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We theoretically study the reversible process of quantum entanglement state by means of weak measurement and
corresponding reversible operation. We present a protocol of the reversion operation in two bodies based on the theory of
reversion of single photon and then expend it in quantum communication channels. The theoretical results demonstrate
that the protocol does not break the information transmission after a weak measurement and a reversible measurement
with the subsequent process in the transmission path. It can reverse the perturbed entanglement intensity evolution to its
original state. Under the condition of different weak measurement intensity the protocol can reverse the perturbed quantum
entanglement system perfectly. In the process we can get the classical information described by information gain from the
quantum system through weak measurement operation. On the other hand, in order to realize complete reversibility, the
classical information of the quantum entanglement system must obey a limited range we present in this paper in the reverse

process.
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1. Introduction

The no-cloning theorem prohibits the arbitrary copy-
ing of quantum states because of the linearity of quantum
mechanics.!!! This seems difficult to obtain some informa-
tion from quantum communication (QC) process in another
way.”"1?! In quantum information fields it is of challenge how
to get some information from QC without destroying its trans-

13-191 and re-

mission process. However, weak measurement!
versing operation may make it possible to solve the above
problem. A scheme of reversion of a weak-measurement
quantum system for a photonic qubit and finite photo num-

15201 and then a tight bound was present

ber was established, !
between information gain and reversibility in weak measure-
ment and it testifis that the information extracted from a weak
measurement is erased by the reversing process.?! If the tech-
niques can be applied in QC process, we may obtain some in-
formation from QC and it does not destroy the normal commu-
nication process. Although quantum entanglement state guar-
antees high confidentiality by the quantum no-cloning theorem
in the process of QC, if we do not copy or destroy the quan-
tum entanglement state, whether we can get some information
from the QC process will be the focus problem of our concern.
We hope that the techniques investigated in this paper can be
used in the QC process. A quantum system can not be recov-
ered to its initial state after projection measurement. It makes
the initial state collapse to one of the eigenstates irrevocably.

DOI: 10.1088/1674-1056/ab8c3e

If a weak measurement acts on a quantum system, it can be re-
versed to the original state by a successful reversing operation
and the information extracted from a weak measurement can
be erased by reversibility operation. How much weak mea-
surement intensity can be sustained for quantum system with-
out affect QC process and whether it can achieve completely
reversible operation of quantum entanglement states are the
problems of our concern in this paper.

In QC and quantum information, entanglement state
plays a crucial role. However, environment effects on a en-
tanglement system make its entanglement intensity decline
rapidly.[?>-%6] Although there are several ways to increase its

intensity, [27-30]

we can well perform QC process if the ini-
tial entanglement state has strong capacity of resisting distur-
bance. Thus, selecting high quality entanglement state is also
a significative work. Therefore, several important problems
need to be discussed: whether weak measurement and revers-
ing operation can be applied in QC process perfectly, whether
there is a bound to restrict the weak measurement intensity and
how to select a high quality entanglement state.

In this paper, we study the reversion of a perturbed
entanglement system and provide a protocol by use of the
scheme of QC and the double Jaynes—Cummings (D-J-C)
model.[>1-33] We demonstrate the feasibility of the reversing
weak-measurement quantum system in QC process, and de-
rive the condition of complete reversibility of multi-part en-
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tanglement channels. There is contradiction between weak
measurement intensity and complete reversibility: the more
the entangled particles we have, the less the classical informa-
tion will be obtained. We give a scheme of identifying dual or
triple quantum entanglement states and it can be extend to a
multiple entanglement system.

This paper is organized as follows. In Section 2 we pro-
vide a resource of entanglement state as the QC channel and
establish a protocol of how to reverse the weak-measurement
quantum system in QC process. In Section 3, as an example
of Bell’s entanglement state, we analyze the entanglement in-
tensity if it can revive to its original value after weak measure-
ment and reverse operation and the relation of reversibility and
the number of entanglement particles. In Section 4 we draw a
conclusion from the present study.

2. Reversible operation method of single photon

As it is known that QC transfers an unknown quan-
tum state from one location to a distant one based on the
quantum no-cloning theorem by use of non-local correlation

of entanglement and classical means,!3-1°]

as an example of
QC, can teleport quantum state from here to there without
any trajectory in space using pre-established entanglement as
a channel.>*!1121 The scheme of quantum teleportation is

shown in Fig. 1.

classical path

eatanglement resourcel

Fig. 1. The principles of quantum teleportation. The sender A and
the receiver B share the entangled pair of qubits as a quantum channel
provided by entanglement equipment from path 1 and path 2. Sender
A performs a joint Bell-state measurement on the initial particle and
projects them onto an entangled state, and then send the result of the
measurement to receiver B by classical path. Finally receiver B per-
forms a unitary transformation to the particle in the initial state.

Based on the above scheme, our constructions of rever-
sion of quantum entanglement state also rely on the theory
of reversion of single photonic qubit.[??!] We will thus first
briefly review certain definitions and properties related to re-
version of a photonic qubit, such as weak measurement, re-
version operation, information gain, reversibility. Quantum
measurement is an indispensable part of QC and weak mea-
surement is another focus of attention.!'*! The main point of
weak measurement is valid and its essential part is a detector.
It has also been regarded as a role in reformulating quantum
theory.[** The projection operator measurements make quan-
tum state collapse to one of the eigenstates and the initial state

can never be recovered after the projection measurement. If
a weak measurement is made in path 1 or path 2 and a re-
versing operation is made subsequently, then we can reverse
the weak-measurement quantum system. It is feasible to ob-
tain the information from QC process that does not impact the
subsequent QC by reverse operation, and it is possible to re-
verse the partial measurement-induced state collapse that can
be served as a probabilistic quantum error correction.20-3]
Weak measurement, different from orthogonal projection mea-
surement, is not sharp and its outcome is not precise but nev-
ertheless reveals some information about the system. The in-
formation of the initial state can pass over to the final state
because the weak measurement does not totally collapse the
system.[!1>:16] The reversibility of a photonic qubit is discussed
in Ref. [20]. A detector of weak measurement clicks with a
probability 7 if the qubit is in the state |1) and never clicks if
the qubit is in the state |0). From the result of the detector we
can get some partial information about the initial state, which
can be used to guess the initial state. If make a normal projec-
tion measurement on the detector by the measurement opera-
tor A = \/n|1)(1], the input state will collapse to the state |1)
irrevocably. If the detector has not clicked, the measurement
operator can be written as

= 10)0[+ /1T =n[1){1]. M

It is precisely a weak measurement and the two measurement
operators satisfy the completeness relation ATA +B1tB = 1,
where 7 is defined as the probability of detecting |1) state.
When the state is operated by B, it will collapse partially and
can be retrieved. Under this condition, the input state collapses
partially and can be retrieved by the measurement operator of
the detector,

B, =[1)(1] ++/1-1]0){0]. 2

In order to investigate the bound of weak measurement in QC
process, we employ the theory of balance between informa-
tion gain and reversibility in weak measurement to research
the condition of completely reversible operation. The infor-
mation gain is defined as the measure of maximal value of the
mean estimation fidelity*®! and it is quantitatively expressed
as

G = - (a+ L (3)?) 3
max d(d+1) = )

where A is the maximal singular value of measurement oper-
ators acting on d x d Hilbert space and the singular values A,
satisfy YV | ¥4 1(A7)? = d, the index r indicates the obtained
classical 1nf0rmat10n through an ideal measurement by a set of
operators {A, | r=1,...,N}, satisfying the completeness re-
lation YV, A,'A, = 1. The range of information gain is scaled
as
2

SGmaxgd_'_l

“

U=
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Reversibility is defined as the maximal mean value of reversal
probability over all the outcomes r,

N
Pey = max Z Pey(r)P

r=1

N
Z/”Ldl, 5)

where P(r,|y)) = <w|14, AA,|VI> is the probability of out-
come 1 and P (IIWRVIWP = InP/P(1v)) <
(A5 )?/P(r,ly)). R is a subsequent measurement of rever-
sal operator after the first measurement A,. RVA, |y) = n,|y)
and 1, is a nonzero complex number. The maximum value
Pey = 1 is obtained by a unitary operation and Py = 0 is
given by a von Neumann measurement. The trade-off relation,
between the information gain and reversibility, is a bound
inequality, which was described in Ref. [21],

d(d+1)Gmax + (d —1)Prey < 2d, 6)

where 1/d < Gpax <2/(d+1). As an example, the trade-off

relation of a two-level qubit is

6Gmax + Py = 4. (7)

3. Scheme of reversible operation for two-body
entanglement state

Combined the above model and theories, we investigate
revering weak-measurement quantum entanglement state in
quantum communication. We employ the reversible opera-
tion and quantum communication scheme to investigate the
reversibility of quantum entanglement intensity in the process
of information transfer. If we make a weak measurement on
the transmission path 1 or path 2 and then make a reversible
measurement on the subsequent process, we can get some in-
formation about the system and do not impact the information
transmission. In order to explore whether it can reverse per-
turbed two-body entanglement intensity to its initial state, we
make use of the double Jaynes—Cummings model®!! to an-
alyze feasibility of revering process. It is convenient to an-
alyze the reversion of two particle entanglement state and to
apply the protocol into quantum communication by using this
model. In the propagation path 1 or path 2, we embed two
vacuum cavities in proper order, conveniently for the task of
weak measurement and reversible measurement, as shown in
Fig. 2.

propagation

bath 1 _’l cavity 1 | —}l cavity 3 | —}lsender A |

ropagation
P I[))a%h 9 —}l cavity 2 |—P| cavity 4 |—’| receiver B |
Fig. 2. Scheme of reversibility of entangled system. Employed by the
D-J-C model to investigate the reversibility of entanglement system af-
ter weak measurement and reversible operation. Cavities 1 and 2 form
a D-J-C model. Cavities 3 and 4 form the other D-J-C model. We only
select one path to perform the process. Such as path 1, in cavity 1 we
place a detector to make a weak measurement and subsequently make
reversible operation in cavity 3.

Firstly, let us assume that atoms A and B are entangled
and identical from the entanglement resource, taking one of
Bell’s type entanglement states as initial state

|®(0))aB = (a|01) + B[10))aB- ®)

The entangled pair propagates by path 1 and path 2 respec-
tively. At time 7 in the cavity, the evolution of the state reads

|®(1)) = (c1(2)|00)aB + c2(2)[01) AB
+C3(l)‘10>AB+C4(I)‘]1>AB)®|O>. ©)]

Each of the cavities has been assumed to be identical and dis-
connected. Under the condition we can get the evolution char-
acteristic by the D-J-C model through solving the Schrodinger
equation in the interaction picture

H;| (1)) = idh| (1)) (10)

Here H; = gY7_,(6'a™ + 6~ a"); g denotes intensity of cou-

pling effects between atom and cavity; o' = [1)(0], 6~ =

[0)(1|, |1} and |0) represent the excited state and ground state
of atoms; a and a' are the annihilation and creation operators
of the cavity field. The atom—cavity coupling strength is de-
noted by g.

Then suppose that a weak measurement is operated by B
in cavity 1, as Fig. 2 indicated in path 1. The evolution state
becomes

|@1 (1)) = B|D(1))
= (c1(2)]|00)aB + c2(£)|01) AR + /1 — Mc3(¢)[10) aB
+v/1=nca(t)[11)aB) ®10). (11

Subsequently the reversible operation is made by B, in cavity
3 corresponding to the state P (¢),

|D2(1)) = B, |1 (1))
= (v/T=1¢1(£)|00)aB + /1 —Nca2(1)[01) A
1 —1nc3(1)[10) AR
1 —ncya(t)[11)aB) @ 0). (12)

Finally, we calculate the entanglement intensity of the ini-
tial state and the state after reversible operation by the entan-

[37-39]

glement negativity of the quantum system, which can be

expressed as
N(p) = —2max{0,XA; }, 13)

where A, represents the negative eigenvalues of the partial
transpose of the density matrix p and N € [0, 1]. The reduced
density matrix of two atoms is obtained by tracing the light
field, then we can transpose one atom of the reduced density

matrix to get partial transpose matrix and calculate N(p).

074202-3
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Combined with the above formulas, the negativity of en-
tanglement state after weak measurement and reversible oper-
ation can be obtained. Here we consider the maximum entan-
glement state |®(0))ap = (1/1/2]00) +1/1/2|11))4p as the
initial state for the sake of convenience. The calculation of
mathematical analysis is shown in Figs. 3 and 4.

The formulas of negativity of initial quantum system is as
follows:

Ni(p) = —%[sin (2g1)]*(cos 6 +sinB)?
+(4[cos (2g1)]*(cos 0)?(sin 0)?

1
~3 [sin (4gt)]?(sin 6)?(cos 8 +sin 6)>

+%[Sin(th)]“(cosG+sin9)4)%. (14)

The formulas of negativity of the weak-measurement
quantum system is

No(p) = —%[sin (281)]2(cos 6 +sin 6)?

(41— 1)2feos (260)]*(cos 6)2 (sin6)°
— 31— m)eos (261 [sin (250)]
x (sin@)*(cos O +sin 6)*

1
+glsin (281)]*(cos 6 +sin 8)*)!/2. (15)
Here Nj(p) and N»(p) correspond to the initial and weak-
measured maximum entanglement states, as shown in Fig. 3;
1 = 0 means the initial state and 17 = 1 means the strong mea-
surement (such as von Neumann measurement).

1.0
0.8F,
0.6
0.4 1!

0.2F '\'1

Fig. 3. The evolution of quantum entanglement state (|P(0))ap =
(v/1/2]00) + \/1/2|11))ap) by different intensity weak measurements
(n =0,0.3,0.5,0.7). The full line shows the evolution of the parameter
n = 0. The imaginary line displays the evolution of the parameter n = 0.3.
The dotted line and dot-dashed lines reveal the evolutions of 7 = 0.5 and
n=0.7.

The formulas of reversed negativity of the weak-
measurement quantum system is

Ni(p) = —%[sin(2gt)]2(cos9+sin6)2

+ 4(1\[_217)((—1 + n)2(32[cos (ng)]4(c0s 9)2(sin 6)2
— [sin (4gf)]2(sin 9)2(00s 0+ sin 9)2

+ [sin (2gr)]*(cos 6 + sin8)*)) 2, (16)

as shown in Fig. 4.

1.0
- n=0.3
0.8} --n=05
—-=n=0.7
0.6}
2
0.4}
0.2}
0 .
0 1 2 3

gt
Fig. 4. The evolution of different intensity (n = 0,0.3,0.5,0.7) weak-
measured quantum entanglement state (|®(0))ap = (1/1/2]00) +

\/1/2|11))ap) after reversal operation. The one line means that the
corresponding reversible operation reverse the entanglement intensity
of quantum system to its initial state after different weak measurement
intensities.

Figure 4 denotes the evolution of negativity of the initial
quantum system and after reversible operation. The evolution
line means that the corresponding reversible operation can re-
verse the entanglement intensity of quantum system after weak
measurement perfectly. Relying on the analysis we find that
the entanglement intensity recovers to its maximum value the-
oretically in the range of n € (0, 1) after proper reversible op-
eration on the system. The results indicate that the techniques
of reversion for a photonic qubit by weak measurement can re-
verse entanglement intensity to its initial state through numer-
ical analysis. When 711 = 1, the operation is a von Neumann
measurement and at the same time the entanglement intensity
of the state collapses to zero and cannot to be reversed under
this condition.

However, the system is limited by the relation of infor-
mation gain and reversibility, in order to achieve complete
reversibility, it must satisfy Gpax < 1/4 of two-body entan-
glement state and the multi-body entanglement state should
satisfy Gpax < 1/2" for the n-particle entanglement system.
In order to ensure the complete reversibility of the entangle-
ment system, the weak measurement intensity must be limited
within a certain range. On the other hand, based on the bal-
ance between information gain and reversibility, in order to get
the information, the two-body quantum entanglement system
should obey the relation 200G, + 3Py < 8. Under the condi-
tion Py = 0, the information gain is Gpmax = 2/5. When Py =
1, Gmax = 1/4. In the range of 1/4 < Gpnax < 2/5, we can
achieve partial reversibility of the entangled system. In order

074202-4
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to achieve complete reversibility, it must satisfy Gmax < 1/4.
In a similar way, the information gain must satisfy Gpax < 1/8
for the three-body entanglement system and it should satisfy
Gmax < 1/2" for the n-particle entanglement system. That is
to say, under the condition of complete reversibility, we will
get less information as the number of particle entanglement
increases.

From the above discussion, we can draw a conclusion that
for an n-particle entanglement system after weak measurement
the condition to realize complete reversibility is

Gmax < 1/2", (17)
the condition to realize complete irreversibility is
Gmax >2/(2"+1), (18)
and
1/2" < Gmax <2/(2"+1) (19)

is the condition to realize non-complete reversibility. The
more the entangled particles we have, the less the classical
information will be obtained under the condition of complete
reversibility.

4. Conclusions

We transfer the reversibility scheme of a single photon to
the reversibility analysis of an entanglement system. Based
on the theory of the D-J-C model and weak measurement op-
eration, the reversibility of two-body entanglement is stud-
ied by taking Bell’s type entanglement state as an example.
The result indicates that entanglement intensity of the weak-
measurement quantum entanglement system can be reversed
to its initial state. However it is limited by the relation of in-
formation gain and reversibility. In order to achieve complete
reversibility, it must satisfy Gpax < 1/4 of the two-body en-
tanglement state and the multi-body entanglement state should
satisfy Gpax < 1/2" for n-particle entanglement system. Thus
in order to ensure the complete reversibility of the entangle-
ment system, the weak measurement intensity must be lim-
ited within a certain range. In addition, under the protocol of
the above discussion, we can get some classical information
about the quantum system by weak measurement. Here we
only investigate the reversion of a weak-measurement entan-
glement system by one of the D-J-C model paths. We will
continue to make further study considering both paths. It is

wonder whether it is useful to apply in QC, and further analy-
sis is needed for the connection between information gain and
quantum entanglement systems.
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