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We study the behaviors of three-dimensional double and triple Weyl fermions in the presence of weak random poten-
tial. By performing the Wilsonian renormalization group (RG) analysis, we reveal that the quasiparticle experiences strong
renormalization which leads to the modification of the density of states and quasiparticle residue. We further utilize the
RG analysis to calculate the classical conductivity and show that the diffusive transport is substantially corrected due to the
novel behavior of the quasiparticle and can be directly measured by experiments.
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1. Introduction

Topological phases of matter with gapless low energy ex-
citation continue to attract broad attention due to their ex-
otic physical properties. For example, three-dimensional Weyl
semimetal (WSM) refers to a class of topological materials
which are characterized by isolated band touching points and
the low energy excitation is described by the massless Dirac
equation. Such Weyl nodes carry +1 topological charges and
act as a monopole in the momentum space. Much recently, the
linear dispersion in all three directions has been experimen-
tally investigated in TaAs!'=3] and NbAs, ! which provides a
practical route to detect the novel phenomena associated with
the emergent Weyl fermions, such as the negative magnetore-
sistance induced by the chiral anomaly,’! and the anomalous
Hall effect due to the nontrivial Berry curvature.!*8 A general
Weyl semimetal carries multiple monopole charges 7, and the
low energy quasiparticle dispersion relation is anisotropic & =
\/V2kE +Viki", where ki = k¢ + k3, the two known examples
under investigation are referred to as double (n = 2) and triple
(n = 3) Weyl semimetals. Possible candidates for the realiza-

tion of double Weyl systems are reported in HgCr,Sey,[%!0]

13,141 Recently, by using

SrSip, [ or in the optical lattices.!
density functional theory, it has been pointed out that a group
of molybdenum monochalcogenide compounds!!'?! A(MoX )3
(A = Rb, Tl; X = Te) possess the property of triple Weyl
fermion. The anisotropic dispersion leads to qualitative differ-
ences in many physical properties between single- and multi-
Weyl semimetals. A direct consequence is that, for the multi-

Weyl semimetal the transport properties display relativistic dy-

DOI: 10.1088/1674-1056/ab9612

namics along k, direction and non-relativistic dynamics along

18221 In the presence of short range!!3]

(16,17

the other directions!
and Coulomb interactions, I there are many interesting
physical consequences, such as anisotropic screening, exotic
phase transitions, and critical behavior.

The effect of disorder, which cannot be avoided in real
systems, is one of the central issues in condensed matter
physics. One of the most celebrated examples is the disor-
der driven quantum phase transition. In single WSM, it has
been widely studied by theoretical analysis>*->>! and numer-
ical simulations.?®?’! There exists a critical strength of dis-
order, below which the disorder is an irrelevant perturbation
and the system remains stable with weak disorder. According
to the renormalization group analysis, the charge transport in
Weyl semimetal obeys a novel scaling behavior in the vicinity
of the quantum critical point. In contrast to the single WSM,
scaling analysis(?>”! shows that the disorder is a marginally rel-
evant perturbation in double WSM and a relevant perturbation
in triple WSM, which indicates that the disorder acts more di-
rectly in multi WSM than in single WSM. It has been reported
that the multi WSM (n > 1) is unstable against disorder,2%2°]
and even the weak disorder can drive the system into a diffu-
sive metal (DM) phase.

In this paper, we investigate the density of states and
transport properties of weakly disordered double and triple
WSMs. In the conventional metals with finite Fermi surface,
the perturbative analysis is well controlled by the parameter
(Ept)~!,13932] a5 long as the Fermi energy is away from the
band edge, the disorder vertex correction (crossed Feynman
diagrams) can be dropped out. However, in semimetal sys-
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33,35,36

tems such as graphene,! | the weak disorder condition

ErT > 1is no longer satisfied as the Fermi level EF is close to

34391 the results obtained under the self con-

the nodal point,!
sistent Born approximation (SCBA)!** are not enough and
the renormalization of disorder vertex needs to be taken into

t.137401 Indeed, the previous study of the Dirac fermion

accoun
in graphene based on one-loop renormalization group (RG)
shows that such interference processes give rise to the ultravi-
olet logarithmic corrections to the density of states and classi-
cal conductivity.3%4%1 Here, we point out that similar logarith-
mic quasiparticle residue Zg exists in weakly disordered dou-
ble WSM, for triple WSM the logarithmic function is replaced
by a cube root behavior. We further discuss the modification
of the classical conductivity due to the unusual quasiparticle
residue Zg which gives significant contribution to the conduc-
tivity along the direction of linear dispersion.

2. Model and theoretical method

The low energy effective Hamiltonian which can describe

the clean multi WSM is written as!!9-20]

Hy (k) :VH(inGJr +Ki0-)+vk.0, (1)

where ki = k. tky, 04 = %(Gx +0,), v, is the effective ve-
locity along the z direction, and v| is a material-dependent
constant parameter. We consider the coordinate transforma-
tion k, = (ksin@/vL)l/"cosqb, ky = (ksin@/vl)l/” sing, k, =
(k/v;)cos 6, then the eigenfunction of the Hamiltonian can be

written as
cos 9 sin 9
2 2
+) = s =)= 2
sin gei”‘f’ cos gei"q’
2 2

The eigenvalues of the Hamiltonian are &4 =
+/v3k2 +viki", where ki = ki + k7. The quasiparticle dis-
persion relation is linear along the k, axis, and is quadratic
or cubic dispersion in the k,k, plane for double (n = 2) or
triple (n = 3) WSM. Then, the disorder part of the Hamilto-
nian is described by the random potential V = ¥,V (v)|r)(r|,
where V(r) is distributed uniformly and independently in
[—W /2,W /2].
zero mean condition V(r) = 0 and the correlation is given
by V(r)V(r’) = ¥3,,, where y = W?/12. The effective
action!>3?°! including a disorder induced four-Fermion inter-

We perform disorder averaging under the

action term is
s = [ ardxy (x7)[0: ~ Hu(r) i x.7)

g i LU UA T RERC)

where 7,7 are replica indices and the real space Hamiltonian
H,(r) can be obtained by replacing the wave vector with mo-
mentum operator k = —iV. The notation ¥ (x,7)y,(x,T) =

(Wi, )y is used for abbreviation. Next, we perform one-
loop renormalization and derive the RG flow equations for v,
v|, and y. In doing so, we have to calculate the self-energy
and vertex correction by considering the one-loop Feynman
diagram in Fig. 1. The plropagator of the Weyl fermion is

G(E,k) = , and we have

E—v|(kloy —kio-)—vik.o0;

dk
=y [ —=G(E,k
(a) V/ (2n)3G( k)
T >
Ae~! Ezfsk

= —yL,AY"'EL,

3
- Zf/%G(E,k)G(E,k)

/—\

o

2
|

" A 2/ 813
2yl kM dk———
n.//\e" (E2 —82)2

k
= 2y(yL A" )L @
(a) (b)

(e) (d)

Fig. 1. One-loop Feynmann diagrams arising from disorder induced cou-
pling (dotted lines), the solid lines represent the propagator of fermion.
(a) Disorder induced fermion self-energy, (b) vertex correction, (c) ladder
and (d) crossing diagrams.

We perform a shell integration in Ae ™ < k < A, where A
is the ultraviolet cut-off for energy. The ladder (Fig. 1(c)) and
crossing (Fig. 1(d)) diagrams have no correction to the disor-
der vertex and do not contribute to the RG flow of disorder
coupling. The constant /,, comes from the angle integration of
the Jacobian corresponding to the coordinate transformation,

1 ¥4 27 ; 2/n
], = i / d¢csc6(§}n9)
(2m)* Jo ) "y,
273201 /n

/" (1/241/n)(27)3

We can redefine a dimensionless disorder coupling con-
stant A, = yI,A%"~1. Then, we perform the scaling analy-
sis of the action. Considering the anisotropy of the Hamil-

tonian H,(r), we take the scaling transformation as (r),z) —
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(b'/"rH ,bz), accompanied by T — b*T, where b = ¢/, and we
obtain

S = / ded®xb* iy (x, T) [(14+A1) 9. —vb ™ (K" o +K10-)

- b_lvz]}zo-z] Wr(x’ T)

~T(1an) [aeae @ (g s (W v e ©
where we have defined the effective dimension as d, = 1 +
2/n. To keep the action S invariant under scale transforma-
tion, we take y — Z;,]/21//, where Zy = b (1+ Al), and we
obtain the RG-flow equations

dvy. _ 1—A
dl - (Z_ - n)vH7Z)
dA
5 l” = (2—d,)A,+2A2. (7

The first term of equation A is dependent on the dimen-
sion of the disorder coupling 2 —d,,. For single WSM (d,, = 3),
the dimension of A is negative and the disorder is irrelevant for
weak disorder, which are addressed in Ref. [23]. However, the
increase of the monopole charge n effectively reduces the di-
mension d, = 1 +2/n, the dimension of disorder coupling is
zero for double WSM (n = 2, marginally relevant) and pos-
itive for triple WSM (n = 3, relevant), and the systems (for
n > 1) are expected to be unstable even in the presence of weak

disorder. 282!
The solution of the equation for A, is Ay (L) = léiizL and
Asel/3 . .
A3(L) = m. Using the relation L ~ In(A /E),*?! we
obtain
Ay
AE) = — 2
T YT (A/E)
1/3
As(AJE
A3(E) = (A/E) (®)

1—6M3[(A/E)* 1]

where we set the initial value A,(E = A) as A, for simplicity.
The disorder coupling is increased as the energy reduces and
is divergent when £ — E.. The RG flow is terminated when
the energy reaches the low energy cut off E,,

(n=2) -5 (n=3) _ ( 643 )3

E =Ae 2, E =A . 9

c € ) c 1+ 64, )
By defining the dynamic exponent z = 1+ A,,!?*! the flow

equation of v . is fixed. In the rest of the paper, we will discuss

the renormalization of density of states and classical conduc-

tivity using the renormalization of disorder coupling A, (E).

3. Density of states

In this section, we discuss the density of states in
the framework of RG. The scaling of the DOS is p(E) o
E/=1 1291 Eor the clean system (z = 1), we obtain py(E) =

I,E*". Tn the presence of disorder, we use the approxima-
tion of weak disorder 1/z~ 1 — A, and the RG equation of the
density of states is

oo (as) o

In order to solve this equation, we first introduce the
quasiparticle residue Z, the flow equation is defined as % =
A(E)Z, (411 and the solution is obtained by direct integration,

\/1—=2A1In(A/E), (n=2),
Z(E) = (an
V1+643(1—(A/E)17), (n=3).

1.0
—n=2
n=3
0.8
0.2
~ 0.6 e
N 7501
0.4+ //’ X E.
RIZABEN
0oH_L -0 0.05  0.10
e E/A
|-
0 R . . .
0 0.2 0.4 0.6 0.8 1.0
E/A

Fig. 2. The quasiparticle residue Zg of double (black line) and triple (red
line) WSMs as a function of energy E/A. The inset shows the behavior of
Zg around the low energy cut-off E..

In both disorder and interacting fermion systems, the
quasiparticle residue plays a decisive role. We plot the quasi-
particle residue Zg as a function of energy in Fig. 2, the value
of Zr for double WSM is smaller than that of triple WSM,
which indicates that the influence of disorder is stronger in
triple WSM. Now we can express the solution of Eq. (10) in
terms of the quasiparticle residue as p = ppZ~% and we find

LE B

) 1—2MAIn(AJE)’ (n=2),

p(E) = 2/3 (12)
LE (n=3).

(1-643(A/E)5 —1))3/6°

Because the inverse of the quasiparticle residue is always
larger than unity, the low-energy density of states of the disor-
dered multi WSM is larger than that of the disorder-free sys-
tem (po), therefore, the disorder has transferred states from
high energies to lower energies.!*>! At high energies (E — A),
the quasiparticle residue is close to unity, Z(E) ~ 1, and the
density of states returns to that of the clean system py. By
ﬁ ~ 1 +x, we find
that the leading correction to the density of states is propor-
tional to E In(A /E)!*% for double WSM and is E2/3(A /E)'/3
for triple WSM, which is in agreement with the calculation of

expanding the dominator of Eq. (12) as

SCBA (we present the results in Appendix A).

The quasiparticle residue Z(E) vanishes as the energy
reaches the low energy cut-off E. (see, Fig. 2), and the one
loop RG breaks down. Thus, equation (12) is only valid for

077202-3
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E > E.. As long as the strength of disorder is weak, the re-
sult obtained by the RG flow equation is always applicable.
For E < E., the density of states approaches to a finite value
which can be estimated by SCBA as

2

_ L
2hAe %
= 7[A2
27 A3 (43)?,

) (n:2)7

(n=3).

13)

Any finite amount of disorder will generate a finite value
of density of states at the nodal point and cause instability of
mWSM. Now we turn to discuss the renormalization of the
classical conductivity.

4. Renormalization of conductivity

Let us start from calculating the dc conductivity at zero
temperature. By using the Kubo formula,!>>*! the conductiv-
ity at Fermi energy E is given by

&’k A A
0un(E) = 5 [ T (G (6.0)ju G (k,0) , (14

where GR and G* are the retarded and advanced Green func-
tions,

1

FMNER =

15)

We define ER/A
termined from the Fermi’s golden rule, 1/7 = myp. The ve-

=E+ 2% and the relaxation time 7 is de-

locity operator is defined as jy, = dy, Ha(k),
Je=mw| (K oy +K o), jo=ve0:. (16)

Plugging these expressions into the Kubo formula and
completing the angle integration, we obtain the conductivity
along the k, direction

oule) = e [t BRI
- 677: v, (ER)2 —€][(EA)? — €]
E
V)2C 3VZ7T212'}/’ (Vl = 2)7
= Ly = E4/3 (17)
2v1n213,}/’ (n = 3)7

where we set ¢ = 1 for simplicity. Here we define the
group velocity along the x direction as v2 = M (see Ap-
pendix B). For double WSM, because of the quadratlc energy
dispersion along the x direction, the conductivity oy, exhibits
the behavior of conventional 2D Schrodinger electron gas!!®]
which is a linear function with Fermi energy Ep,[*3 and for

4/3 due to the cubic dis-

triple WSM, ©,, is proportional to Eg
persion relation. The same results can be obtained for the y

direction, where 0y, = Oy,.

Along the direction of linear dispersion k_, there is a non-
zero vertex correction to the velocity operator j,, which can be

calculated by the Bethe—Salpeter equation 44!

L= j.+ (VGR.GAV). (18)

We solve the above equation through the ladder approximation
and define j, = j.IT, then we have

Jz+7/ 2717

The integration of the second term on the right hand side is

=GR(p)J(p)G* (p). (19)

&p R A
w1y [ 525G ()G p)
pE?
vaIz/dp o, (n=2),
A (EX =~ FIER? — &3] *
- 2/3(5E2 +p )
v Hy / dp o, (n=3)
s [(ER)2 —Z][(EA)> —€}]
%H(;Zv (n=2),
V3 (20)
Mo, (n=3).
5
Using Eq. (19), we obtain the vertex correction to the velocity
operator,
2j., (n=2),
2=95 1)
Ejzv (I’l - 3)

by

2
1%
= =)
o= 22)
2 =3
2y’

Notice that o, is independent of the Fermi energy. How-
ever, due to the renormalization of disorder coupling A, one
can expect that the conductivity o, is reduced as the Fermi
energy decreases. >4 In order to obtain the analytical result,

using the scaling relation GG—(E) ~ (5= 2/”AA(” 5 and Eq. (8),
we obtain
2 A
;—Zy{l—zmln(g)}, (n=2),
GZZ(E) = 1 (23)

(N (0 N

The first term in Eq. (23) is the constant classical con-
ductivity in Eq. (22), the second term is the correction due to
the renormalization of the quasiparticle. For double WSM, the
logarithmic correction to the classical conductivity is reminis-
cent of the transport behavior of Dirac fermion.*%1 Equa-

tion (23) can also be interpreted as the renormalization of
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group velocity v,(E) = v,Z(E) (see Fig. 2), then we can
rewrite Eq. (23) as 0, (E) «< #?/y. Thus, the renormaliza-
tion of quasiparticle property gives an important correction to
the transport behavior of the system. Using the similar pro-
cedure, we can calculate the modification of oy, by replacing
Vx(E) =vyZ(E) in Eq. (16).

As the energy approaches to the low energy cut-off E,, the
one-loop RG breaks down. Here, we estimate the conductivity
below the energy scale E, by evaluating the Kubo—Greenwood
formulal*]

&k N .
O (Er) = & / oy TTURAK @Ak @), 4

The spectral operator A is defined as A(k,®) = (GR —
G*)/(2i), equation (24) can be calculated under the eigen
space (Eq. (2)), we present the details in Appendix A and the
final results are

- n
Oy 2(E%O) = 2
Z
0" 72(E = 0) = L?
2z = 12V,
_ 3n
oI (E 5 0) =
Z
_ 13\12
"3 (E —0) = 73171;3, (25)

where we define ) = [ImX|. Around the nodal point, for both
double and triple WSMs, the conductivity along the x direction
is proportional to the imaginary part of self energy Gy o< 1.
For triple WSM, using the result ImX (0) = —A(7A3)? in Ap-
pendix A, the conductivity along z direction is controlled by
G;’Z:3 o< 1/As. However, for double WSM, the 0'21;2 at the

nodal point is independent of disorder, which is similar to the

[33

universal conductivity?*! of graphene at the Dirac point.

5. Conclusion

In summary, we investigate the quasiparticle and trans-
port behavior of weakly disordered double and triple Weyl
fermions. We show that the density of states is enhanced in the
presence of disorder and the diffusive conductivity is renor-
malized. More interestingly, the constant classical conductiv-
ity along the z direction is substantially corrected due to the
renormalization of quasiparticle residue Zg. The energy de-
pendence of ©,, gives an unconventional temperature depen-
dence o, (T) and can be directly measured by experiments.

Appendix A: Self-consistent Born approximation

The disorder averaged self energy matrix from the Born
approximation is £(E) = (VG(E)V), where the Green’s func-
tion contains the self energy, and forms a self-consistent loop,

W2 &k E—X(E)—H,(k)

EE) =1 (2r)} (E-Z(E))>—¢&’

_ g E—Z(E)

—I,,)//k dk(E—Z(E))Z—kT (A1)
For double WSM (n = 2), we obtain

_ Y —A?

By setting E = 0, we find that the imaginary part of the self-
energy contains a constant term at the nodal point, InX(E =
0) = —Aeilz%, which has the same order as the small en-
ergy scale E; in Eq. (9). In the high energy limit E > E,
we obtain the result of the first order Born approximation,
ImX(E) = —JhLYE, asimple iteration gives the next order cor-
rection, and we have

_ L
—Ae A2, E<EC7

ImE,—»(E) = (A3)

T
~SME(1+4In(AE)), E>E.

Using the same logic, we find the solution for triple WSM
(n=13),

Im%,_3(E) = —n(—1)"/Sy13(E - £(E))*?

—A(TL'A3)3, E<EC7

B —ZA1/3A3E2/3(1+\%A3<2)1/3>’ E>E..
(A4)

Once the equation is solved, the density of states be ex-
pressed by the imaginary part of the self energy

p(E) = - ImE(E).

- (AS)

Appendix B: Kubo-Greenwood formula

We express the longitudinal conductivity using Kubo—
Greenwood formula
&k . A oA
ounEr) = [ 5 Teuh (k. 0)ju (k. )
(27)
where the operator A is defined as A(k, w) = (GR — G*)/(2i)
which is diagonal under the eigen bases Eq. (2),

Acko) 0
Alk,w) = ( 0 A(k,w))’

(BI)

(B2)

where Ay (k,0) = m is the spectral function of the
Weyl Fermion, and 17 = |ImX|. The trace can be calculated

under the eigen-spaces,

ksin O

<+|jx\+>:7<f\jx|7>:nvu( )%sinecosd)7

n—1

ksin@\ % . .
s ) (ising +cosOcos¢),

(i) = iy =y
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. cos@ —sinf
Ja = Ve <—sin9 —cosG)' (B3)
We first calculate the angle average
2t cscO(sin)?/" 5
e A (sl P
K (2m)3 nvﬁ/"vz H
2(1—1/n)
 RYE R ey L
[FTIFAF =T IP =
2(1—1/n)
T T 2:nk
[P = TR = 5,
2
- TR — ;1
[P = TP = e,
- 21/21
[zl =) P = (=Ll )12 = Ctn)’ (B4)

After completing the trace, we arrive at

/dk

_ Ky
0" (E) = / dk 2VZ (A2++2A+A_ A2,

/dk

k2/31

(A2 +4ALA_+AY),

(AT +44,A_+A%),

Z

Around the band touching point E = 0, the integration over the
momentum k then leads to Eq. (25).
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