Crinese Puysica Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Tighter constraints of multiqubit entanglementin terms of Rényi-a entropy

Meng-Li Guo(5F45 i), Bo-Li(Z53%), Zhi-Xi Wang(F £ %), Shao-Ming Fei(%%/1 1)
Citation:Chin. Phys. B . 2020, 29(7): 070304 . doi: 10.1088/1674-1056/ab8e2e
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Monogamy and polygamy relations of multigubit entanglement based on unified entropy

Zhi-Xiang Jin(#r £ 4%), Cong-Feng Qiao(7+ M)
Chin. Phys. B . 2020, 29(2): 020305 . d0i: 10.1088/1674-1056/ab6720

Relations between tangle and | concurrence for even n-qubit states

Xin-Wei Zha(# 3 ), Ning Miao(# 7), Ke Li(Z=4i)
Chin. Phys. B . 2019, 28(12): 120304 . d0i: 10.1088/1674-1056/ab4e7d

The stabilizer for n-qubit symmetric states

Xian Shi(£18i)
Chin. Phys. B . 2018, 27(10): 100311 . doi: 10.1088/1674-1056/27/10/100311

Controlling the entanglement of mechanical oscillators in composite optomechanical system

Jun Zhang(7&), Qing-Xia Mu(f27 #), Wen-Zhao Zhang(ik [ %1)
Chin. Phys. B . 2018, 27(4): 040304 . doi: 10.1088/1674-1056/27/4/040304

Dynamics of entanglement protection of two qubits using a driven laser field and detunings:
Independent and common, Markovian and/or non-Markovian regimes

S Golkar, M K Tavassoly
Chin. Phys. B . 2018, 27(4): 040303 . doi: 10.1088/1674-1056/27/4/040303


http://cpb.iphy.ac.cn/EN/abstract/abstract75806.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract75354.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75007.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract72806.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71836.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71951.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71951.shtml

Chin. Phys. B Vol. 29, No. 7 (2020) 070304

Tighter constraints of multiqubit entanglement
in terms of Rényi-« entropy”

Meng-Li Guo(FF25 )", Bo Li(Z=i)> ", Zhi-Xi Wang(E£ & %4)3, and Shao-Ming Fei(27/b1])3#

1Departmem of Mathematics, East China University of Technology, Nanchang 330013, China

2 School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 334001, China

3School of Mathematical Sciences, Capital Normal University, Beijing 100048, China

4Max—Planck—Institute for Mathematics in the Sciences, 04103, Leipzig, Germany

(Received 14 March 2020; revised manuscript received 20 April 2020; accepted manuscript online 29 April 2020)

Quantum entanglement plays essential roles in quantum information processing. The monogamy and polygamy rela-
tions characterize the entanglement distributions in the multipartite systems. We present a class of monogamy inequalities
related to the u-th power of the entanglement measure based on Rényi-o entropy, as well as polygamy relations in terms of
the u-th power of Rényi-a entanglement of assistance. These monogamy and polygamy relations are shown to be tighter

than the existing ones.
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1. Introduction

Quantum entanglement is one of the most quintessential
features of quantum mechanics, which distinguishes the quan-
tum world from the classical one and plays essential roles in
quantum information processing,!! revealing the basic un-
derstanding of the nature of quantum correlations. One dis-
tinct property of quantum entanglement is that a quantum
system entangled with another system limits its sharing with
other systems, known as the monogamy of entanglement. 7]
The monogamy of entanglement can be used as a resource to
distribute a secret key which is secure against unauthorized
parties.] It also plays a significant role in many fields of
physics such as foundations of quantum mechanics,!%3*! con-
densed matter physics,[!'! statistical mechanics,**! and even
black-hole physics.[1%13]

The monogamy inequality was first introduced by
Coffman—Kundu—Wootters (CKW) by using tangle as a bi-

14] and

partite entanglement measure in three-qubit systems,
then generalized to multiqubit systems based on various en-
tanglement measures.[!3] The assisted entanglement is a dual
concept to bipartite entanglement measure, which shows
polygamy relations in multiparty quantum systems. For a
three-qubit state pspc, a polygamy inequality was introduced
ast'®l 1(pypc) < T (pajp) + T(Pajc), Where T(pajpc) =
max ¥; p;i7(|W;)ajp) is the tangle of assistance,!'®!” with the
maximum taking over all possible pure state decompositions
of pap = Y, pi|Wi)sp (Wil. This tangle-based polygamy in-
equality was extended to multiqubit systems and also high-
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dimensional quantum systems in terms of various entropy

(18,19

entanglement measures. I General polygamy inequalities

of entanglement are also established in arbitrary dimensional
multipartite quantum systems. 20231

In this paper, we investigate the monogamy and polygamy
constraints based on the p-th power of entanglement measures
in terms of the Rényi-a entropy for multiqubit systems. By us-
ing the Hamming weight of binary vectors, we present a class
of monogamy inequalities for multiqubit entanglement based
on the p-th power of Rényi-a entanglement (RaE)%! for
u>1. For 0 < u <1, we introduce a class of tight polygamy
inequalities based on the u-th power of the Rényi-o entan-
glement of assistance (R@EoA). Then, we show that both the
monogamy inequalities with (t > 1 and the polygamy inequal-
ities with 0 < p <1 can be further improved to be tighter under
certain conditions. These monogamy and polygamy relations
are shown to be tighter than the existing ones. Moreover, our
monogamy inequality is shown to be more effective for the
counterexamples of the CKW monogamy inequality in higher-
dimensional systems.

2. Preliminaries

We first recall the conceptions of Rényi-o entropy, Rényi-
« entanglement, and multiqubit monogamy and polygamy in-
equalities. For any o > 0, o # 1, the Rényi-a entropy of a
quantum state p is defined as?”]

1
Sa(p) = I—o

log(trp®).
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S«(p) reduces to the von Neumann entropy when o ap-

proaches to 1.

The Rényi-a entanglement (R&E) Eq (|W)ap) of a bipar-
tite pure state | W) 4p is defined as

Sa(pA)7

is the reduced state of system A. For

Eq (lW)as) =

where ps = Trp|y) ag
a mixed state p4p, the Rényi- entanglement is given by

Eq (Pajp) = minZPiEa(|lI/i>A|B)7

where the minimum is taken over all possible pure state de-
compositions of pag = ¥, pil Vi) as (Wil.
As a dual concept to RaE, the Rényi-a entanglement of

assistance (RxEoA) is introduced as

Eq, (Pajp) =max }_ piEo(|¥i)ajp), (1)

where the maximum is taken over all possible pure state de-
compositions of pyp. 8!

For any multiqubit state psp,...3,_,» @ monogamous in-
equality has been presented in Ref. [28] for ¢ > 2,

N—1
EOC (pAlBo---BN,l) Z Z Ea (pA‘Bi) ’ (2)
i=0

where Eq(pa|p,.-By_,) is the ROE of pag,..py—1 With respect

-By_1,and Ey (pA|B,.) is
,N—1.

In addition, a class of polygamy inequalities has been ob-

to the bipartition between A and By - -
the RaE of the reduced density matrix pap;, i =0, ...

tained for multiqubit systems,

N—-1
Eg (Paso-sy1) < ) E& (Pas,) 3)
=0

for 0 < o0 <2, a # 1, where Eq(pag,- ) is the RaEoA
of pap,--By—1 With respect to the bipartition between A and
Bo---By_1, and E}, (pA‘B,.) is the REoA of the reduced den-
sity matrix pap,, i =0,...,N —1.

‘By_1

In Ref. [29], Kim established a class of tight monogamy
inequalities of multiqubit entanglement in terms of Hamming
weight. For any nonnegative integer j with binary expan-
sion j = Y} ji2!, where log, j < n and j; € {0,1} for i =
0,...,n—1, one can always define a unique binary vector as-
sociated with j, 7 = (jo, Jji, -.-,jn—1). The Hamming weight
oy (7) of the binary vector j is defined to be the number of 1’s
in its coordinates.!*! Moreover, the Hamming weight oy (5)

is bounded above by log, j,
oH (J) <logy j < j. “4)

Kim proposed the tight constraints of multiqubit entan-

glement based on Hamming weights!>°]

[Ea(PalByB, By ] Z p [Ea Pa|B; )r (%)

for u > 1, and

Zu“’H [Esoan)]” ©

for 0 < u < 1. Inequalities (5) and (6) are then further written

[E;(pA\BOBl...BN . ]

as
[Ea(PA\BOBl...BN,I)]# > ]:Z;uf [Ea(PA\B,-)]H
foru > 1, and |
[E&(PaBoB, ..By 1) F< Z .UJ[ (Paj;) ]H
for 0 < pu < 1.

In the following we show that these inequalities above
can be further improved to be much tighter under certain con-
ditions, which provide tighter constraints on the multiqubit en-
tanglement distribution.

3. Tighter constraints of multiqubit entangle-
ment in terms of RE

We first present a class of tighter monogamy and
polygamy inequalities of multiqubit entanglement in terms of
the p-th power of RaE. We need the following results. 3]

Suppose k is a real number, 0 < k < 1. Then for any 0 < x <k,

we have
1+k)H -1
(1+x)* > 1+%x“ )
for u > 1, and
1+k)H -1
(1+x)" < 1+%xﬂ ®)

for 0 < u < 1. Based on inequality (7), we have the following
theorem for R&E.

Theorem 1 For any multiqubit state p4p,...5y_, and & >
2, we have
N (k)R -1 , i
[Ea(pA‘BOBlmBN—l )]H Z Z (ku) ) {Ea(pA\B./)} )
j=0

©))

where u > 1, 3 = (jo,...,Jn—1) is the vector from the binary
representation of j, and wy (j) is the Hamming weight of j.

Proof We first prove that

— " — oy (J
[I:Z;Ea(PABj)] ZNZI (W) 7 {Ea(PA\B_,)r

j=0
(10)
Without loss of generality, we assume that the qubit subsys-

tems By, ...,By_1 are so labeled such that
kEa(Pajs;) = Ea(Pajp;,,) =0 Y
for j=0,1,...,N—2and some 0 < k < 1.

We first show that the inequality (10) holds for the case of
N =2". Forn=1, let pap, and p4p, be the two-qubit reduced
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density matrices of a three-qubit pure state p4p,p,. We obtain

Ea(pABl)>”

[Ea (PA\BO)+EO! (pA\Bl )} f= [Ea(pA‘BO)} ' (l +Ea(PA\Bo)

(12)
Combining inequalities (7) and (11), we have

Eo(pag,) \" (1+k)* —1 (Ea(pap,)\"
(”Em&))) SRR (Eam“o))

From formulas (12) and (13), we obtain

[Ea(Pajs,) +Ea(pas,)] "> [Eq (Pajy)] H
(HZ# [Ea(pajp,)]"

Therefore, the inequality (10) holds for n = 1.
We assume that the inequality (10) holds for N = 2"~!
For an (N +

) <

with n > 2, and prove the case of N = 2".

1)-qubit pure state pag,s,..By ,» We have EOt(pijﬂ%l

K Eg (Pa| B,) from inequality (11). Therefore,

Dl .
0< énzl 1 (pAlB)_k lﬁk,
Z] =0 (pA‘Bj)
N-1p L ZH_IE :
(Zj=0 O!(pA‘Bj)) - ijo O!(pA‘Bj)

Z?n:;rllfl Eq (pA\B/) g
x| 1+ Y- : .
Yioo Ealpas;)

Thus, we have

(ZIJL_OI Ea(pajs; )>” Z <Zil{l_1 Eq(pajs; ))ﬂ

1+k)H—1 n_ u
+ % (Zizzln—l EOC (pA‘B_/ )) .

According to the induction hypothesis, we obtain

on—1_1 H =iy ((14+k)H —1 o (4)
(E5 o)) = B ()

u
X [Ea (pA\B_,')} :
By relabeling the subsystems, the induction hypothesis leads
to

] L 2] (I+k)H—1 on(5)-1
(Zl on— 1Ea(PA\B )) > ijzn—l (k”)

X [Eoc(PA|Bj)}#

Thus, we have

(Zz” ‘g a(Pajp ))” > an:Bl <(1+Ilizll‘—1>w}1(j)

u
X {Ea (PA\B]-)}
Now consider a (2" 4 1)-qubit state
TAByB,..Bon_| = PABB,..By_ @ OBy..Byn_,» (14)

which is the tensor product of pap,s,..sy_, and an arbitrary

(2" — N)-qubit state op,,...3,, ,. We have

[E(x (LA |ByB;..Byn )} g ZZ?:OI (W) ) [Ea(m\BJ-)} g ;

where EA|B, is the two-qubit reduced density matrix of
,2" — 1. Therefore,

[Ea (TaByB, ..By )} g
X))

=2 ey

where Iy g B, .. .B,, , 1S separated to the bipartition ABy ... By
and By...Bw 1, Eq (17”3031...32,_1) — Eo (Paipos -5y, )-
Eq (I"A‘B ) —0for j=N,...
j=0,...,N—1.

Since (%)wﬁm > p®i) for y > 1, for any mul-
tiqubit state p4p,B,.-y_, We have the following relation:

_ 1\ @u(d)
[Eoc(PA\BOB....BN,1 )} o> Zﬁ:&(%) [Ea (PA|B,-)] g

>ZJ ONwH [Ea Pa|B; )}ﬂ

Therefore, our inequality (9) in Theorem 1 is always tighter

TAB,B,..By_» ] =0,1,...

[Ea(pA\BOBI...BN,l )} H=

,2"—1, and 1743}. = PaB; for each

than the inequality (5).

In fact, the tighter monogamy inequality (9) holds not
only for multiqubit systems, but also for some multipartite
higher-dimensional quantum systems, which can be proved in
a similar way as in Ref. [29]. Here, we show that inequality
(9) is also more efficient than inequality (5) for such higher-
dimensional quantum systems. Let us consider the counterex-
ample of the CKW inequality in tripartite quantum systems 3]

|W)anc = %(|123>— 132) +]231) — [213) +[312) — [321)).

15)
One has Eq(|¥)sac) = Sa(p). Taking a = 3, we have
Ea(|W)ajpc) = log3 and the ROE of the two-qubit reduced

density matrices are

1
Eo(pajp) = Ea(pac) = —Elogtraj’ =1
In the case k = 1, for u > 1, we have
1+kH* -1
= [Ea(pA\B)}uJF% [Ea(pac)]”
B (I+k)H—1 A

»n= [Ea(PA\B)}u +u [Ea(PA|C)]“ =1+pu.
Therefore, one gets

[Eoc (PA\B)]H + (H_Z# [Eoc (PA\C)} g

> [Ea(pA‘B)]H-l-,U[Eoc(pA\C)}“7
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where 1 > 1, see Fig. 1. In other words, our new monogamy
inequality is indeed tighter than the previous one given in
Ref. [29].

Fig. 1. Rényi-« entanglement with respect to u: the solid line is for y;
and the dashed line for y, from the result in Ref. [29].

Under certain conditions, the inequality (9) can even be
improved further to become a much tighter inequality.

Theorem 2 For u > 1, o > 2, and real number 0 < k < 1,
any multiqubit state p4p,...5,_, satisfies

vo1 ((T+k)H =1/ u
Eatensyan ) 2 K)o (o) [Eatoun,)]”
(16)
if
N—1
kEo(Pap;) = Zj:,-HEoc(Pij) a7
fori=0,1,...,N—2.
Proof We need to show

N— L 1N/
<JZOIE (PAB,«)> L () (o))
(18)

For any multiqubit state pag,...s,_,, itis easy to show that

YV Eq (PA|B,—)
Eq (PA\BO)

J

(N:;Ea (PAB_;)> = (Ea(pam)” |1+

Zy;ll Ea (pA\B_,)

1+
Eq (pA|BO)
B B
_— ((1 + k)M _1) 21}/:11 Eq (PA\B_,-)
- kH Eq (Pajs,)

Thus,

(£ o))

J=0

(Eo (Pajg,)" + (<1+]1;)f‘—1) CZ: Fa (pAlBJ)) #
B8 o))

0

vV

vV

where the second inequality is due to the induction hypothesis.

In fact, according to Eq. (4), for any u > 1, one has

[Ea(PAwo,.,BN,I)}“ ZE <(1+]]3fl—1)](Ea (pAlBj))u

j=0

2 (V) s |

For the case of 1t < 0, we can also derive a tighter upper
bound of Eg (Pa|sy5,...5,_, )-
Theorem 3 For any multiqubit state pap,..5,_, With
Eq(pas;) #0,i=0,1,...,N—1, we have
[Ea(PA\BOBl...BN,I)]u < ﬁ ?:01 [Ea(PA\Bj)]“ (19)
forall u <0Oand o > 2.
Proof Similar to the proof in Ref. 3! for arbitrary three-

qubit states, we have
[Ea(pA\BOBl)]H < [Eé(PAwO) ‘f'Egc(PAuel
/2
E2(paz,) "
= [E g 2220
[a(PA|BO)] ( E(%c(pA\BO)
< [Ea(PA|BO)]“a (20

where the first inequality is from y < 0, and the second in-
Eg(Pajs,)
E&(PA\BO)

)]M/2

il
equality is due to <1 + ) < 1. Moreover, we have

[Ea(Pajpos,)]" < [Ealpap,)]"- 1)
Combining inequalities (20) and (21), we obtain
1
[EOC(pA\BOB|)]H < 5{ [Ea(PA|BO)]“ + [Ea(pA\Bl)]”}'
Thus, we have
[Ea(PA\BOBl...BN,l )]”

< % {[Ea(pA\Bo)}u + [Ea(PA|Bl...BN,1)]#}

2
< %[Ea(pAwo)]ﬂ"' (;) [Ea(pajs,)]"

+ (;) 2 [Ea(PaiB,..5y )] g

< ...

2
< % [EOC(pA|BO)]H+ (;) [Ea(PA\B])]”+~~~

' @ " Etpan G) " Eutoam 1" 22

One can get a set of inequalities through the cyclic permu-
tation of the pair indices By, By,...,By—_1 in inequality (22).
Summing up these inequalities, we obtain inequality (19).

4. Tighter constraints of multiqubit entangle-
ment in terms of ReEoA

We consider now the Ro‘EoA defined in Eq. (1), and pro-
vide a class of polygamy inequalities satisfied by the multi-
qubit entanglement in terms of Ro(EoA.

070304-4
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Theorem 4 For any multiqubit state psp,.. g, _, and 0 <
u<l,0<a<?2, a#1, wehave

(1+k)H -1\ @) r

[ES (PaBo, .8y )] < Z ( ) [ 3(PA\B_,)]
(23)
Proof Similar to proof in Ref. [29], we just need to prove

EZ_OIEWMB] <Z(””‘l) " Testons,"

(24)
Firstly, assume that the qubit subsystems By, ...,By_1 satisfy
kEg(Pap;) = Eq(Pajp;.,) =0, (25)

where j =0,1,...,N—2 and 0 < k < 1. Similar to the proof

of Theorem 1, we first show that the inequality (24) holds for
a three-qubit pure state pap,p,. We have

[Egc(PA\BO) + Eg(Paja, ]“

)
= [E&(payn,)]" <” Egji)

(4R —1 (E&(pAwl))”]

IN

1+

[E% (Pajpy)] " Kk E%(Pas,)

= [E&(PA\BO)}“ + % [Egc(pA\Bl)]” ;

where the inequality is due to inequality (8).

Then we assume that the inequality (24) holds for N =
271 with n > 2. Consider the case of N = 2".
(N + 1)-qubit pure state pap,s,..sy_, With its two-qubit re-

For an

duced density matrices pap;, j =0,1,...
P n—1 . .

E}, (pA|Bj+z",1) < k¥ Ej(pajp;) due to the ordering of sub-

systems in the inequality (25). Then, we obtain

Zinznll a(pA‘Bj)
Z?n 0I7 EG, (PA|B)

(T Eatoan))
- (!

,N — 1, we have

<K <k<l,

H Zn_i 1Ea(p 'A|B ) g
Biloan) <1+ / ) -
* ! ):5 oI "E4(pa A|B j)

Hence,
N—1 K
(Zj:() Egc(pA|Bj)>
n—1_ H 1+k “_1 n u
< ( ;) 1E0¢(PAB/-)> "’%(Zz 2'1 1 Eq(Pajs; ))

According to the induction hypothesis, we obtain
2=l H
(Zj_o Egc(pABj)>
oy ((T4kE =1\ 6 u
- Z o0 [ oc(pA\B_,-)}

By relabeling the subsystems, the induction hypothesis leads

to
21— H
(Z i—on—1 E(e)lc (pA‘Bj>)
oy ((LkH—1\E)- u
=~ Z, on—1 (k“) |:E(Z(pA|Bj):|
Therefore,

(Zi BlEa (Paj3 ))u
<o (o) " [Bstous,)]"

Consider the (2" + 1)-qubit state (17). We have
[Egc (PA|BOBI...BN,1 )} H

= {E;(Q\Bogl...zzzn,l)r
- Zf:?)l (%)wm [Eg(l?;w,»)r
-y (“”fo”ﬁ(g) [Eatoun,)]

Since (Hk)

L < u for 0 < u <1, itis easy to see that
inequality (23) is tighter than inequality (6).
As an example, let us consider the three-qubit W-state!33!

1
ﬁ(\211>+|121>+|112>). (26)

:Sa(p) =

[W)apc =

We have E (|¥)apc) log3— 2 and

E&(PA\B) = Egt(f)A\C) =

Inthe case of k=1and 0 < u <1, we have

UL s (o))

+<1+],3¢Ll G)“

1 2
) logtros = 3

y3 =

&
joR}
<

Ty
o~]
=,

=

=
\®)
=

Il
/N 7N
W W

N— " ~~—

u
va = [Eg(pap)]" + 1 [E5(pac)]” = (i) (1+u).

Therefore, we obtain

[E}, (pA\B)]H + (H_Z# [E%(Paic)] g

< [Ea(PA\B)]u +u [Ea(PA\c)}u ,
where 0 < u <1, see Fig. 2.

Similar to the improvement from the inequality (9) to the
inequality (16), we can also improve the polygamy inequality
in Theorem 4. The proof is similar to that of Theorem 2.

Theorem 5 For 0 < u<1,0<a <2, a# 1, and
0 <k <1, we have for any multiqubit state pag,..5y_,»

_ J
[Eg(pA\Bo...BN,l)}u < Z;V:_Ol <(1+l]3l“1) {Eg(PA\B,-)]#>
27

070304-5
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if
N-1
kEgt(pAlB,) 2 Zj:l‘+1E(£)lt(pA|Bj) (28)
fori=0,1,...,N—2.
Since wy(j) < j, for 0 < p < 1 we obtain

[Egc(PA\BO...BN,I )]# < Nil <(1+]]:3#_1> ! (E; (PA|B,))“

Jj=0

et (k) =1\ @) u
< ijo (k# {Egc(pA\Bj )}
Therefore, for any multiqubit state pap,..s,_, satisfying the

condition (28), the inequality (27) of Theorem 5 is tighter than
the inequality (23) of Theorem 4.

1.35
1.30 P
1.25¢ -7

1.20¢F e

1.15¢ e

1.10F e

1.05F .7

Fig. 2. Rényi-o entanglement y with respect to p: the solid line is for
y3 and the dashed line for y4 from the result in Ref. [29].

5. Conclusion

Quantum entanglement is the essential resource in quan-
tum information. The monogamy and polygamy relations
characterize the entanglement distributions in the multipartite
systems. Tighter monogamy and polygamy inequalities give
finer characterization of the entanglement distribution. In this
article, by using the Hamming weights of binary vectors we
have proposed a class of monogamy inequalities related to the
U-th power of the entanglement measure based on Rényi-o
entropy, polygamy relations in terms of the u-th powered of
RaEoA for 0 < u < 1. These new monogamy and polygamy
relations are shown to be tighter than the existing ones. More-
over, it has been shown that our monogamy inequality is effec-

tive for the counterexamples of the CKW monogamy inequal-
ity in higher-dimensional systems. Our results may motivate
further investigations on the entanglement distribution in mul-
tipartite systems.
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