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Based on the uniform, helical and spiral domain-wall magnetic configurations, the excited spin waves are studied
with emphasis on the role of damping. We find that the damping closes the gap of dispersion, and greatly influences the
dispersion in the long-wave region for the spin waves of spiral wall and helical structure. For the uniform configuration, the
Dzyaloshinskii—-Moriya interaction determines the modification of dispersion by the damping. Furthermore, we investigate
the interaction between spin waves and a moving spiral domain wall. In the presence of damping, the amplitude of spin
wave can increase after running across the wall for small wave numbers. Driving by the spin waves, the wall propagates
towards the spin-wave source with an increasing velocity. Unlike the case without damping, the relation between the wall
velocity and the spin-wave frequency depends on the position of wall.

Keywords: spin waves, domain walls, helical magnetic structure, collective coordinates
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1. Introduction

Spin waves are linear excitations on top of the stable
magnetic configurations, including uniform or nonuniform
ones. Magnetic domain walls are nonlinear topological ex-
citations connecting two domains with different magnetiza-
tion directions. The interplay between them has drawn much
attention from the fundamental point since 1960s.!"1 The re-
search revives recent years under the background of spintron-
ics. Roughly, the investigations have two aspects: the influ-
ences of domain walls on spin waves, and the reverse. The
former includes spin-wave spectra of domain walls,!'=! emit-

ting of spin waves from a dynamic domain wall,[®10 refrac-

[11=15] phase

tion and reflection of spin waves on domain walls,
shift of spin wave across a domain wall,['®!8] and domain-
wall waveguides of spin waves,[!*?% etc. On the other hand,
spin waves can drive domain walls or excite solitons by ex-
changing the angular momentum and linear momentum,?!-281
by the resonance between spin waves and internal modes of
walls,[?732) and by the interference of spin waves. [*3]

To understand the dynamics of domain walls driven by
spin waves, the collective-coordinate method is a good choice,
which can get the key physical features with qualitative clarity.
There exist transfers of momentum and angular momentum
between the magnon currents and the domain walls. Similar
to the spin-transfer effects generated the spin-polarized cur-

rent, the spin-wave-related driven terms can be introduced into

DOI: 10.1088/1674-1056/ab90e5

the dynamic equations of collective coordinates.!>** Fur-
thermore, the spin-wave excitations can also be involved into
the Landau-Lifshitz—Gilbert (LLG) equation as driving terms.
The dynamic equations about the collective coordinates of do-
main walls can be derived directly through perturbative expan-

sion about the amplitude of spin waves. 033

In previous studies, the influences of damping, on both
the spin waves and the domain walls driven by spin waves, are
often neglected or not fully considered, especially in the ana-
Iytic calculations. For example, in Refs. [23,34], only the in-
fluence of damping on the moving domain wall is considered,
whereas the effect on the spin waves is ignored. In Ref. [35],
the damped spin waves are included, while the influence of
the spin-wave attenuation on the domain-wall velocity is ne-
glected.

In this paper, considering a ferromagnetic film with a bulk
Dzyaloshinskii—Moriya interaction (DMI) and an in-plane uni-
axial magnetic anisotropy, we investigate the dispersion and
attenuation of spin waves on top of the uniform, spiral domain-
wall, and helical magnetic configurations. Then, the dynamics
of a transverse domain wall driven by spin waves is studied
by the collective coordinates method. During the analysis, the

role of damping is emphasized.
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2. Model and static magnetic configurations

Assuming uniform magnetization within the cross sec-
tion of a magnetic nanowire, a one-dimensional model is em-
ployed along the z-axis, as shown in Fig. 1. Including the ex-
change energy, bulk DMI, energy of in-plane uniaxial mag-
netic anisotropy, and demagnetization energy, the total mag-
netic energy per unit area (in the xy plane) reads

E = /{(aa—rz)z—xmg—fﬂdm-(ezxaa—rz)—l—é’d}dz, (1)

where m is the normalized magnetization vector, and & =
%(N m? +Nym§) is the density of demagnetization energy.
The dimensionless parameters d = D/(21/AlgM?) and k =
K /(uoM?) with D being the DMI constant, K the anisotropy
constant, Ly the vacuum permeability, M; the saturation mag-
netization, and A the exchange constant. N, and Ny are the
demagnetization factors. Additionally, the magnetization dy-

namics is governed by the LLG equation

or TSmO T

where « is the Gilbert damping constant. In the above equa-
tions, the time and length have been nondimensionalized,
in which natural units are taken as #p = 1/(%Ms) and [y =

VA/(uoMZ) with ¥ = pole|/m, being the gyromagnetic ra-
tio.

easy axis
A ————

_—— — — — — — —> U

Fig. 1. Model and coordinates system.

In order to solving the static equation m X g—i =0,
it is convenient to take the spherical coordinates defined by
e, = m, eg = cosBcosPe, + cosOsin@e, — sinbe;, and
ey = —sin@e, + cos @e,, with 6 and ¢ being the polar and
azimuthal angles, respectively. Then, after obtaining the static
solutions, we compare their energies and acquire three kinds
of stable magnetic configurations. One is the uniform solu-
tion @ = 0 or 7 under d> < k, which is just the ferromag-
netic ground state.

42 < K.13637]

The other is a spiral domain wall for

6 = 2arctanexp (/'Li), 3)
¢ =TIz+9, )
where the wall width parameter A = 1/vVk — d?, I’ =d and

27 /T is the pitch of spiral; A = 1 correspond to the bound-
ary conditions that 8 = 0,7 for z — Feo and 6 = 7,0 for

7 — Foo, respectively. For d? > K, a helical structure emerges,
0 = +1/2, ¢ = dz + ¢.%3% Here, we assume a square
cross section, namely, the aspect ratio is about one. Thus,
Ny = Ny.[39] Under this approximation, ¢ is undetermined.
The demagnetization energy comes in only through replacing
K by Keif = K+ N,. For wall solution, the demagnetization
only affects the wall width. For brevity, we still take x denot-
ing the effect anisotropy in the following sections.

3. Spin waves excited on static configurations
3.1. Spin waves of uniform configuration

For the uniform configuration, 6y = 0 or 7. In the lin-
ear regime, the spin wave is described by a small fluctuation
that leads to m = Ae; +u(z,1)e, +v(z,1)ey, with A = +1. In-
serting this ansatz into Eq. (2) and keeping the leading-order
terms, the spin wave solution can be obtained,

U = pefsgn(vg)/\i ei(fcz)tJrkH»C)7 5)

b pefsgn(vg)%ei(—a)t+kz+§+7t%)7 (6)

where p is the amplitude, A is the attenuation length, w is the
frequency, k is the wave number, { is the initial phase, sgn de-
notes sign function, and v, = d@/dk is the group velocity of
spin wave. Here the attenuation due to damping is taken into
account. Obviously, the spin waves are circular polarized and
right-rotated.

In general, the attenuation length must be positive and
decrease with the damping increasing. Namely, A > 0 and
dA/do < 0. Under these conditions, the dispersion relation
can be obtained as follows:

a):;[\/k’4+062k’2 (2 x—d?) =K%, D

where k' = k+ Ad. The corresponding attenuation length is
A =4|K'|/(a®). In Fig. 2, the frequency, attenuation length,
and group velocity versus the wave number k are illustrated for
A = 1. It can be found that the damping greatly changes the
dispersion relation around k = —Ad, as shown in Fig. 2(a). In
the absence of damping, the dispersion relation is parabolic,
® = 2[(k+ Ad)*> + k — d?*], which can be obtained by tak-
ing @ — 0 in Eq. (7). Meanwhile, a gap exists at k = —Ad
without the damping. In addition, in this region, the group
velocity is sharply increased in the presence of damping, as
shown in Fig. 2(b). When k approaches —Ad from the right
(left) along the axis, the group velocity reaches vimax(—Vmax)
with vinax = 4V K —d?/a. At k = —Ad, the group velocity is
zero. The corresponding attenuation length is \/m .
Without damping, the group velocity depends on k linearly,
ve = 4(k+ Ad). In the presence of DMI, the dispersion curve
is moved along the & axis. This point can be used to determine
the strength of DMI and provide a nonreciprocal spin-wave

channel experimentally.[40-43]
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Fig. 2. (a) Dispersion and attenuation of the spin wave excited on top
of uniform configuration (6p = 0). The solid curve represents the dis-
persion relation with damping, while the dashed curve without damp-
ing. The dotted curve denotes the attenuation length as a function of
wave number. (b) Group velocity. The solid and dashed curves corre-
spond to the cases with and without damping, respectively. Here we
take typical magnetic parameters: the Gilbert damping o« = 0.01, the
exchange constant A = 8.78 x 10!2 J /m, the saturation magnetization
M, =3.84x10° A /m, the anisotropy constant K = 10°7 / m?3, the DMI
constant D = 1.58 x 10~3 J/m2. From these parameters, the dimen-
sionless anisotropy and DMI constants are k = K /(uoMZ2) = 0.54 and
d = D/(2\/AuyM2) = 0.62. The natural units of frequency, velocity
and wave number are M, = 8.49 x 10'0 Hz, YO\/W =584 m/s and

VHoMZ/A=145%10%m™",

There is an intuitive physical picture which can explain
the gapped spectrum for o = 0 and gapless one for o # 0.
For ease of interpretation, we neglect the DMI firstly and the
bottom of spectrum is at k = 0. Without damping, if there is
no anisotropy, the system is rotational symmetric. According
to the Nambu—Goldstone theorem, the spin wave is gapless
and a massless mode exists. Here k = 0 means that all spins
are uniformly twisted. If rotating all spin uniformly, the to-
tal exchange energy is unchanged. Thus, no energy is costed
when exciting this Goldstone mode. Including the magnetic
anisotropy, to rotate every spin uniformly, there exists an en-
ergy cost to overcome the anisotropy. Therefore, a gap opens
and is measured by the anisotropy parameter 2k. Restoring
the dimension, the gap is oHxM; with Hx = 2K /M being the
anisotropy field. This is just the work done by the anisotropy
field.

In the presence of damping, there exists a massless mode
(zero mode) expressed as

m=e,+pe )% [cos(dz+ (e, +sin(dz+{)ey]. (8)
As discussed above, if rotating all spins uniformly, there is
no energy cost, namely, the total energy is unchanged. Be-
cause the angles between adjacent spins are unchanged, the ex-

change energy is unchanged when exciting this mode. In gen-
eral, the Gilbert damping in magnet results from the coupling
between spins and lattice. The damping torque ovm x dm /dt
points toward the easy axis (e;). If a spin rotates around the
easy axis with a constant precession angle, the anisotropy en-
ergy will not change and the damping will not work. Thus,
there is no energy cost. If the precession angle is increased, the
anisotropy energy increases. However, because the damping
torque does negative work, the incremental anisotropy energy
can be provided by the lattice. There is also no energy cost.
Similarly, when decreasing the precession angle, the damping
torque does positive work, and the reduction of anisotropy en-
ergy is transferred to the lattice. Anyway, a uniform twist of
all spins cannot cost energy. This leads to a massless mode in
a magnetic system with the exchange coupling, the magnetic
anisotropy and the Gilbert damping.

Now, let us analyze the role of DMI which has two fea-
tures: exchange and anisotropy. This can be observed by
rewrite the energy density Eq. (1) in the form: £ = [aa—';‘ +
d(m x e;)]> — (k —d*)m? — d*. The second term indicates
that DMI changes the anisotropy effectively. This leads to the
change of gap from 2k to 2(k —d?). For spin wave based on
the uniform ground state, the bottom of spectrum corresponds
to the minimum of the term [33—’? +d(m x e;)]>. Therefore,
one has an equation aa—'? = —d(m X e;). Inserting the spin
wave ansatz into this equation, one has k = —d. Without DMI,
the bottom of spectrum is at k = 0. With DMI, the exchange
coupling is altered and the bottom moves to k = —d.

Finally, when the Gilbert parameter ¢ increases, the
For small &, the
exchange energy is low. Thus, the influence of damping is

width of the peak in Fig. 2(a) increases.

great. With k increasing, the exchange energy increases. Cor-
respondingly, the influence of damping becomes increasingly
weaker. The damping influences the spectrum obviously in the
long-wave region.

3.2. Spin waves of spiral domain wall

In the domain-wall region, the magnetization is nonuni-
form. It is convenient to take a rotating reference frame at-
tached on the magnetization of domain wall with the unit
vectors e, = 1my = sin 6 cos Qpey + sin Oy sin Ppe,, + cos Gpe;.
Here 0y and ¢y take the Walker profile expressed by Egs. (3)
and (4), respectively. The spin wave is assumed as m =
™o +ueg +ve, under the linear approximation. Inserting this
ansatz into the LLG equation (Eq. (2)) and keeping only the
linear terms, the spin waves obey

u v

_— 'y 72
= +a—&t = 2[H—|—A ]v, )]
dv du A s
—o e = =2 [A+Au, (10)
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where A = —9%/97> — (2/A%)sech?(z/A), with the second
term being the Poschl-Teller potential. Using the eigenfunc-
tion of the Poschl-Teller potential,[*4! the spin wave solutions
are calculated,

U = Aefsgn(vg)%ei(fthrkZJrC)’ (11)

v = Ae () gi(-ortketl+3) (12)

where the amplitude is dependent on the wave vector and
space coordinate,

[tanh(§)+%]2+A2k2
A = 1
(k.2) p\/ (-Apame (13)

with p being an arbitrary parameter determined by the pertur-
bation. And so is the phase shift,

Ak[tanh( %) +1]
A2 4 (4 —1)[4 +tanh(%)]

The dispersion and attenuation are

C(k,2) = arctan{ } (14)

Ak + a2k (k2 +A-2) — kP
o= MK+ AR+ A7) — ] 15)
o

and A = 4[k|/(aw). Tt is worth noting that the dispersion is
similar to that of uniform configuration (Eq. (7)) apart from
a translation of Ad along the k axis. In the long-wave limit
(k — 0), the dispersion is greatly reshaped by the damping
and the gap is closed. Meanwhile, the attenuation length ap-

proaches the wall width parameter A.

a
1o (a)
{/'
o 2 150
K o 4 :
= b= T 12
[} £ kS
T @ a
.; 0.6 E 2 = 1005005 0.107
a e\ a
= A - k=1/4A
< o - k=1/2A
kA A k=1/A
- k=2/A
0'274 -2 0 2 4
z/A
27
(b)
3n/2 2
& = 3m/2
= z
wn n
© g o
3 2
i A o/2
71'/2' 0
0
0 1 1
—4 —2 0 2 4

z/A

Fig. 3. The amplitude ratio (a) and phase shift (b) of spin wave along the do-
main wall for different wave numbers. The solid lines correspond to the case
of oo = 0.01, and the dashed lines to o« = 0. The insets show the total am-
plitude ratio and phase shift across the domain wall. The rest parameters are
the same as those in Fig. 2. Thus, the domain width A = 1/v'k — d?=2.53
in dimensionless form or 1.74 x 10~% m after restoring the dimension.

Going through the domain wall, the amplitude of spin
wave changes, which is attributed to the Poschl-Teller po-
tential and the attenuation. Figure 3(a) shows the am-
plitude ratio due to the Poschl-Teller potential.  Across
the domain wall, the amplitude increases with a factor
VIA+AJA)2+A2K2]/[(1—AJA)% + A2K2]. In the absence

of damping, A — oo, this factor is 1. The amplitude is un-

changed, as manifested by the dashed lines in Fig. 3(a). In
the presence of damping, this factor is greater than 1 and in-
creases with the damping, as indicated in the right inset of
Fig. 3(a). With k decreasing, this factor increases. As shown
in the left inset of Fig. 3(a), for small k, this factor becomes
very large because A — A under kK — 0. For large £, this fac-
tor approaches 1.

Taking the domain-wall width as 7A,[* the atten-
uation contributes a factor exp(—mA/A) to the ampli-
tude ratio. Hence, the amplitude changes approximately
by a factor of \/[(1+A/A)2+A22]/[(1-A/A)2+A2K2]
exp(—mA/A) when the spin wave goes across the domain

wall. In the long-wave limit, this amplitude ratio is about
2e "o /(Ak) by keeping the leading term of k. Here, the
amplitude possibly increases after across the domain wall in
the presence of damping. For large k, the amplitude ra-
tio due to the Poschl-Teller potential approaches to 1, and
the attenuation determines the change of amplitude. Across
the wall, the spin-wave amplitude decreases with a factor
exp[—mAk(v/1+ a2 — 1)/ a] approximately.

Additionally, the phase also changes with the spin wave
passing across the domain wall, as shown in Fig. 3(b). There
exists a critical wave number k. = 1/(v/1+a2A), for which
the corresponding wave length is about A. Above k., the
Below £,

the phase is reversed across the center of domain wall. The

phase continuously varies in the domain wall.

dependence of total phase shift on the wave number k is
shown in the inset of Fig. 3(b). The total phase shift is
arctan[2kA /(—1 +k*A? + A% /A?)]. Here k. can be obtained
by solving —1 +k*A% +A%/A? = 0. At ke, the total phase
shift jumps from 37 /2 to m/2. With k increasing, the total
phase shift decreases and approaches 0 when k — . Without
damping, &« =0 and A = e, k. = 1/A. Comparing the dashed
and solid curves in Fig. 3(b), one can find that damping has
weak effect on the phase shift.

3.3. Spin waves of helical structure

For strong DMI, d? > «, there exists a static helical struc-
ture, which is described by 6) = £7/2, and @y = dz+ ¢.
Adopting the rotating reference frame attached on the helical
magnetization with e, = my, the linear spin wave is expressed
as m = my +ueg +vey. Inserting this ansatz into Eq. (2) and
keeping only the linear terms, the spin wave solutions can be
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written as
U = puefsgn(vg)% ei(fcoH»kz#»C)7 (16)

v = pvefsgn(vg)%ei(—wt+kz+§+%). (17)

The dispersion relation is

2f\k|

\/f VP-4 R+ (@ - K)], (18)

with f = 4k> + 2a2k2 + a* (d* — k), and the corresponding
attenuation length is A = 4|k| /(o). The damping affects the
dispersion relation and group velocity greatly in the long-wave
region. As shown in Fig. 4(a), there is no gap for the disper-
sion with and without damping. This can be understood by
the Nambu—Goldstone theorem. For strong DMI, there ex-
ists a breaking of axis symmetry and the ground state is one
of the degenerate ones, ¢y = dz+ ¢, where ¢ could be arbi-
trary. When one of the degenerate ground state is chosen, there
should be a corresponding Goldstone mode.

0.4 T ™ T 400
i (a)

0.3 {300 &
?::; 0.2F TN e 1200 %ci
3 <

— dispersio -
0.17__dispersion 1100 =
-- attenuation
002  —o1 0 0.1 0%
Kl(uo M2/ A)1/7]
3
(b)
2t
%08
= 204
2 olE
~
= 1 o
s
$ _9 — az0
= --a=0
_3 . . .
—0.2 —0.1 0 0.1 0.2

k[(noMz/ A)1/2]

Fig. 4. (a) Dispersion and attenuation of spin wave excited on top of
helical configuration. The solid curve represents the dispersion relation
with damping, while the dashed curve without damping. The dotted
curve denotes the attenuation length as a function of wave number. (b)
Group velocity. The solid and dashed curves correspond to the cases
with and without damping, respectively. The inset in (b) shows the de-
pendence of p,/p, on k. Here the same parameters are used as those
in Fig. 2 except the DMI parameter D = 3 x 10~ J/m? which ensures
d?> k.

Unlike the spin wave excited on top of uniform con-
figuration, the attenuation length is very large in the long-
wave region. Without damping, the dispersion relation is

® = 2|k|\/k? + (d? — x).

shown in Fig. 4(b), the group velocity varies continuously with

In the presence of damping, as

k and approaches zero when k — 0. In the absence of damp-
ing, the group velocity changes sign with k across zero and
approaches +2v/d? — k when k — 0.

In contrast with the spin waves excited on top of the uni-
form and domain-wall configurations, an elliptic spin wave is
excited on the helical configuration. The ellipticity (defined as
Pu/pv) varies with the wave number,

21/2k?
pv \/8k4+ (g+ /g% + 1602k%) (

with g = 4k* + a®(d*> —
(k— 0), the damping hardly influences the polarization of spin

, 19)

k). Apart from the long-wave region

wave. As shown in the inset of Fig. 4(b), in the long-wave limit
(k — 0), pu/pv — 0, the spin wave is linear polarized. In the
short-wave region, p,/p, — 1, the spin wave is circular polar-
ized.

4. Dynamic domain wall driven by spin waves

Based on the static spiral profile (Egs. (3) and (4)) and
taking the center position g and magnetization angle ¢ of do-
main wall as dynamic variables, we have

00(z,t) = 2arctanexp [l Z_Aq(t)] , (20)

Po(z,1) = I'lz—q(1)]+9(1).
Excited on this dynamic domain wall, the spin wave reads
m = mo+m/, with m' =~ —1/2[i?(z,1) +v*(z,1)] e +
u(z,t)eq +v(z,1)eq up to to the second order of u and v. Here

ey

a moving coordinate system is taken with e, = my. Inserting
this ansatz and the spin wave solutions (11) and (12) into the
LLG equation (2) and keeping the terms up to the second order
of the amplitude p, we get the dynamic equations about ¢ and
¢ as follows:

dg

(all 6112) & _(bl)

d do “\b ’
a1 ax rgt- 3£ 2
where

ait = =2 A(li +ab)pexp[—(q—gs) /A]
— (als —I3)p*exp[—2(q — q5) /Al

ain = —2a+A(al, —L)pexp[—(q—gs)/A]
+alsp?exp[—2(q—gs) /Al

az = — 20— A(aly — h)pexp[—(q—gs) /A]
+ algp®exp[—2(q —gs) /Al

ap =2—A(I +ab)pexp[—(q—qs)/A]

— (a3 +13)p* exp[—2(q — gs) /Al

47
by = pPz exp[—2(q —gqs)/Alh,

D>

(22)

;S

(=X

t

81
by =5 p7expl~2(q ~ 4.) /Al

Here ¢ is the position of the spin-wave source, and p is an
amplitude parameter determined by the wave source. The de-
tailed derivations and the parameters /;_g are listed in Ap-
pendix A.
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Up to the order of p?, the dynamic equations of ¢ and ¢
can be simplified to

L= vpre T, (23)
dt
& = wmpte P, (24)

where V(k) = [(2k)/(1 + a?)][l — A?/A? + A%K? +
20A%k/A/[(1 — AJA)? + A%KP)][(RA /A ) esc(mA /A)], and
W(k) = (I' — Aa/A)V(k). Then, the position and velocity of
domain wall can be obtained as follows:

A 2vpt
q:q0+51n(1+70>7 (25)
Yy = T % ) (26)
where g is the initial position, and vo = —V(k)p?exp[—2

(9o — gs)/A] is the initial velocity. Without damping, the ve-
locity is independent of the position of domain wall. Taking
a =0 and A — oo, the velocity becomes —2kp2, and the an-
gular velocity d¢ /dt = —2kI"p>.

—0.20 T T T T
LORF—===1 —=<——7 100 |
A \\ I,
—018F | ’ 80
\ ,I
A
—0.16F ~ 0.6 \\
= ‘
K9 1
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1
N
021 jispersion (a0}
& —0.12f - -- dispersion (a =0y,
— — -attenuation
;‘5 75 —10 05 0
~. —0.10F kA
<
E k=1/5A
— —A— =
s -oo0sk T A
= k=1/3A
—0.06} k=1/2A
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—0.04f *k=3/A
> k=4/A
~k=5/A
—0.02p T k=6/A
= : =%
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Fig. 5. Dependence of velocity of domain wall on its distance from
the source of spin wave for different wave numbers. The inset shows
the dispersion relations with and without damping, as well as the de-
pendence of attenuation length on the wave number. Here the Gilbert
damping constant o = 0.01. The amplitude parameter p = 0.2. The
rest parameters are the same as those in Fig. 3. Thus, the domain width
A is 1.74 x 10~% m after restoring the dimension and the natural unit of

velocity is J0+/A/to = 584 m/s.

Taking the initial position gg = g5 + 1004, we plot the
variation of domain-wall velocity with its position for differ-
ent wave numbers in Fig. 5. Obviously, the domain wall runs

opposite to the spin wave. In our model, there is no reflec-
tion of spin wave across the domain wall, as shown in Fig. 3.
Therefore, the transfer of angular momentum leads to the op-
posite motion directions of domain wall and spin wave.?! In
addition, the velocity increases with time. This point is easy to
be understood. When the domain wall approaches the source
of spin wave, the attenuation of spin wave becomes smaller.
Thus, the velocity becomes larger.

Up to the order of p*, there is no simple analytic expres-
sion for velocity. The dynamic equation of g and its numeric
solution are placed in Appendix B. The result is shown in
Fig. B1 in Appendix B. Comparing Fig. 5 and Fig. B1, it can
be found that they are similar on the evolution of velocity, ex-
cept that there appears to be some small oscillations when the
equation is accurate to p*.

There are two aspects of the influences of damping on
the spin wave. Firstly, the dispersion is greatly moderated in
the long-wave region (k — 0), as shown in the inset of Fig. 5.
Secondly, the damping results in the attenuation of spin wave.
The attenuation length is close to A as k — 0, and reaches the
maximum 14 a2A/a at k = 1/(v/1+a2A). Above this
maximum, the attenuation length decreases with k increased
and approaches 0 for k — c. In Ref. [35], the calculation is
carried out under the condition A > A and by keeping the
lowest non-vanishing order in . This case corresponds to the
region that k is around 1/A. In this region, the dispersion is
scarcely influenced by the damping. In the long-wave region,
it is unsuitable to omit the higher order of c.

In the presence of damping, the velocity of domain wall
depends on the wave number (frequency) of spin wave more
complexly. Due to the attenuation of spin wave, apart from the
function V(k) in Eq. (23), the velocity relies on k through the
factor exp[—2(g — gs) /A], where the attenuation length A is a
function of k. For different positions of domain wall, the rela-
tions between the velocity and the wave number are different.
As shown in Fig. 5, near the source of spin wave, the velocity
of domain wall increases with wave number (frequency). Far
from the source, there is no simple relation. In the absence of
damping, the velocity is proportional to the wave number.

5. Conclusions

We have investigated the spin waves excited on top of
uniform, spiral domain-wall and helical magnetic configura-
tions in the film with an in-plane magnetic anisotropy and a
bulk DMI. We put emphasis on the role of damping. For the
spin wave of uniform configuration, the dispersion is greatly
modified by the damping around k = —AD/(2A) and the gap
is closed. The group velocity becomes very large with a max-
imum 7/ (1oM;s)V4KA — D2 /(4ax) (about several km/s). For
the spin wave of domain wall, the gap of dispersion is closed at
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the long-wave limit. The attenuation length can reach a maxi- Lgla — ocL%p = —2R:p — 2KR%D + ZdeD, (A3)
mum A /o when the wave length amounts to the width of wall where

roughly. Especially, the amplitude of spin wave can increase

after running across the wall in the presence of damping for ~ L! =2 %usin 60+ (I'q; — ¢;) vsin By — (uu, +vvy), (A4)

small wave number. For the spin wave of helical structure, the Il )L 9 Gin 6o+ + (I ) o
damping also modifies the dispersion greatly in the long-wave 0 sin 6 -+ ur %~ 9r)veos b
region, and the attenuation length becomes very large here. lqt [ (u Ty )] sin 6, (A5)
Unlike the spin waves of uniform and wall configurations, the

spin wave of helical structure is elliptically polarized. In the L}p =—(Lqr— ¢)sin6 — (I'q: — @) ucos O + vy

presence of damping, there exist gapless modes for the three T 16 A6
kinds of spin waves. Qualitatively, combined with symmetry + (g = 9) (u vy ) S0, (A6)
analysis, this phenomenon is interpreted by the variation of LE = (g, — ¢) usin @+ A 9 in 8o
energy when exciting the modes. ,
The effect of spin waves on the moving spiral domain —(gr — 1) (u” +v*) cos 60+ uv, — uyv, (AT)
wall is also studied by the collective-coordinate method. We L3 = (I'q; — ¢,)sin6y+ (Iq; — ¢;) ucos 6y — v,
find that driven by a spin wave the velocity of domain wall is —(Cg,— ) % sin 6y + 7L 9t v sin 6o, (A8)
not a constant in the presence of damping. The domain wall
moves towards the source of spin wave and the velocity in- = )** sin 6 +u; + (I'q; — ¢t)VCOS 6o
creases. Considering the attenuation of spin wave, the relation ny CL Psin 80— (I'qs — &) uvsin 6o, (A9)
between the wall velocity and the wave number of spin wave A
depends on the position of wall. Rl=2 %u sin 6y cos By — <A12 _ F2) vsin 6y cos B
. o ,e 1
Appendix A: Derivation of the g—¢ model - k L 2 gin 6o + (A —F2> uvsin® 6y
Here g—¢ equations of domain wall with spin waves are +2r (Wz +vv,) cos 6 + uv,. — Uz, (A10)
derived from the LLG equation, or or 1
Ré =—A"—sinBycos By + A —usin> 6y — =V sin® 6y
am am A A 4
oy dmXx - +TI%vcos? 6y — 2T u, cos Oy — v,
92 2L o oy
= —2m X aT’—ZK(m-eZ)(mer) Jrlj(” +v?) sin 6y cos 6y
am 1 1—*2
+4dm x ezx()— . (Al) A2+ uvsin 6y cos 6y
Z
. A
It is assumed that the head-to-head (or tail-to-tail) domain + 2L uu; sin 6 _2ZMZV5m 6o, (ALT)
wall remains the Walker profile, mgo = sin6ycos @peyx + ’ 1 2\ . 2
Sin B sin @oe, -+ cos Bpe., with Gy and gy being 6y(z.1) = Ry = v I’ | sin6ycos Oy — I'“ucos26y+ u,, —2I"'v,cos 6
2arctanexp[A(z—q(t))/A], @o(z,t) =I'[z—q(t)]+ ¢(¢). Con- 1
L pl ( a( ))/ ) 9o ) [=q(0) ¢() . — [ — — 1% ) v?*sin 6y cos 6y + 2" *u? sin 6y cos 6,
sidering the linear spin wave excited on the dynamic domain A?
wall, m = mg+m/. By taking the moving coordinate system A
—2— in 6y + 21 uv, sin 6y, Al2
attached on the magnetization of domain wall with e, = my, A YVzSinGo + 21 uv; sin b ( )
eg = —sin e, + cos 6y cos Poe, + cos Oy sin Poe,, and ey = R} = vsin 6 cos 6 — uvsin® 6y, (A13)
—sin@pey + cos gpe;, the spin wave is expressed as m’ ~ R} = vcos® 6y — uvsin 6y cos 6y, (A14)

—1/2[u?(z,1) +V*(z,1)] e, + u(z,1)eq + v(z,1)ep. Inserting g2
this spin wave ansatz into the LLG equation (A1) and inte- ¢

= —sin Bycos By — ucos26y

2u* 4 v?*) sin 6y cos B Al5
grating over z, we can reach the dynamic equations of ¢ and + ( Wty ) S Focos Ko, (AL5)
¢. Firstly, For the Walker ansatz, we have 6y, = —A sin 60% 2 2
0o = g+ @, 6o, = % sin 8y, Bo; = ﬁ sin 6y cos By, and Rf =3 sin By cos 6y + I"vsin By cos Oy — Zuz sin? 6y
¢@o; = I'. The subscript in f; (f,) means time (spatial) deriva- — Tuvsin? 6 + (ut +vv;) cos 6, (A16)
tive. By use of these derivatives of 6y and ¢y and keeping up 2 2
to the second order of u and v, we obtain R39 = A sin 6 cos 6y + Z“ sin® 6o — u;cos 6y
A .
Ly —al? = —2RY —2kR3 +2dR3, (A2) +I'veos? B+ 7 (u” +?) sin 6y cos B
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—I'uvsin 6 cos 6y + uu; sin Oy, (A17)  should be expressed as u =u(z —q(t),t) and v=v(z—q(t),?).
pr = —I"sinBycos 8y — 'ucos26y — v, cos Oy Hence, the derivatives with respective to time are u; = % —
+I (2u2 + v2) sin By cos 6y + uv, sin 6. (A18) %qt and v, = % — ;q, Substituting the expressions of u; and

Based on the spin wave solutions of static domain wall (see Vi into the above equations, using the spin wave equations (9)

Egs. (11) and (12)), the spin waves around the dynamic DW and (10), and integrating over z, Eqs. (A2) and (A3) reduce to
|

i d i d i d i d
- {/ sinzﬂoXZ —|—AA/ (uz—l—avz)sinGoZZ—l/Z/ (u2—|—v2) sin? QOXZ—HX/ uvsin’ GUAZ} Ag:/A
oo dz o i dz el d
— (X/ sin290—2+/ (au—v)sm@ocoseo—z—a/ uzsmz@o—Z (Tq: — &)
J—oo A oo A oo A
2 [ ) dz © ) dz
=4/A / uvsin eocOSGOZ +4A/A/ uvsin 90X7 (A19)
o d o d o d
[a/ sin® GOZZ +AA/ (auz—vz)sineof—a/ v sin? GOAZ} Ag: /A

o0 d o0 d o d o d
- {/ sinZGOZZJr/ (u+av)sin9()cosGOszl/2/ (u2+v2) sinzeoffoc/ uvsinzeoAZ} (g — &)

oo d % d
= —4/A? / u” sin® 6 cos OOXZ +4L/A / y.vsin® GOXZ. (A20)

Substituting the expressions of 8y and ¢p into Egs. (A19) and (A20), and after a tedious calculation of the integrals by Mathe-
matica, the final g—¢ equation (22) is obtained. Below Eq. (22), the integrals in the parameters a1, a2, a21, az», b1, and b are
listed as follows:

cos (g—A) cosh( ) [Aksm(ta)) ( + 1) cos(t )] + sin (g—A) sinh (”Ak) [Akcos(ta)) + (% + 1) sin(ta))]

A

! cos (Z4) + cosh(mAk) Azl
L ﬂsin(%)sinh(%) [Aksin(tw) — (4 +1) cos(tw)] —cos (24 ) cosh (Z4%) [Akcos(tw) + (4 +1) sin(tw)] (A22)
2T cos (%) + cosh(mAk) ’
I 27
3 =

3 ((/AT — 1)2 +A2k2> (cos (224) — cosh(27mAK))

A A% 2A AlA
X {cos C\) sinh(mAk) [Ak <A2 - + A% — 1) sin(2t@) — (A2 +AY 4 24KA — 1) cos(2t0))}
A A% 2A A (A
+sin (ﬁ) cosh(Ak) [Ak ( e + A% — 1> cos(2tw) + — <A2 +AY 424N — 1> sin(th)] } (A23)
1— —+3A2k2

u:fé— ese (T4, (A24)

3A (1 ) A2 A
- TA 1—*+3A2k2 csc(nA) 2T
ATt e

3A (1- A) + A2 A 3 [(% - 1)2 +A2k2] [cos (224) — cosh(2mAK)]

A A% 2A A (A2
X {sin C\) cosh(wAk) [Ak <A2 - + A% — 1) sin(2t@) — (A2 +AY 4 24KA — 1) cos(Zt(J))}
A A% 2A A (A

—cos (i\) sinh(wAk) [Ak ( e + A% — 1> cos(2tw) + —- <A2 + A 24PN — 1> sin(th)] } (A25)

TA 1-495 S +3A2%2 A 27
Ie=z———"——F——csc|— | + 5

3A (1—%) +a% N A ) 3[(4-1)+ 4% [cos (252) — cosh(2mAK)]

A A% 2A AfA
X {sin (i\) cosh(wAk) [Ak <A2 - + A% — 1) sin(2t@) — = (A2 +AYC 4 24K2A — 1) cos(2ta))}

A A% 2A A A
—cos (f\) sinh(wAk) [Ak (A2 - + A% — 1> cos(2tw) + <A2 +AY 4 24K2A — 1> sin(th)] } (A26)
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A 1——+A2k2 A
L= n—— kcsc <”> , (A27)
A (1— %) +A2R2 A

A? A%K? A
Ii=m—————F———csc () . (A28)
A (1 _ %) +A2R2 A

Appendix B: The dynamic equation of q up to p*

From Eq. (22), we can derive the dynamic equation of g up to p*,

Ey+E1p e~ (q-as)/A 4 Ezpzefz(qqu)//\
Fo+ Fple2a-a)/A L F;p3e—3a—4)/A 4 F,p*e—4(a—4s)

a=k ple e, (BI)

where (% _ )2+A2k2 |:2 (1 +%§) +A2k2:|
- 45 4204 Ak+ A% +22° (a*+1) VYT
_7 a =
Ey=38 Ecsc <M> , (B2) (A 1) AT
(1—*) +au A A x ! (B6)
(% N 1) A2 75\ ose (TA) cos (’Z\—A) + cosh(wAk)
E|y =4A 2
: E(i_l) + A22 cos (ZA) + cosh(mA F3:71)L7r2a(%+1) +A% 1
3 (4 - )2+A2k2 cos (224) — cosh(27Ak)

A
x{co <ZA> <”Ak> (1+aAk)cos(ta)) S A - Ak
(B <) (oG on(55)

X [ (AZ - + A%+ akA) sin(f)

_in A ; Ak A -
* s(“(<2AA) :) h+(Ak) CZSES) }A +aAk> | (’“:33) * (“ (ﬁi -2 +A2k2> —kA) cos@w)]
A ’ —cos(Zﬁ)s h(nAk)

4 (ﬁ% 1 —3A2k2) ( Sy +A2k2+2a%Ak) :
3

E, = AZ A
’ ((A _ 1)2+A2k2>2 X [(Az —A+A2k2+ockA) cos(t)
A
2 A2 A
{m} 2 (A (a (AZ—A+A2k2> —kA)sin(ta))]}, (B7)
A A
1
S GEDA% Hee(R) et B/}
3 {(A _ 1)2+A2k2}2 cos (ZZA) — cosh(2mAk) ( )+ A% )
A
AZ
A A2 an 2,2 an 2,2
x {cos<7j‘> sinh(Ak) {kA (/\21+A2k2) sin(2t ) x K 1) +4% ( <1+A2> +A% )}
2
2
A A a2I2A2 a- 2,2
+ (A— ) +A2k2—2AkAk>cos(2zw)} { kA ( -3 +A k)
4

+sin (AA) cosh(wAk) {kA <A2 —1 +A2k2> cos(2t) —3a% |2 < ( Ai) +3A2k2)
( 2

A2
a (2 () =)
= =—1) +A%* —24kAk | sin(2to) A? A
A A 2 5
(B4) +(a?+1) (1 -t 3A2k2> cosh(zymk)}
with TA oo (TA 2
[Ree() .
5 cos (224) —cosh(2mAk)
Fy=—4(a’+1), (BS)
2 4 (062 n 1) - Az +3A2k2 A csc <7TA> By solving Eq. (B1) numerically, we plot the dependence of
2 = — —_— — —_
3 (% — 1)2 FA22 A A velocity of domain wall on its distance from the source of spin
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wave in Fig. B1.
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Fig. B1. Dependence of velocity of domain wall on its distance from
the source of spin wave. The parameters are the same as those in Fig. 5
of the main text.
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