slope (or negative differential conductance)
over the interval as shown in Fig. 3(b).

4. Characteristics of locally-active region
The locally-active region is a non-linear region, where it

is very complicated to implement rigorous analysis. To sim-
plify the analysis, we can approximately linearize its equa-
tions near a DC operating point in the locally-active region.
The linearization is derived by using the Taylor series about a
DC operating point (V , I) of the memristor in its locally-active
region. Then we use the small-signal equivalent circuit to an-
alyze the local dynamic behavior of the memristor. For this
purpose, we apply a small-signal input voltage δv to the DC
operating point (V , I), which gives rise to the responses δx and
δ i,

v =V +δv,

x = X +δx,

i = I +δ i, (8)

where X = x(Q), V = v(Q), I = i(Q), and Xsatisfies

dx
dt

=−X |X−10|+ |X +10|+V = h(X ,V ) = 0. (9)

A small-signal equivalent circuit for the DC operat-
ing point can be obtained by Taylor expansion and Laplace
transformation.[27]

Equation (2) can be expanded into a Taylor series at the
operating point Q(X , V ), and the higher-order minor terms are
ignored and the resulting equations are given below:

i = I +δ i = a0 +a11δx+a12δv,
dx
dt

=
d(X +δx)

dt
= h(X ,V )+b11δx+b12δv, (10)

where

a11 = v
∂G(x)

∂x
|Q = 2XV, a12 = G(x)

∂v
∂v
|Q = X2, (11)

b11 =
∂

∂x
h(x,v) |Q = sign(X +10)−|X−10|

−X · sign(x−10),

b12 =
∂

∂v
h(x,v) |Q = 1. (12)

Applying Laplace transformation to Eq. (10), and let
L[δ i(t)] = î(s), L[δx(t)] = x̂(s), L[δv(t)] = v̂(s), then we will
have

î(s) = a11x̂(s)+a12v̂(s),
sx̂(s) = b11x̂(s)+b12v̂(s).

(13)

Solving Eq. (13), we obtain

î(s) = a11
b12v̂(s)
s−b11

+a12v̂(s). (14)

The small-signal admittance Y (s,Q) about the operating
point Q(X ,V ) is as follows:

Y (s,Q) =
î(s)
v̂(s)

=
a11b12

s−b11
+a12. (15)
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Equation (15) can be recasted into the following form:

Y (s,Q) =
1

s
1

a11b12
+
−b11

a11b12

+a12

=
1

sLx +Rx
+

1
Ry

, (16)

where Lx = 1/a11b12, Rx =−b11/a11b12, Ry = 1/a12, and the
values of Lx, Rx, and Ry are determined by the DC operating
point Q(X ,V ). Therefore, the characteristics of the memristor
near the operating point Q(X ,V ) in the locally-active region
can be imitated by the small-signal equivalent circuit as shown
in Fig. 4.

V

v=V+δv

i=I+δi

δv

v

-2.342 Ω

19.231 Ω

-0.274 H

δv
Lx

Rx

Ry

δi

Fig. 4. Small-signal equivalent circuit of memristor at operating point
Q(X ,V ) under exciting voltage δv.

Let the static bias voltage across the memristor V =−8 V
and dx/dt = 0, then from the state equation of Eq. (2) we will
have

dx
dt

=−X |X−10|+ |X +10|−8 = 0. (17)

By solving Eq. (17), we obtain XQ = 0.228, and then
substituting it into Eqs. (11) and (12), we also obtain a11 =

−3.648, a12 = 0.052, b11 =−8.544, b12 = 1. Substituting the
values of a11, a12, b11, and b12 into Eq. (16), we obtain the
following parameters of the small-signal circuit:

Lx =
1

a11b12
=−0.274 H,

Rx =
−b11

a11b12
=−2.342 Ω,

Ry =
1

a12
= 19.231 Ω. (18)

5. Periodic oscillation of memristor
In order to observe the variation of small-signal admit-

tance function Y (s,Q) with DC bias voltage V , equation (15)
can be rearranged as a function of bias voltage V as follows:

Y (s,V ) =
sa12 +[a11b12−a12b11]

s−b11

=
K(s− z)
(s− p)

, (19)

where K is a constant, z and p are the zero and pole of Y (s,V )

at VQ =V , respectively, specifically,

z =−a11b12−a12b11

a12
, p = b11, K = a12. (20)

The pole and zero varying with operating point voltage V
are shown in Fig. 5.
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Fig. 5. The pole-zero diagram of the memristor in the voltage range of
−10≤V ≤ 10.

According to Hopf bifurcation theory,[15] to design an
oscillator a pair of conjugate poles on the imaginary axis is
needed. However, the admittance Y (s,V ) has only one real
pole. Therefore, to make the circuit oscillate, it is necessary to
add at least one capacitor or inductor to the memristor.

It can be observed from Fig. 4 that since the small-signal
equivalent circuit of the memristor contains a negative induc-
tance, only a positive linear inductance L has to be added in se-
ries with the memristor in order to make the composite circuit
oscillate at a certain frequency. For determining the value of
L, we need to determine the oscillating frequency of the com-
posite circuit by calculating the frequency response Y (iω,V )

of the memristor.
Substituting s = iω into Eq. (19), the admittance function

Y (iω,V ) is obtained as follows:

Y (iω,V ) =
−b11 (a11b12−a12b11)+ω2a12

b2
11 +ω2

− i
ωa11b12

b2
11 +ω2 . (21)

The real and imaginary parts of admittance function
Y (iω,V ) at operating point v =V are as follows:

ReY (iω,V ) =
−b11 (a11b12−a12b11)+ω2a12

b2
11 +ω2 , (22)

ImY (iω,V ) =− ωa11b12

b2
11 +ω2 . (23)
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When the circuit oscillates, its energy consumption
should be minimal, namely, ReY (iω∗,V ) = 0, from which the
oscillating frequency is determined by

ω
∗ =

√
b11 (a11b12−a12b11)

a12
. (24)

When operating point bias voltage V = −8 V and the
corresponding state variable X = 0.228, from Eqs. (11) and
(12) we obtain a11 =−3.648, a12 = 0.052, b11 =−8.544, and
b12 = 1, then the oscillating frequency ω∗ and the correspond-
ing imaginary part ImY (iω∗, V ) are calculated to be

ω
∗(V,X) =±22.9473877978,

ImY (iω∗,V ) =±0.1396161112, (25)

which means that the memristor is capacitive at the operating
point Q.
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ω/↩1000

ImY↼iω↪V)

ω*=22.9473877978

ω/1000
w/

ImY(iω*)=
-0.1396161112

(a)

(b)

(c)

Fig. 6. Frequency response and Nyquist plot of the locally-active mem-
ristor at voltage V = −8 V, showing (a) real part ReY (iω,V ) and imagi-
nary ImY (iω,V ) part of frequency response, (b) zoomed Fig. 6(a) in range
−200 rad/s ≤ ω ≤ 200 rad/s, and (c) Nyquist plot.

The real part ReY (iω,V ) and the imaginary part
ImY (iω,V ) of the frequency response Y (iω,V ) of the mem-
ristor determined by Eqs. (22) and (23) at voltage V = −8 V
are shown in Fig. 6 in a range −1000 rad/s ≤ ω ≤ 1000 rad/s.

It can follow from Fig. 6(b) that for the DC bias volt-
age V = −8 V, the real part ReY (iω∗,V ) = 0 at ω∗ =

22.9473877978 whereas the imaginary part ImY (iω∗,V ) =

0.1396161112. The positive admittance of ImY (iω∗,V ) in-
dicates that the memristor is capacitive at the oscillating fre-
quency ω∗, which requires a positive inductor L∗ in series with
the memristor to compensate for the imaginary part of admit-
tance Y (iω∗,V ) and make the total imaginary admittance of
the composite circuit zero-valued. Therefore, the compensa-
tion inductance L∗ should satisfy the following condition:

1
ω∗L∗

= ImY (iω∗), (26)

that is,

L∗ =
1

ω∗ ImY (iω∗)
= 0.31212691 H. (27)

The composite circuit composed of a locally-active mem-
ristor and a compensation inductor in series is shown in Fig. 7.

BT1

L

V

i

+ -

+

-

V=-8 V

L*

iL

VL

Vm

im

G↼x↽/x2

L*=0.31212691 H

Fig. 7. Oscillating circuit composed of memristor operating in locally-
active region.

6. Jacobian matrix J(X , IL;V ) of locally-active
memristor oscillator
To verify the oscillating circuit consisting of the locally-

active memristor and the external inductor L∗ as shown in
Fig. 7, we can calculate the characteristic roots of the Jacobian
matrix J(X , IL;V ) of the oscillating circuit. It follows from
Fig. 7 that i = iL = im and vL = v− vm, where vL = L∗diL/dt
and vm = iL/G(x) = iL/x2. The state equations of the circuit
are described by

dx
dt

= f (x, iL) =−x|x−10|+ |x+10|+ iL
x2 ,

diL
dt

= g(x, iL,v) =
1
L∗

(
v− iL

x2

)
. (28)

By solving dx/dt = 0 and diL/dt = 0 , we can calculate
the equilibrium point Q(X , IL;V ) of Eq. (28), and the Jacobian
matrix at Q(X , IL;V ) is given by

J(X , IL,V ) =


∂ f (x, iL)

∂x
∂ f (x, iL)

∂ iL
∂g(x, iL,v)

∂x
∂g(x, iL,v)

∂ iL


Q
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=


∂ f (x, iL)

∂x

∣∣∣∣
Q

1
X2

2IL

L∗X3 − 1
L∗X2

 , (29)

where
∂ f (x, iL)

∂x
|Q = sign(X +10)−|X−10|

−X sign(X−10)− 2IL

X3 . (30)

Through Eq. (29), we can calculate the trajectories of the
eigenvalues of Jacobian matrix J(X , IL;V ) in a range−20 V≤
V ≤ 20 V as shown in Fig. 8, where L∗ = 0.31212691 H, and
the arrowheads in the trajectories indicate the motion direc-
tions of the two eigenvalues, λ1 and λ2, as the voltage V in-
creases.
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-30
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0

10
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30

40
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V=−8 V
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Reλ1=0

Imλ1=-8.4089

V=-5.019 V

V=−5.019 V

Reλ2=0

Imλ2=-8.4089

Reλ2=0

Reλ2→@

V→-10 V

Imλ2=−22.9478

V=-9 V
V=-0.6 V

Reλ2

Reλ1

Imλ1, Imλ2

→@

Fig. 8. Trajectories of eigenvalues in range of −20 V≤V ≤ 20 V.

From Fig. 8 we can see that the eigenvalue locus of Jaco-
bian matrix J(X , IL;V ) has a pair of complex conjugate eigen-

values λ1 = ±8.4089 and λ2 = ±22.9478 at V = −5.019 V
and V = −8 V, respectively. The point at V = −5.019 V
and V = −8 V on the imaginary axis are the Hopf bifurca-
tion points where Reλ = 0, and the region of Reλ > 0 is the
oscillating region.

7. Oscillating circuit admittance function
Yc(s,V ) and its pole-zero diagram

The total impedance of the oscillating circuit shown in
Fig. 7 is the sum of the inductive reactance and the memduc-
tance. Considering formula (19), we obtain

Zc(s,Q) = sL∗+1/Y (s,Q)

=
s2L∗a12 + s(L∗ (a11b12−a12b11)+1)−b11

sa12 +[a11b12−a12b11]
. (31)

The total admittance of the oscillator circuit is given by

Yc(s,Q) =
1

Zc(s,Q)

=
sa12 +(a11b12−a12b11)

s2L∗a12 + s(L∗ (a11b12−a12b11)+1)−b11
, (32)

which is rewritten as

Yc(s,Q) =
k(s− z1)

(s− p1)(s− p2)
, (33)

where

z1 =−
a11b12−a12b11

a12
, (34)

p1 =
−L∗[a11b12−a12b11]−1+

√
(L∗[a11b12−a12b11]+1)2 +4a12L∗b11

2a12L∗
, (35)

p2 =
−L∗[a11b12−a12b11]−1−

√
(L∗[a11b12−a12b11]+1)2 +4a12L∗b11

2a12L∗
. (36)

Substituting s = iω and Eqs. (11) and (12) into Eqs. (34)–(36), the real and imaginary part of the pole of Yc(s,V ) are shown
in Fig. 9, where −20V ≤ V ≤ 20 V, in which figures 9(a) and 9(b) show the trajectories of the real part of poles p1 and p2 as a
function of voltage. Figure 9(c) shows a detailed view of the real part of poles p1 and p2, in the range of −10 V ≤ V ≤ 10 V;
figure 9(d) dispalys the imaginary part of poles p1 and p2 as a function of voltage within the range of −20 V ≤ V ≤ 20 V; and
figure 9(e) exhibits the trajectory of real and imaginary parts of the poles.

It is seen from Fig. 9 that real parts Re p1 and Re p2 of the admittance Yc(s,V ) are almost less than zero for the voltage
range of −10 V≤V ≤ 10 V (Figs. 9(a)–9(c)) and only in the voltage range of −8 V <V <−5.3917 V the real parts are greater
than zero (Figs. 9(c) and 9(e)). We further find that the complex conjugate poles are located on the imaginary axis at voltages
V = −8 V and V = −5.3917 V, where Re p1 = 0 and Re p2 = 0, meaning that V = −8 V and V = −5.3917 V are two Hopf
bifurcation points,[18] and a periodic oscillation may occur via the Hopf bifurcation.

Figure 10 shows the loci of the real and imaginary parts of poles p1 and p2 as a function of the external inductance L.
It is seen that Re p1 = Re p2 and Im p1 = − Im p2 for the range of 0.1511 H ≤ L ≤ 0.6461 H. At L = L∗ = 0.3121269 H,
Re p1 = Re p2 = 0, Im p1 = 22.9485, and Im p2 = −22.9485, which corresponds to a pair of complex conjugate poles that are
the same as the pole at V =−8 V in Fig. 9(e).
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Fig. 9. Pole-zero diagrams of Yc(s,V ) for (a) real part of pole p1, (b) real part of pole p2, (c) zoomed real part of poles p1 and p2 in the range of
−10 V ≤ V ≤ 10 V, (d) imaginary part of poles p1 and p2, (e) the relationship between the real and imaginary parts of poles p1 and p2, in which the
arrowheads indicate the movement direction of the pole as the voltage V increases.
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Fig. 10. Pole diagrams of admittance Yc(s,V ) with external inductance L in a range of 0 < L < 1 H, showing (a) real part of the poles, p1 and
p2, and (b) imaginary part of the poles.
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8. Edge of chaos and periodic oscillation
8.1. Edge of chaos

A nonlinear system on the edge of chaos has potential in-
stability and therefore can generate complexity,[28–30] such as
emergence, self-organization, chaos, etc. A nonlinear system
is said to be on the edge of chaos if and only if all of its equi-
librium points are locally active but asymptotically stable.[13]

That is, the edge of chaos of this memristor can be determined
by the two conditions as follows.[30]

(i) At the same equilibrium point (X(V ), I(V )), the real
part ReY (iω) of the frequency response of the admittance
equation Y (s,V ) is less than zero (Re[Y (iω)] < 0) for some
ω ∈ (−∞,∞).

(ii) All poles of small-signal admittance of memristor
Y (s,V ) at the equilibrium point (X(V ), I(V )) are on the left-
open plane where Re[sp]< 0.

Obviously, conditions (i) and (ii) correspond to the locally
activity and the asymptotical stability of the conditions of the
edge of chaos, respectively. In order to verify the local activ-
ity of the memristor (condition (i)), the frequency responses of
admittance Y (iω,V ) of the memristor at different input volt-
ages are shown in Fig. 11.
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Fig. 11. Frequency response of admittance function Y (iω,V ) with respect
to ω , showing (a) real part curve of frequency response of memristor in a
range of −100 rad/s ≤ ω ≤ 100 rad/s, and (b) Nyquist plot of memristor
frequency response in a range of −1000 rad/s ≤ ω ≤ 1000 rad/s.

Figure 11(a) shows that when the input voltage V =

−10 V, ReY (iω) = 0 for all values of ω and ReY (iω) < 0
for V < −3.095 V and some values of ω ∈ (−∞,∞). We

also observe from Fig. 11(b) that when the input voltage
V = −10 V, ImY (iω) = ReY (iω) = 0, and ReY (iω) > 0
for V > −3.095 V, i.e., the locus of the frequency response
Y (iω,V ) is located on the right half plane for all values of ω .

It follows from Fig. 11 and the above analysis that the real
part of the admittance function Y (iω,V ) is less than zero, i.e.,
ReY (iω) < 0 in a range of −10V < V < −3.095 V for some
values of ω ∈ (−∞,∞), and therefore the memristor is locally
active within the voltage range of −10V <V <−3.095V.[14]

To ensure that the memristor has an edge of chaos, the ad-
mittance Y (s,V ) of the memristor must satisfy condition (ii) as
well. The poles of the admittance equation Y (s,V ) at the equi-
librium point is shown in Fig. 5(a), from which we see that
the poles are negative, i.e., Re(sp)< 0 in the voltage range of
−10 V < V < −3.095 V , implying that the poles of Y (s,V )

are in the left-half plane, and the admittance Y (s,V ) satisfies
condition (ii).

According to the above analysis, we conclude that the ad-
mittance Y (s,V ) of the memristor satisfies both conditions (i)
and (ii), and the memristor is on the edge of chaos in the volt-
age interval: −10 V <V <−3.095 V.

8.2. Periodic oscillation via Hopf bifurcation

Figure 8 presents the eigenvalues locus plot of the oscil-
lating circuit shown in Fig. 7, from which we can see that the
Jacobian matrix J(X , IL;V ) of the circuit has a pair of com-
plex conjugate eigenvalues on the imaginary axis at the DC
operating point voltages V = −8 V and V = −5.019 V. As
the DC voltage varies in the internal of −8 V <V < 5.095 V,
the eigenvalues can cross the imaginary axis and move to the
right-half plane, and therefore the circuit loses its stability at
V = −8 V and V = −5.019 V. Hence the DC operating point
voltages V =−8 V and V =−5.019 V are two Hopf bifurca-
tion points,[31] at which the circuit is no longer asymptotically
stable.

The dynamics of the memristor-based oscillating circuit
with respect to the DC operating points is shown in Fig. 12.

From Fig. 8 we see that when −8 V < V < 5.017 V, the
eigenvalue locus is located in the open right-half plane, where
the real part of the eigenvalue, Re(λ ) > 0, and the circuit os-
cillates or is in an unstable state.

It is observed from Fig. 12(a) that the circuit is in
a stable state and converges to a stable equilibrium point
Q′0(0.2163,−0.3790), as the voltage V < −8 V and equals
−8.1 V that is near but to the left of the first Hopf bifurcation
point V = −8 V. While the circuit generates a periodic oscil-
lation to form a limit cycle as the DC voltage V > −8 V and
equals −7.8 V that is near but to the right of the first Hopf
bifurcation point, as shown in Fig. 12(b). Also it is observed
from Figs. 12(c) and 12(d) that the circuit diverges from the
initial state (x(0), iL(0)) = (0.1,−0.1) and do not converge to
any equilibrium point.
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Fig. 12. Transient waveforms of state variable x and current iL with different DC voltages, where initial states are (x(0), iL(0)) = (0.1,−0.1)
(a) DC voltage V = −8.1 V, and transient waveforms converge to stable equilibrium point Q0; (b) DC voltage V = −7.8 V, and the system
oscillates to form a limit cycle; (c) DC voltage V = −5.5 V, and the system is in unstable state, diverging from initial state; (d) DC voltage
V = −5.3 V, and the system is in unstable state, diverging from initial state; (e) DC voltage V = −5.2 V, and the system oscillates to form a
limit cycle; (f) DC voltage V =−4.9 V, transient waveforms converge to stable equilibrium point Q′0.

According to Figs. 12(e) and 12(f), the stability of the
circuit changes near the second Hopf bifurcation point V =

−5.019 V. Figure 12(e) shows that the circuit oscillates period-
ically again, as the voltage V <−5.019 V and equals −5.2 V,
which is near but to the right of the second Hopf bifurcation
point V =−5.019 V, while that the circuit converges to an an-

other stable equilibrium point Q′′0 (0.2163,−0.3790), as the
voltage V > −5.019 V and equals −4.9 V, which is near but
to the left of the second Hopf bifurcation point V =−5.019 V.

It follows that when the memristor operates at the edge
of chaos of the memristor within the range of −10 V < V <

−3.095 V, it may generate periodic oscillation, indicating that
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the memristor operating on the edge of chaos regime has po-
tential instability and therefore generates oscillations.

9. From limit cycle to chaotic attractor
In the periodic oscillating circuit shown in Fig. 7, it op-

erates in the locally-active region with the bias voltage of
V =−8 V. If we design a chaotic oscillator on the basis of the
periodic oscillator, so that it is convenient to make the mem-
ristor have a bias voltage of zero. To this end, we set the coef-
ficient m in Eq. (2) to be −3, i.e., the state-dependent Ohm’s
low becomes

i = G(x)v =
(
x2−3

)
v,

dx
dt

= h(x,v) =−x|x−10|+ |x+10|+ v. (37)

So the locally-active region will be expanded from the
original−10 V <V <−3.095 V to−17.22 V <V < 1.393 V,
which is analyzed as follows.

Let the second equation in Eq. (37) be zero for drawing
the DC V –I plot, then we will obtain the relations V –X and the
I–X as follows:

V =
⌣v(X) = X |X−10|− |X +10|, (38)

I =
⌣

i (X) = (X2−3)⌣v(X)

= (X2−3)(X |X−10|− |X +10|). (39)

In the interval of −2 ≤ X ≤ 4, the relations V –X , I–X ,
and V –I are shown in Fig. 13.
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Fig. 13. Plots of the memristor determined by Eqs. (38) and (39): (a) V =
⌣v(X) , (b) I =

⌣
i (X) , and (c) DC V –I plot.

By observing the DC V –I plot, we find that a negative
slope appears in a range of −0.741 < x < 1.524, and the cor-
responding voltage V is in a range of (−17.22,1.393), which
is the locally-active region of the memristor that includes the
locally-active operating point of V = 0.

In the case that the memristor has a zero bias, if the par-
asitic capacitor connected with the memristor in parallel is
considered, a chaotic oscillator can be obtained as shown in
Fig. 14.

LL C

imiL

vc

⇁

↩

⇁

↩

vm G↼x↽/x↩  

Fig. 14. Chaotic oscillator circuit based on locally-active memristor.

According to Eq. (37) and the Kirchhoff’s law, the gov-
erning equation of the circuit is given by

dx
dt

=−x |x−10|+ |x+10|+ vC,

dvC

dt
=− 1

C
[(x2−3)vC + iL],

diL
dt

=
1
L

vC.

(40)

Let 1/C = a, 1/L = b, vC = y, and iL = z, equation (40)
is rewritten as

dx
dt

=−x |x−10|+ |x+10|+ y,

dy
dt

=−a[(x2−3)y+ z],

dz
dt

= by.

(41)

Let dx/dt = dy/dt = dz/dt = 0, then the equilibrium
points of the system will be as follows:

s = {(x,y,z)|x = XQ, y = z = 0}, (42)

where XQ happens to be the equilibrium point of the memristor
as shown in Fig. 2. It is observed from Fig. 2 and Eq. (42) that
the circuit has three equilibrium points: s1 = (1.2984,0,0),
s2 = (7.7015,0,0), and s3 = (11.8443,0,0). Since the locally-
active region of the memristor is −0.741 < x < 1.524, only
equilibrium point s1 = (1.2984,0,0) is in the locally-active re-
gion, where complex phenomena may occur in the neighbor-
hood of the equilibrium point s1. Linearizing Eq. (41) at the
equilibrium point s1, the Jacobian matrix can be obtained as
follows:

J =

−6.4032 1 0
0 1.3142a −a
0 b 0

 . (43)
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And the corresponding characteristic equation is

λ
3 +(6.4032−1.3142a)λ 2

+(ab−8.4151a)λ +6.4032ab = 0. (44)

Let a = 2.13 and b = 11, then the eigenvalues will be ob-
tained to be λ1 = −6.4032, λ2 = 1.3996+4.6337i, and λ3 =

1.3996− 4.6337i, in which λ2 and λ3 are a pair of conjugate
complex roots and their real parts are greater than zero, show-
ing that equilibrium point s1 is unstable, which satisfies one of

the conditions for chaos. When (x0,y0,z0) = (1.298,0.1,0.1),
a = 2.13 and b = 11, the circuit generates chaotic oscillations,
and the corresponding Lyapunov exponents are L1 = 0.1630,
L2 = 0, and L3 = −5.8877. The chaotic attractor generated
by the system is shown in Fig. 15, where figure 15(d) shows
the pinched hysteresis curves of the memristor in the chaotic
state, which are pinched at the origin but do not overlap each
other. However, as the memristor voltage changes chaotically,
these curves become a family and they never overlap, i.e., they
become a chaotic pinched hysteresis curve.
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Fig. 15. Phase diagrams of this memristor-based chaotic oscillating circuit (a) x–y plane, (b) y–z plane, (c) x–z plane, and (d) chaotic pinched
hysteresis loops of the memristor.

When the initial state (x0,y0,z0) = (1.298,0.1,0.1), the time domain waveform of the state variable x, the capacitor voltage
vC and the inductor current iL of the memristor are shown in Fig. 16. Since the initial state (x0,y0,z0) = (1.298,0.1,0.1) is in
the locally-active region of the locally-active memristor, the system can keep chaotic oscillating around the equilibrium point
s1 = (1.2984,0,0), depending on the local activity of the memristor.
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Fig. 16. Time domain waveform of memristor state variable x, capacitor voltage vC, and inductor current iL .

When circuit parameters a = 2.13 and b = 11, and the initial state (x0,y0,z0) = (4.5,0.1,0.1), the circuit oscillates chaot-
ically, and its time domain waveforms and the x–y–z phase diagram of the chaotic circuit are shown in Fig. 17(a). When the
circuit parameters are fixed but the initial state changes to (x0,y0,z0) = (11,0.1,0.1), the dynamics of the circuit converges to a
stable point as shown in Fig. 17(b).
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Fig. 17. (a) Time domain waveforms and x–y–z phase diagrams with circuit parameters fixed at (a) (x0,y0,z0) = (4.5,0.1,0.1); (b) (x0,y0,z0) =
(11,0.1,0.1), but the initial values changed.

Table 1. Nonlinear dynamic characteristics of different initial conditions.

Initial condition (4.5,0.1,0.1) (11,0.1,0.1)

Equilibrium point (1.2984,0,0) (11.8443,0,0)
Memductance negative positive
Memristor characteristics locally-active locally-passive
Eigenvalues λ1 =−6.4032 λ1 =−292.342

λ2 = 1.3996+4.6337i λ2 =−12.689
λ3 = 1.3996−4.6337i λ3 =−0.080

Lyapunov exponent (0.201−0.010−5.910) (−0.113−12.630−31.280)
System status chaotic oscillation asymptotically stability

It follows from Fig. 17 that the circuit can exhibit dif-
ferent dynamic behaviors, such as chaotic attractors and sta-
ble points, for a fixed set of circuit parameters and differ-
ent initial values, which is called coexisting attractor. Thus
there are coexisting attractors in the system, namely, this sys-
tem has multi-stability.[12] Further analysis shows that for
the initial condition (x0,y0,z0) = (4.5,0.1,0.1), the initially-
excited chaotic orbit oscillates around the equilibrium point
X = 1.298, which is exactly the asymptotically stable equilib-
rium point X(Q0) = 1.298 (see Fig. 2) of the memristor, that
is located in the locally-active region and on the edge of chaos
of −0.741 < X < 1.524. So the circuit generates a complex
chaotic motion, verifying that “locally-activity is the origin of
complexity”.[13]

The trajectories starting from the initial state (x0,y0,z0) =

(11,0.1,0.1) eventually converges to a stable point (11.8443,
0, 0), which is exactly a stable point X2(Q2) of the memris-

tor (see Fig. 2). Because the initial value of the state variable
x(0)> 7.702, we can see from Fig. 2 that the state x eventually
goes to the asymptotically stable equilibrium point X2(Q2) of
the memristor as t → ∞. Because the equilibrium point is lo-
cated in the locally-passive region, it cannot generate chaotic
oscillation.

The circuit dynamics with the two initial states,
(4.5,0.1,0.1) and (11,0.1,0.1), including initial conditions,
memristor equilibrium points, memristor characteristics, and
circuit eigenvalues, Lyapunov exponents, are shown in Ta-
ble 1.

With the circuit system parameters changing, the system
is also in different states for a fixed set of initial values. Fixing
initial condition (x0,y0,z0) = (1.298,0.1,0.1), when the cir-
cuit parameter a is changed within the range of [0.8, 2.2], the
Lyapunov exponent spectrum and the bifurcation diagram with
respect to a are shown in Fig. 18 (for the clarity, the third Lya-
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punov exponential curve is not drawn here because its value is
a smaller negative number).

From Fig. 18, we can observe that the system gradually
turns from a periodic orbit to a chaotic state through a period-
doubling bifurcation. In the region of a ∈ [0.8, 2.2], the sys-
tem switches between periodic orbit and chaotic orbit multiple
times. When a ∈ [0.8, 1.79], the system exhibits a periodic or-

bit; when a ∈ (1.79,1.86], it enters into chaos state through

period doubling bifurcation; when a ∈ (1.86,1.87], it goes

into a periodic window. The system performs multiple state

transitions between chaotic and periodic states in the region

a ∈ [1.88, 2.2], and the corresponding chaotic and periodic or-

bits are shown in Fig. 19.

1.0 1.5 2.0
-2.0

-1.5

-1.0

-0.5

0

0.5

a

L
y
a
p
u
n
o
v
 e

x
p
o
n
e
n
t

 

 

LE1

LE2

. . 2.0
.

.

.

3.5

a

x

(a) (b)
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Fig. 19. Phase diagram changing with parameter a on the x–y plane: (a) a = 0.8, (b) a = 1.2, (c) a = 1.793, and (d) a = 2.13.
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Fig. 20. (a) Lyapunov exponent spectrum and (b) bifurcation diagram changing with parameter b.
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Fixing the initial condition (x0,y0,z0) = (1.298,0.1,0.1),
and changing the circuit parameter b in a range of [9.2, 11.1],
the dynamics of the circuit is described by the Lyapunov expo-
nent spectrum and the bifurcation diagram as shown in Fig. 20.

It is seen from Fig. 20 that the system undergoes multi
periodic windows and many chaotic regions in a region of
b ∈ [9.2,11.1], in which there is a period-3 doubling bifurca-
tion process showing complex dynamics.

10. Conclusion and perspectives
In this paper we present a new locally-active memristor.

Basic characteristics of the memristor are verified via the POP
and the DC V –I plot. We have found that the memristor has
two asymptotically stable equilibrium points, x(Q0) = 1.298
and x(Q2) = 11.844 (corresponding to two non-volatile mem-
ductances W (x(Q0)) = 1.685 S and W (x(Q2)) = 140.280 S),
and exhibits a locally-active region of−10 V<V <−3.095 V.
We build a small-signal equivalent circuit at an operating point
of the locally-active region to describe the characteristics near
the operating point. We prove that the memristor contains an
edge of chaos in a voltage interval of−10 V <V <−3.095 V.
And we also prove that if the memristor is on the edge of
chaos, we can obtain a periodic oscillation by adding an in-
ductor, and we find a chaotic oscillator by considering the par-
asitic capacitor of the memristor in the periodic circuit, verify-
ing that a locally-active memristor-based system can generate
complex behaviors and enriching the connotation of dynamics.

The proposed locally-active model in this paper, when op-
erating in the locally-active region, can generate not only pe-
riodic oscillation, but also complex chaotic oscillation, which
proves that the simple locally-active memristor model can gen-
erate complex behaviors, and that the local activity is bring
about all complexities. Therefore, the proposed model can be
used in binary memory as a bi-stable device, chaotic oscillator
as a locally-active device, chaotic neural network both as an
essential device of chaotic oscillation module and as synapse
of the neural network.

The proposed memristor can serve as a model to study
memristive memory and memristive synaptic plasticity for
memcomputing, which can store and process information on
the same physical platform. Furthermore, the proposed mem-
ristor based chaotic oscillator can be incorporated into a mem-
ristive neural circuit for optimizing neural computations in a

memcomputing scheme. It will be a challenging task for us to
study the locally-active memristor based neural networks with
chaotic modules. How to implement memristor-based mem-
computing is also one of our future researches.
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