
 

 

 

Effect of weak disorder in multi-Weyl semimetals 

Zhen Ning(宁震), Bo Fu(付博), Qinwei Shi(石勤伟), Xiaoping Wang(王晓平) 

Citation:Chin. Phys. B . 2020, 29(7): 077202 . doi: 10.1088/1674-1056/ab9612 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Se substitution and micro-nano-scale porosity enhancing thermoelectric Cu2Te 

Xiaoman Shi(史晓曼), Guoyu Wang(王国玉), Ruifeng Wang(王瑞峰), Xiaoyuan Zhou(周小元), Jingtao Xu(徐静涛), Jun 

Tang(唐军), Ran Ang(昂然) 

Chin. Phys. B . 2018, 27(4): 047204 . doi: 10.1088/1674-1056/27/4/047204 

Synthesis and thermoelectric properties of Nd-single filled p-type skutterudites 

Hong Wu(吴宏), Nusrat Shaheen, Heng-Quan Yang(杨恒全), Kun-Ling Peng(彭坤岭), Xing-Chen Shen(沈星辰), Guo-Yu 

Wang(王国玉), Xu Lu(卢旭), Xiao-Yuan Zhou(周小元) 

Chin. Phys. B . 2018, 27(4): 047203 . doi: 10.1088/1674-1056/27/4/047203 

Optimize the thermoelectric performance of CdO ceramics by doping Zn 

Xin-Yu Zha(查欣雨), Lin-Jie Gao(高琳洁), Hong-Chang Bai(白洪昌), Jiang-Long Wang(王江龙), Shu-Fang Wang(王淑芳) 

Chin. Phys. B . 2017, 26(10): 107202 . doi: 10.1088/1674-1056/26/10/107202 

Spin-valley Hall conductivity of doped ferromagnetic silicene under strain 

Bahram Shirzadi, Mohsen Yarmohammadi 

Chin. Phys. B . 2017, 26(1): 017203 . doi: 10.1088/1674-1056/26/1/017203 

Alternating current characterization of nano-Pt(II) octaethylporphyrin (PtOEP) thin film as a new 

organic semiconductor 

M Dongol, M M El-Nahass, A El-Denglawey, A A Abuelwafa, T Soga 

Chin. Phys. B . 2016, 25(6): 067201 . doi: 10.1088/1674-1056/25/6/067201 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract75848.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract71906.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71859.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70811.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69303.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract67403.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract67403.shtml


Chin. Phys. B Vol. 29, No. 7 (2020) 077202

RAPID COMMUNICATION

Effect of weak disorder in multi-Weyl semimetals∗

Zhen Ning(宁震)1, Bo Fu(付博)2,†, Qinwei Shi(石勤伟)3, and Xiaoping Wang(王晓平)1,3

1Department of Physics, University of Science and Technology of China, Hefei 230026, China
2Department of Physics, The University of Hong Kong, Hong Kong, China

3Hefei National Laboratory for Physical Sciences at the Microscale & Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei 230026, China

(Received 5 March 2020; revised manuscript received 18 May 2020; accepted manuscript online 25 May 2020)

We study the behaviors of three-dimensional double and triple Weyl fermions in the presence of weak random poten-
tial. By performing the Wilsonian renormalization group (RG) analysis, we reveal that the quasiparticle experiences strong
renormalization which leads to the modification of the density of states and quasiparticle residue. We further utilize the
RG analysis to calculate the classical conductivity and show that the diffusive transport is substantially corrected due to the
novel behavior of the quasiparticle and can be directly measured by experiments.
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1. Introduction

Topological phases of matter with gapless low energy ex-
citation continue to attract broad attention due to their ex-
otic physical properties. For example, three-dimensional Weyl
semimetal (WSM) refers to a class of topological materials
which are characterized by isolated band touching points and
the low energy excitation is described by the massless Dirac
equation. Such Weyl nodes carry ±1 topological charges and
act as a monopole in the momentum space. Much recently, the
linear dispersion in all three directions has been experimen-
tally investigated in TaAs[1–3] and NbAs,[4] which provides a
practical route to detect the novel phenomena associated with
the emergent Weyl fermions, such as the negative magnetore-
sistance induced by the chiral anomaly,[5] and the anomalous
Hall effect due to the nontrivial Berry curvature.[6–8] A general
Weyl semimetal carries multiple monopole charges n, and the
low energy quasiparticle dispersion relation is anisotropic εk =√

v2
z k2

z + v2
‖k

2n
‖ , where k2

‖ = k2
x + k2

y , the two known examples
under investigation are referred to as double (n = 2) and triple
(n = 3) Weyl semimetals. Possible candidates for the realiza-
tion of double Weyl systems are reported in HgCr2Se4,[9,10]

SrSi2,[11] or in the optical lattices.[13,14] Recently, by using
density functional theory, it has been pointed out that a group
of molybdenum monochalcogenide compounds[12] A(MoX)3

(A = Rb, Tl; X = Te) possess the property of triple Weyl
fermion. The anisotropic dispersion leads to qualitative differ-
ences in many physical properties between single- and multi-
Weyl semimetals. A direct consequence is that, for the multi-
Weyl semimetal the transport properties display relativistic dy-

namics along kz direction and non-relativistic dynamics along
the other directions[18–22]. In the presence of short range[15]

and Coulomb interactions,[16,17] there are many interesting
physical consequences, such as anisotropic screening, exotic
phase transitions, and critical behavior.

The effect of disorder, which cannot be avoided in real
systems, is one of the central issues in condensed matter
physics. One of the most celebrated examples is the disor-
der driven quantum phase transition. In single WSM, it has
been widely studied by theoretical analysis[23–25] and numer-
ical simulations.[26,27] There exists a critical strength of dis-
order, below which the disorder is an irrelevant perturbation
and the system remains stable with weak disorder. According
to the renormalization group analysis, the charge transport in
Weyl semimetal obeys a novel scaling behavior in the vicinity
of the quantum critical point. In contrast to the single WSM,
scaling analysis[29] shows that the disorder is a marginally rel-
evant perturbation in double WSM and a relevant perturbation
in triple WSM, which indicates that the disorder acts more di-
rectly in multi WSM than in single WSM. It has been reported
that the multi WSM (n > 1) is unstable against disorder,[28,29]

and even the weak disorder can drive the system into a diffu-
sive metal (DM) phase.

In this paper, we investigate the density of states and
transport properties of weakly disordered double and triple
WSMs. In the conventional metals with finite Fermi surface,
the perturbative analysis is well controlled by the parameter
(EFτ)−1,[30–32] as long as the Fermi energy is away from the
band edge, the disorder vertex correction (crossed Feynman
diagrams) can be dropped out. However, in semimetal sys-
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tems such as graphene,[33,35,36] the weak disorder condition
EFτ� 1 is no longer satisfied as the Fermi level EF is close to
the nodal point,[34,39] the results obtained under the self con-
sistent Born approximation (SCBA)[44] are not enough and
the renormalization of disorder vertex needs to be taken into
account.[37–40] Indeed, the previous study of the Dirac fermion
in graphene based on one-loop renormalization group (RG)
shows that such interference processes give rise to the ultravi-
olet logarithmic corrections to the density of states and classi-
cal conductivity.[39,40] Here, we point out that similar logarith-
mic quasiparticle residue ZE exists in weakly disordered dou-
ble WSM, for triple WSM the logarithmic function is replaced
by a cube root behavior. We further discuss the modification
of the classical conductivity due to the unusual quasiparticle
residue ZE which gives significant contribution to the conduc-
tivity along the direction of linear dispersion.

2. Model and theoretical method
The low energy effective Hamiltonian which can describe

the clean multi WSM is written as[19,20]

Hn(𝑘) = v‖(k
n
−σ++ kn

+σ−)+ vzkzσz, (1)

where k± = kx± ky, σ± = 1
2 (σx±σy), vz is the effective ve-

locity along the z direction, and v‖ is a material-dependent
constant parameter. We consider the coordinate transforma-
tion kx =

(
k sinθ/v⊥)1/n cosφ , ky =

(
k sinθ/v⊥)1/n sinφ , kz =

(k/vz)cosθ , then the eigenfunction of the Hamiltonian can be
written as

|+〉=

 cos
θ

2

sin
θ

2
einφ

 , |−〉=

 −sin
θ

2

cos
θ

2
einφ

 . (2)

The eigenvalues of the Hamiltonian are εk± =

±
√

v2
z k2

z + v2
‖k

2n
‖ , where k2

‖ = k2
x + k2

y . The quasiparticle dis-
persion relation is linear along the kz axis, and is quadratic
or cubic dispersion in the kxky plane for double (n = 2) or
triple (n = 3) WSM. Then, the disorder part of the Hamilto-
nian is described by the random potential V̂ = ∑𝑟V (𝑟)|𝑟〉〈𝑟|,
where V (𝑟) is distributed uniformly and independently in
[−W/2,W/2]. We perform disorder averaging under the
zero mean condition V (𝑟) = 0 and the correlation is given
by V (𝑟)V (𝑟′) = γδ𝑟𝑟′ , where γ = W 2/12. The effective
action[23,29] including a disorder induced four-Fermion inter-
action term is

S =
∫

dτd3xψ
†
r (x,τ)[∂τ −Hn(𝑟)]ψr(x,τ)

− γ

2

∫
dτdτ

′d3r(ψ†
r ψr)x,τ(ψ

†
r′ψr′)x,τ ′ , (3)

where r,r′ are replica indices and the real space Hamiltonian
Hn(𝑟) can be obtained by replacing the wave vector with mo-
mentum operator 𝑘̂ = −i∇. The notation ψ†

r (x,τ)ψr(x,τ) ≡

(ψ†
r ψr)x,τ is used for abbreviation. Next, we perform one-

loop renormalization and derive the RG flow equations for vz,
v‖, and γ . In doing so, we have to calculate the self-energy
and vertex correction by considering the one-loop Feynman
diagram in Fig. 1. The propagator of the Weyl fermion is

G(E,𝑘) =
1

E− v‖(kn
−σ+− kn

+σ−)− vzkzσz
, and we have

(a) = γ

∫ d3k
(2π)3 G(E,𝑘)

= γIn

∫
Λ

Λe−l
k2/ndk

E
E2− ε2

k

= −γInΛ
2/n−1El,

(b) = 2γ
2
∫ d3k

(2π)3 G(E,𝑘)G(E,𝑘)

= 2γ
2In

∫
Λ

Λe−l
k2/ndk

ε2
k

(E2− ε2
k )

2

= 2γ(γInΛ
2/n−1)l. (4)

(a) (b)

(c) (d)

Fig. 1. One–loop Feynmann diagrams arising from disorder induced cou-
pling (dotted lines), the solid lines represent the propagator of fermion.
(a) Disorder induced fermion self-energy, (b) vertex correction, (c) ladder
and (d) crossing diagrams.

We perform a shell integration in Λe−l < k <Λ , where Λ

is the ultraviolet cut-off for energy. The ladder (Fig. 1(c)) and
crossing (Fig. 1(d)) diagrams have no correction to the disor-
der vertex and do not contribute to the RG flow of disorder
coupling. The constant In comes from the angle integration of
the Jacobian corresponding to the coordinate transformation,

In =
1

(2π)3

∫
π

0
dθ

∫ 2π

0
dφ

cscθ(sinθ)2/n

nv2/n
‖ vz

=
2π3/2Γ(1/n)

nv2/n
⊥ vzΓ(1/2+1/n)(2π)3

. (5)

We can redefine a dimensionless disorder coupling con-
stant ∆n = γInΛ 2/n−1. Then, we perform the scaling analy-
sis of the action. Considering the anisotropy of the Hamil-
tonian Hn(𝑟), we take the scaling transformation as (r‖,z)→
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(b1/nr‖,bz), accompanied by τ → bzτ , where b = el , and we
obtain

S =
∫

dτd3xbz+dnψ
†
r (x,τ)

[
(1+∆l)∂τ−v‖b

−1(k̂n
−σ++k̂n

+σ−)

−b−1vzk̂zσz
]
ψr(x,τ)

− γ

2
(1+∆l)

∫
dτdτ

′d3rb2z+dn(ψ†
r ψr)x,τ(ψ

†
r′ψr′)x,τ ′ , (6)

where we have defined the effective dimension as dn = 1+
2/n. To keep the action S invariant under scale transforma-
tion, we take ψ → Z−1/2

ψ ψ , where Zψ = bdn(1+∆l), and we
obtain the RG-flow equations

dv‖,z
dl

= (z−1−∆n)v‖,z,

d∆n

dl
= (2−dn)∆n +2∆

2
n . (7)

The first term of equation ∆ is dependent on the dimen-
sion of the disorder coupling 2−dn. For single WSM (dn = 3),
the dimension of ∆ is negative and the disorder is irrelevant for
weak disorder, which are addressed in Ref. [23]. However, the
increase of the monopole charge n effectively reduces the di-
mension dn = 1+ 2/n, the dimension of disorder coupling is
zero for double WSM (n = 2, marginally relevant) and pos-
itive for triple WSM (n = 3, relevant), and the systems (for
n> 1) are expected to be unstable even in the presence of weak
disorder.[28,29]

The solution of the equation for ∆n is ∆2(L) =
∆2

1−2∆2L and

∆3(L) =
∆3eL/3

1+6∆3(1−eL/3)
. Using the relation L∼ ln(Λ/E),[42] we

obtain

∆2(E) =
∆2

1−2∆2 ln
(
Λ/E

) ,
∆3(E) =

∆3
(
Λ/E

)1/3

1−6∆3
[(

Λ/E
)1/3−1

] , (8)

where we set the initial value ∆n(E = Λ) as ∆n for simplicity.
The disorder coupling is increased as the energy reduces and
is divergent when E → Ec. The RG flow is terminated when
the energy reaches the low energy cut off Ec,

E(n=2)
c = Λe−

1
2∆2 , E(n=3)

c = Λ

( 6∆3

1+6∆3

)3
. (9)

By defining the dynamic exponent z= 1+∆n,[23] the flow
equation of v‖,z is fixed. In the rest of the paper, we will discuss
the renormalization of density of states and classical conduc-
tivity using the renormalization of disorder coupling ∆n(E).

3. Density of states
In this section, we discuss the density of states in

the framework of RG. The scaling of the DOS is ρ(E) ∝

Edn/z−1.[29] For the clean system (z = 1), we obtain ρ0(E) =

InE2/n. In the presence of disorder, we use the approxima-
tion of weak disorder 1/z≈ 1−∆ , and the RG equation of the
density of states is

dρ

dlnE
=
(

2
n −dn∆n

)
ρ. (10)

In order to solve this equation, we first introduce the
quasiparticle residue Z, the flow equation is defined as dZ

dlnE =

∆(E)Z,[41] and the solution is obtained by direct integration,

Z(E) =


√

1−2∆2 ln(Λ/E), (n = 2),√
1+6∆3(1− (Λ/E)1/3), (n = 3).

(11)

0 0.2 0.4 0.6 0.8 1.0

E/Λ

E/Λ

0

0.2

0.4

0.6

0.8

1.0

Z
↼E
↽

0 0.05

n=2

n=3

0.10
0

0.1

0.2

Z
↼E
↽

Ec

Fig. 2. The quasiparticle residue ZE of double (black line) and triple (red
line) WSMs as a function of energy E/Λ . The inset shows the behavior of
ZE around the low energy cut-off Ec.

In both disorder and interacting fermion systems, the
quasiparticle residue plays a decisive role. We plot the quasi-
particle residue ZE as a function of energy in Fig. 2, the value
of ZE for double WSM is smaller than that of triple WSM,
which indicates that the influence of disorder is stronger in
triple WSM. Now we can express the solution of Eq. (10) in
terms of the quasiparticle residue as ρ = ρ0Z−dn and we find

ρ(E) =


I2E

1−2∆2 ln(Λ/E)
, (n = 2),

I3E2/3

(1−6∆3[(Λ/E)
1
3 −1])5/6

, (n = 3).
(12)

Because the inverse of the quasiparticle residue is always
larger than unity, the low-energy density of states of the disor-
dered multi WSM is larger than that of the disorder-free sys-
tem (ρ0), therefore, the disorder has transferred states from
high energies to lower energies.[25] At high energies (E→Λ ),
the quasiparticle residue is close to unity, Z(E) ≈ 1, and the
density of states returns to that of the clean system ρ0. By
expanding the dominator of Eq. (12) as 1

1−x ≈ 1+ x, we find
that the leading correction to the density of states is propor-
tional to E ln(Λ/E)[40] for double WSM and is E2/3(Λ/E)1/3

for triple WSM, which is in agreement with the calculation of
SCBA (we present the results in Appendix A).

The quasiparticle residue Z(E) vanishes as the energy
reaches the low energy cut-off Ec (see, Fig. 2), and the one
loop RG breaks down. Thus, equation (12) is only valid for
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E � Ec. As long as the strength of disorder is weak, the re-
sult obtained by the RG flow equation is always applicable.
For E < Ec, the density of states approaches to a finite value
which can be estimated by SCBA as

ρ = − 2
πγ

ImΣ (E = 0)

=


2I2Λe−

1
∆2

π∆2
, (n = 2),

2I3π2Λ 2/3(∆3)
2, (n = 3).

(13)

Any finite amount of disorder will generate a finite value
of density of states at the nodal point and cause instability of
mWSM. Now we turn to discuss the renormalization of the
classical conductivity.

4. Renormalization of conductivity
Let us start from calculating the dc conductivity at zero

temperature. By using the Kubo formula,[25,45] the conductiv-
ity at Fermi energy E is given by

σµµ(E) = e2

2π

∫ d3k
(2π)3 Tr

(
jµ ĜR(k,ω) jµ ĜA(k,ω)

)
, (14)

where GR and GA are the retarded and advanced Green func-
tions,

GR/A(E,𝑘) =
1

ER/A−Hn(𝑘)
. (15)

We define ER/A = E± i
2τ

and the relaxation time τ is de-
termined from the Fermi’s golden rule, 1/τ = πγρ . The ve-
locity operator is defined as jµ = ∂kµ

Hn(k),

jx = nv‖(k
n−1
− σ++ kn−1

+ σ−), jz = vzσz. (16)

Plugging these expressions into the Kubo formula and
completing the angle integration, we obtain the conductivity
along the kx direction

σxx(E) =
n

6π3vz

∫
dk

(3E2− k2)k2

[(ER)2− ε2
k ][(E

A)2− ε2
k ]

=
v2

x

Inγ
=


E

3vzπ2I2γ
, (n = 2),

E4/3

2vzπ2I3γ
, (n = 3),

(17)

where we set e2 = 1 for simplicity. Here we define the
group velocity along the x direction as v2

x =
nE2(1−1/n)

6π2vz
(see Ap-

pendix B). For double WSM, because of the quadratic energy
dispersion along the x direction, the conductivity σxx exhibits
the behavior of conventional 2D Schrodinger electron gas[18]

which is a linear function with Fermi energy EF,[43] and for
triple WSM, σxx is proportional to E4/3

F due to the cubic dis-
persion relation. The same results can be obtained for the y
direction, where σyy = σxx.

Along the direction of linear dispersion kz, there is a non-
zero vertex correction to the velocity operator jz, which can be
calculated by the Bethe–Salpeter equation[44]

j̃z = jz + 〈V̂ ĜR j̃zĜAV̂ 〉. (18)

We solve the above equation through the ladder approximation
and define j̃z = jzΠ , then we have

j̃z = jz + γ

∫ d3 p
(2π)3 GR(p) j̃z(p)GA(p). (19)

The integration of the second term on the right hand side is

vzΠγ

∫ d3 p
(2π)3 GR(p)σz(p)GA(p)

=


vzΠγI2

∫
dp

pE2

[(ER)2− ε2
p][(EA)2− ε2

p]
σz, (n = 2),

vzΠγ
I3

5

∫
dp

p2/3(5E2 + p2)

[(ER)2− ε2
p][(EA)2− ε2

p]
σz, (n = 3)

=


vz

2
Πσz, (n = 2),

3vz

5
Πσz, (n = 3).

(20)

Using Eq. (19), we obtain the vertex correction to the velocity
operator,

j̃z =


2 jz, (n = 2),

5
2

jz, (n = 3).
(21)

Then, the classical conductivity along the kz direction is given
by

σzz =


v2

z

πγ
, (n = 2),

3v2
z

2πγ
, (n = 3).

(22)

Notice that σzz is independent of the Fermi energy. How-
ever, due to the renormalization of disorder coupling ∆ , one
can expect that the conductivity σzz is reduced as the Fermi
energy decreases.[25,40] In order to obtain the analytical result,
using the scaling relation σzz(E)

σzz
∼ ( E

Λ
)1−2/n ∆n

∆n(E)
and Eq. (8),

we obtain

σzz(E) =


v2

z

πγ

[
1−2∆2ln

(
Λ

E

)]
, (n = 2),

3v2
z

2πγ

[
1−6∆3

[(
Λ

E

) 1
3 −1

]]
, (n = 3).

(23)

The first term in Eq. (23) is the constant classical con-
ductivity in Eq. (22), the second term is the correction due to
the renormalization of the quasiparticle. For double WSM, the
logarithmic correction to the classical conductivity is reminis-
cent of the transport behavior of Dirac fermion.[39,40] Equa-
tion (23) can also be interpreted as the renormalization of
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group velocity ṽz(E) = vzZ(E) (see Fig. 2), then we can
rewrite Eq. (23) as σzz(E) ∝ ṽ2

z/γ . Thus, the renormaliza-
tion of quasiparticle property gives an important correction to
the transport behavior of the system. Using the similar pro-
cedure, we can calculate the modification of σxx by replacing
ṽx(E) = vxZ(E) in Eq. (16).

As the energy approaches to the low energy cut-off Ec, the
one-loop RG breaks down. Here, we estimate the conductivity
below the energy scale Ec by evaluating the Kubo–Greenwood
formula[45]

σµµ(EF) = e2
∫ d3k

(2π)3 Tr( jµ Â(k,ω)vµ Â(k,ω)). (24)

The spectral operator Â is defined as Â(k,ω) = (ĜR −
ĜA)/(2i), equation (24) can be calculated under the eigen
space (Eq. (2)), we present the details in Appendix A and the
final results are

σ
n=2
xx (E→ 0) =

η

2π2vz
,

σ
n=2
zz (E→ 0) = I2v2

z ,

σ
n=3
xx (E→ 0) =

3η

4π2vz
,

σ
n=3
zz (E→ 0) =

I3v2
z

3η1/3 , (25)

where we define η = |ImΣ |. Around the nodal point, for both
double and triple WSMs, the conductivity along the x direction
is proportional to the imaginary part of self energy σxx ∝ η .
For triple WSM, using the result ImΣ(0) =−Λ(π∆3)

3 in Ap-
pendix A, the conductivity along z direction is controlled by
σn=3

zz ∝ 1/∆3. However, for double WSM, the σn=2
zz at the

nodal point is independent of disorder, which is similar to the
universal conductivity[33] of graphene at the Dirac point.

5. Conclusion
In summary, we investigate the quasiparticle and trans-

port behavior of weakly disordered double and triple Weyl
fermions. We show that the density of states is enhanced in the
presence of disorder and the diffusive conductivity is renor-
malized. More interestingly, the constant classical conductiv-
ity along the z direction is substantially corrected due to the
renormalization of quasiparticle residue ZE . The energy de-
pendence of σzz gives an unconventional temperature depen-
dence σzz(T ) and can be directly measured by experiments.

Appendix A: Self-consistent Born approximation
The disorder averaged self energy matrix from the Born

approximation is Σ̂(E) = 〈V̂ Ĝ(E)V̂ 〉, where the Green’s func-
tion contains the self energy, and forms a self-consistent loop,

Σn(E) =
W 2

12

∫ d3k
(2π)3

E−Σ(E)−Hn(𝑘)

(E−Σ(E))2− ε2
k
,

= Inγ

∫
k2/ndk

E−Σ(E)
(E−Σ(E))2− k2 . (A1)

For double WSM (n = 2), we obtain

Σn=2(E) =−I2
γ

2
[E−Σ(E)] ln

−Λ 2

[E−Σ(E)]2
. (A2)

By setting E = 0, we find that the imaginary part of the self-
energy contains a constant term at the nodal point, ImΣ(E =

0) = −Λe−
1

I2γ , which has the same order as the small en-
ergy scale Ec in Eq. (9). In the high energy limit E � Ec,
we obtain the result of the first order Born approximation,
ImΣ(E)=−π

2 I2γE, a simple iteration gives the next order cor-
rection, and we have

ImΣn=2(E) =


−Λe−

1
∆2 , E < Ec,

−π

2
∆2E(1+∆2 ln(Λ/E)), E� Ec.

(A3)

Using the same logic, we find the solution for triple WSM
(n = 3),

ImΣn=3(E) =−π(−1)1/6
γI3(E−Σ(E))2/3

=


−Λ(π∆3)

3, E < Ec,

−π

2
Λ 1/3∆3E2/3

(
1+

2√
3

∆3

(
Λ

E

)1/3)
, E� Ec.

(A4)

Once the equation is solved, the density of states be ex-
pressed by the imaginary part of the self energy

ρ(E) =− 2
πγ

ImΣ(E). (A5)

Appendix B: Kubo–Greenwood formula
We express the longitudinal conductivity using Kubo–

Greenwood formula

σµµ(EF) =
∫ d3k

(2π)3 Tr( jµ Â(k,ω) jµ Â(k,ω)), (B1)

where the operator Â is defined as Â(k,ω) = (ĜR− ĜA)/(2i)
which is diagonal under the eigen bases Eq. (2),

A(k,ω) =

(
A+(k,ω) 0

0 A−(k,ω)

)
, (B2)

where A±(k,ω) = η

E∓εk)
2+η2 is the spectral function of the

Weyl Fermion, and η = |ImΣ |. The trace can be calculated
under the eigen-spaces,

〈+| jx|+〉=−〈−| jx|−〉= nv‖
(k sinθ

v‖

) n−1
n

sinθ cosφ ,

〈+| jx|−〉=〈−| jx|+〉∗=nv‖
(k sinθ

v‖

) n−1
n
(i sinφ + cosθ cosφ),
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jz = vz

(
cosθ −sinθ

−sinθ −cosθ

)
. (B3)

We first calculate the angle average

|〈s| jµ |s′〉|2=
1

(2π)3

∫
π

0
dθ

∫ 2π

0
dφ

cscθ(sinθ)2/n

nv2/n
‖ vz

|〈s| jµ |s′〉|2,

|〈+| jx|+〉|2 = |〈−| jx|−〉|2 =
nk2(1−1/n)

6vzπ2 ,

|〈+| jx|−〉|2 = |〈−| jx|+〉|2 =
nk2(1−1/n)

3vzπ2 ,

|〈+| jz|+〉|2 = |〈−| jz|−〉|2 =
nv2

z In

(2+n)
,

|〈+| jz|−〉|2 = |〈−| jz|+〉|2 =
2v2

z In

(2+n)
. (B4)

After completing the trace, we arrive at

σ
n=2
xx (E) =

∫
dk

k2

3vzπ2 (A
2
++4A+A−+A2

−),

σ
n=2
zz (E) =

∫
dk

kI2v2
z

2
(A2

++2A+A−+A2
−),

σ
n=3
xx (E) =

∫
dk

k2

2vzπ2 (A
2
++4A+A−+A2

−),

σ
n=3
zz (E) =

∫
dk

k2/3I3v2
z

5
(3A2

++4A+A−+3A2
−). (B5)

Around the band touching point E = 0, the integration over the
momentum k then leads to Eq. (25).
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