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We report capacitive coupling induced Kondo–Fano (K–F) interference in a double quantum dot (DQD) by systemati-
cally investigating its low-temperature properties on the basis of hierarchical equations of motion evaluations. We show that
the interdot capacitive coupling U12 splits the singly-occupied (S-O) state in quantum dot 1 (QD1) into three quasi-particle
substates: the unshifted S-O0 substate, and elevated S-O1 and S-O2. As U12 increases, S-O2 and S-O1 successively cross
through the Kondo resonance state at the Fermi level (ω = 0), resulting in the so-called Kondo-I (KI), K–F, and Kondo-II
(KII) regimes. While both the KI and KII regimes have the conventional Kondo resonance properties, remarkable Kondo–
Fano interference features are shown in the K–F regime. In the view of scattering, we propose that the phase shift η(ω)
is suitable for analysis of the Kondo–Fano interference. We present a general approach for calculating η(ω) and applying
it to the DQD in the K–F regime where the two maxima of η(ω = 0) characterize the interferences between the Kondo
resonance state and S-O2 and S-O1 substates, respectively.

Keywords: Kondo effect, Fano effect, quantum dot, capacitive coupling
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1. Introduction

Kondo resonance is a many-body process corresponding
to a localized magnetic moment screened by itinerant elec-
trons. It was originally proposed to explain the abnormal
increase of resistance at low temperature in metals with di-
lute magnetic impurities.[1] Approximately 20 years ago, the
Kondo effect was unveiled in a quantum dot (QD) system; this
system was shown to provide a flexible and controllable phys-
ical implementation of the Kondo effect.[2] For a QD system
in the Coulomb blockade regime, when the temperature T is
below the characteristic temperature TK, a sharp peak appears
at the Fermi level 𝜖F in the spectral function of the system with
an odd-number of localized electrons.[3]

Theoretically, a Kondo peak with particle–hole symmetry
in the spectral function has the following three features: the
height is 1/πΓ (Γ is the hybrid function) at zero temperature
and decreases as the temperature increases, the width is pro-
portional to TK, and the lineshape can be fitted by a Lorentz
profile.[3,4] However, in experimental conditions, the Kondo
resonant peak may be affected by other channels and taken on
an asymmetric lineshape. Li et al. reported an asymmetric
Kondo resonant peak in a magnetic impurity embedded within
the first atomic surface layer and attributed it to destructive
Kondo–Fano (K–F) interference therein.[5] Subsequently, oth-
ers have reported experimental Kondo resonance line-shapes

that are asymmetric due to K–F interference.[6–8]

The K–F interference plays an important role in side-
coupled double quantum dots (DQDs). For example, Sasaaki
et al. observed a Fano resonance that arose from the inter-
ference between discrete levels in one dot and the Kondo ef-
fect in the other dot as a continuum.[8] They proved that the
Kondo resonance is partially suppressed by destructive Fano
interference, indicating the presence of a novel Fano–Kondo
competition. Later theory work by Z̆itko et al. suggested that
this phenomenon could be interpreted as a two-stage Kondo
effect.[9]

Both the aforementioned experiment and theory on side-
coupled DQDs have focused on the interdot tunneling cou-
pling that directly mixes discrete and continuous levels. There
could be other interactions that induce K–F interference in
side-coupled DQDs. Such interactions would result in some
interesting new spectral features. This issue is the main moti-
vation of the present work.

In general DQDs, there are two basic kinds of interdot in-
teractions. One is the tunneling type that can be described with
the transfer coupling parameter, This type is related to the two-
channel Kondo effects,[10,11] two-stage Kondo effects,[9,12–18]

and others. The other interaction type is the capacitive type,
and can be described by interdot Coulomb repulsion. This
interaction is responsible for the single-electron switch and
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other transport properties.[19–28] Hatano et al. recognized
that capacitive Coulomb repulsion strongly affects charging
diagrams[29] and Ruiz–Tijerina et al. treated it as an effective
means of gating.[30] However, the possible K–F interference
due to capacitive interactions has not been discussed previ-
ously.

In this work, the capacitive coupling induced K–F inter-
ference will be elucidated with a representative side-coupled
DQD under quantum transport, as depicted in Fig. 1(a). The
Hamiltonian for the isolated DQD is

Hsys = 𝜖d ∑
us

n̂us +U ∑
u

n̂u↑n̂u↓+U12n̂1n̂2, (1)

where n̂us = d̂†
usd̂us represents the electron occupation opera-

tor on dot u = 1,2, with spin s =↑,↓. We set 𝜖us = 𝜖d for the
on-dot energy. d̂†

us and d̂us are the creation and annihilation
operators for an electron in the dot-system state. U and U12

denote the intradot and interdot Coulomb interaction parame-
ters, respectively.

To focus on the capacitive coupling interaction, we set
the interdot tunneling coupling to be zero as shown in Fig. 1.
We justify this approximation via a prior report showing that
experimentally, the tunneling coupling can be weak enough
to be neglected.[25] Further, a similar approximation has been
adopted previously by other researchers.[31] In the absence of
tunneling coupling, there is only one transport path (L–QD1–
R) left for electrons; this path completely avoids the multiple-
channel complication. We have also validated our results in
the weak tunneling regime.

QD1

QD1QD1

S-O
S-O0

D-O0

D-O1

D-O2

S-O1

S-O2

D-O
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Fig. 1. (a) Schematic of the capacitively side-coupled DQD, where QD1
and QD2 couple with each other through the interdot Coulomb interaction
U12, but only QD1 couples directly to reservoirs L and R with hybridization
ΓL and ΓR, respectively. (b) Schematic view of the removal of degeneracy
to the S-O (singly-occupied) and D-O (doubly-occupied) states by U12. At
very low temperature, the S-O2 and S-O1 substates go through 𝜖F as U12 in-
creases, and then interact with the Kondo resonance to induce Kondo–Fano
interference.

Krychowski et al. studied the capacitive coupling effect
without tunneling coupling using finite-U slave-boson mean-
field theory (SBMFT).[32] SBMFT can qualitatively describe

features of the Fermi-liquid ground state, but it does not simu-
late Hubbard peaks in spectral functions; thus, cannot yet de-
scribe K–F interference. As will be demonstrated, the shift
of Hubbard peaks and their interplay with the Kondo peak
play essential roles in K–F interference which is the main con-
cern of the present work. Therefore, rather than SBMFT, we
have adopted the hierarchical equations of motion (HEOM)
approach, which is a powerful method for universal charac-
terization of strongly correlated impurity systems. HEOM
is especially useful for describing both Kondo and Hubbard
peaks.[4,33]

The phase shift η(ω) is essential to describing the K–F
interference. According to standard scattering theory, η(ω)

directly relates to the scattering core (T matrix) T (ω) by[3]

η(ω) = Arg det[T (ω)]. (2)

In theory, the phase shift can be obtained by different meth-
ods and parameter limits.[34] In the local moment regime with
half-occupation of each spin, η(ω) = π/2 as a Fermi-liquid
feature of Kondo scattering.[3]

In a single QD system, the change in the phase shift due
to the K–F interference was first noticed by Luo et al. when
they investigated the interference between Kondo resonance
and the broadened QD level in the mixed valence regime.[35]

To avoid the difficult calculation, Luo et al. suggested a sim-
ple form of T (ω) from Kondo scattering; they found that this
phase shift is necessary to accurately reproduce the results of
scanning tunneling microscopic experiments.[36] Since then,
the phase shift has been widely used in literature, but only as
a fitting parameter. In the present paper, we present a gen-
eral approach to calculate η(ω) accurately, and then apply it
to thoroughly investigate K–F interference in a DQD, where
charge and spin degrees of freedom strongly interact with each
other.

In the next section, we introduce the model Hamilto-
nian and the relevant parameters. Following, we demon-
strate the three regimes (Kondo-I, Kondo–Fano, and Kondo-
II regimes), characterized by different features of spectral
A(ω), phase shift of K–F interference η(ω), and asymme-
try function qd(ω). We discuss these regimes separately in
three subsections. Moreover, we compare the results obtained
from differential conductance measurements. Finally, we con-
clude this work. We briefly describe our HEOM approach in
Appendix A, emphasize the calculation of Green’s function
in Appendix B, and present an understanding of the ‘back-
ground’ in Appendix C.

2. Model and Hamiltonian
The total system-plus-reservoir composite Hamiltonian

reads Htotal = Hsys + Hres + Hsys-res. For the model DQD of
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Fig. 1 in this study, the other two parts can be written as

Hres = ∑
α=L,R

∑
ks
𝜖αksĉ

†
αksĉαks, (3)

Hsys-res = ∑
α=L,R

∑
ks

Γα(d̂
†
1sĉαks + ĉ†

αksd̂1s), (4)

where ĉ†
αks and ĉαks are the creation and annihila-

tion operators in the specified reservoir state, with en-
ergy 𝜖αks. The dot system linearly couples with
a reservoir by Γα , with transport path of L–QD1–R.
In the HEOM method, we calculate Dαuvs(ω) by the
definition Dαuvs(ω) ≡ 1

2π

∫
∞

−∞
dτ e iωτ⟨{ f̂αus(τ), f̂ †

αvs(0)}⟩res,
where f̂αus and f̂ †

αvs are the reservoir operators defined
by f̂αus(τ) ≡ e iHα τ(∑k∈α tαkuĉαks)e−iHα τ and f̂ †

αus(τ) ≡
e iHα τ(∑k∈α t*

αkuĉ†
αks)e−iHα τ . In practice, we choose the

initial input of the reservoir spectral density function as
Dαuvs(ω) = δuvΓαW 2

α/[(ω −µα)
2 +W 2

α ], with effective dot–
reservoir coupling of Γα (see Fig. 1), a width of the con-
duction band of Wα in the α-reservoir, and the chemical po-
tential µα . Of note, Γα is the aforementioned hybridization,
Γα = π(tα)2ρα , where ρα is the density of states of the reser-
voir α at its Fermi level (or chemical potential). Here, we set
the equilibrium Fermi energy to be 𝜖F = µ

eq
α = 0. In the pres-

ence of bias voltage, µL −µR =V .

According to Dyson’s equation in the textbook scattering
theory

G+(ω) = G+
0 (ω)+G+

0 (ω)T (ω)G+
0 (ω), (5)

where the retarded Green’s function G+(ω), the background
part G+

0 (ω), and the scattering core T (ω) are all complex
functions. It is apparent that T (ω) contains all the informa-
tion of the scattering process from the initial state G+

0 to the
final state G+. T (ω) directly relates to the phase shift through
Eq. (2).

By using the HEOM approach, we can obtain any re-
tarded Green’s function of the DQDs numerically (cf. Ap-
pendix B). We use G(ω) to represent the retarded Green’s
function of QD1, while ignoring the spin index due to the spin-
degeneracy. Then, T (ω) can be calculated accurately from
Eq. (5)

T (ω) = G−1
0 (ω)G(ω)G−1

0 (ω)−G−1
0 (ω), (6)

and accordingly, the phase shift η(ω) can be obtained from
Eq. (2).

Another important physics quantity that we describe in
this report is Fano’s asymmetric function. The existence of
interdot Coulomb interaction U12 will affect the single QD
Kondo scattering and lead to the K–F effect. As proved in
Ref. [35], there is a convenient way to illustrate the resultant

asymmetric line shape only using the scattering background

qd(ω)≡−
ReG+

0 (ω)

ImG+
0 (ω)

, (7)

where qd(ω) is the asymmetric function of interest. Note that
qd(ω) is different from the conventional Fano parameter q.
Since q cannot be obtained from our HEOM approach, we
choose qd(ω) by following the literature definition. We will
discuss this point later.

In this work, we are interested in a DQD [see Fig. 1(a)]
with particle–hole symmetry (𝜖d = −U/2) and the fixed pa-
rameters ΓL = ΓR = 0.5Γ , in units of Γ = 0.4 meV, U =

2.0 meV and WL = WR = 10Γ (W is the bandwidth of the
reservoirs). We compare the results at low temperature (T =

0.02 meV ≪ TK) and high temperature (T = 0.3 meV ≫ TK),
where the reference TK ≈ 0.12 meV from U12 = 0 scenario by

an analysis expression TK =
√

UΓ

2 e−πU/8Γ+πΓ /2U in Ref. [3].

3. Three regimes
3.1. Overall features

Now we examine the effect of capacitive interdot cou-
pling, U12, on the spectral function of QD1, A(ω), evaluated
via the HEOM implementation of linear response theory.[4,37]

As a reference, we have derived the Green’s function of
the isolated DQD [cf. Eq. (C1)] and plotted the positions of its
poles in Fig. 2(a) with yellow lines. We observe that U12 splits
the individual S-O and D-O states into three quasi-particles
substates {S-O0, S-O1, S-O2} and {D-O0, D-O1, D-O2}, re-
spectively. The resultant Hubbard peaks, S-Om and D-Om, are
centered at about ω = 𝜖d +mU12 and ω = 𝜖d +U +mU12.

(a) at T=0.3 meV

0 0.2
-4

-2

0

2

4

0.4 0.6 0.8

U12/U U12/U

1.0 0 0.2 0.4 0.6 0.8

0

0.5

1.0

1.0

(b) at T=0.02 meV A↼ω↽/↼/πΓ↽

ω
/
Γ

KI KIIK-F

Fig. 2. (a) Color-scale plot of local spectral density of QD1, A(ω), varying
with the capacitive interdot coupling U12, at the strong-hybridization (Γ =
0.4 meV) high-temperature (T = 0.3 meV ≫ TK) regime. (b) Color-scale
plot of A(ω) varying with U12 at the strong-hybridization, low-temperature
(T = 0.02 meV ≪ TK) regime..

Figure 2(a) depicts the variance of the local spectral den-
sity of QD1 in color-scale, A(ω), with the capacitive inter-
dot coupling, U12, at the strong-hybridization (Γ = 0.4 meV),
high-temperature (T = 0.3 meV ≫ TK) regime. Generally, the
numerical result matches well with the analytical one. The
peaks in the color-scale plot of Fig. 2(a) correspond to the
poles in Eq. (C1).
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Figure 2(b) shows the A(ω) at low-temperature, T =

0.02 meV ≪ TK, with the same hybridization Γ = 0.4 meV
as that shown in Fig. 2(a). In this regime, the strong corre-
lation quantum effect dominates. Moreover, QD1 contains a
localized magnetic moment, with strong coupling to the elec-
tron reservoirs at T ≪ TK. The Kondo singlet state emerges
at the Fermi level 𝜖F, resulting in a resonant peak at ω = 0.
Meanwhile, the capacitive interdot coupling U12 removes the
degeneracy in the individual S-O and D-O states of the isolated
QD1. The aforementioned elevated S-O2 and S-O1 substates
go through the Fermi level successively, as U12 increases. In
particular, when the S-O2 or S-O1 substates appear near 𝜖F, the
Kondo resonant peak in A(ω) becomes asymmetric, due to the
underlying Fano interference.

Therefore, the capacitively side-coupled DQD at T ≪ TK

experiences three distinct Kondo regimes, corresponding to
the relative value of U12 with respect to the intradot Coulomb
coupling strength U . For the particle–hole symmetry (𝜖d =

−U/2) in the DQD examined here, these three regimes are di-
vided by the vertical-dashed lines in Fig. 2(b): the Kondo-I
(KI) regime (U12 < 0.1U), where the interdot Coulomb cou-
pling has little effect, the Kondo–Fano (K–F) regime (0.1U ≤
U12 ≤ 0.6U), where the S-O2 and S-O1 substates significantly
interfere with the Kondo state; and the Kondo-II (KII) regime
(U12 > 0.6U), where the S-O2 and S-O1 substates are elevated
above the Fermi level and the S-O0 substate supports Kondo
resonance.

The only difference between Figs. 2(a) and 2(b) occurs
when the temperature is far above or below TK, indicating
there is a hallmark around the Fermi level without or with the
Kondo effect. Since the scattering matrix carries the informa-
tion about the Kondo effect [cf. the K–F regime] we are able
to regard Fig. 2(a) as the background of Fig. 2(b).

3.2. The Kondo-I regime

In the KI regime, A(ω) has a three-peak structure, as
demonstrated in Fig. 3(a). The middle peak is a Kondo reso-
nant peak having a symmetric line shape with width ∼ 1.75Γ

[cf. Fig. 2(b)] that disappears at high-T [cf. Fig. 2(a)]. U12 in
the KI regime is so small that it is difficult to resolve the S-O or
D-O substates. The three-peak structure contains an S-O state
below 𝜖F, a D-O state located symmetrically above 𝜖F, and a
Kondo resonant state at 𝜖F. Figure 3(b) emphasizes the Kondo
peaks at U12 = 0 and 0.05U . There is little difference between
these two peaks in either height or width. We propose that
A(ω) keeps its three-peak structure, much like a single QD,
when U12 is small.

(a) (b)U=0

U=0.05U

U=0

U=0.05U

-5.0 -2.5 0 2.5 5.0

ω/Γ ω/Γ

-0.5

0.5

0

1.0

0 0.5

A
↼ω
↽/
↼
/
π
Γ
↽

Fig. 3. (a) The three-peak structure consists of, from left to right, the S-O
state, the Kondo resonant state, and the D-O state. Here 𝜖d = −2.5Γ and
𝜖d +U = 2.5Γ . (b) Details of the Kondo resonant state around the Fermi
level.

3.3. The Kondo–Fano regime

Further increasing U12 drives the symmetric Kondo peak
in A(ω) to gradually change into an asymmetric Kondo–Fano
peak, indicating that the DQD has entered the K–F regime.
Figures 4(a)–4(c) plot A(ω) in the vicinity of 𝜖F in the K–
F regime. When U12 grows larger than U12 = 0, the highest
point of A(ω) moves away from ω = 0 in the same direction
as S-Om, {m = 1,2}. This phenomenon (the S-O state driving
the highest point of A(ω) higher) is clear in a single QD,[2] but
has not been investigated in the S-O substates of a DQD.

In Fig. 4(d), A(ω = 0) increases (constructive interfer-
ence), decreases (competition), and then falls below its orig-
inal height (destructive interference). This is due to interfer-
ence, not simple superposition, as evidenced by distinct asym-
metry.

Figure 4(a) shows in detail the constructive interference
of the Kondo resonant peak caused by interference from the
S-O2 substate. A(ω = 0) reaches its maximum when the S-O2

state arrives at 𝜖F. It has been demonstrated that this K–F con-
structive interference is not due to other effects, such as the t-
enhanced Kondo effect.[38] Figure 4(b) demonstrates a feature
due to competition between constructive and destructive inter-
ferences of the Kondo resonant peak. This competition occurs
because while the S-O1 state is about appearing, the S-O2 state
still has an effect around the Fermi level. At U12 = 0.4, the
S-O1 state arrives at 𝜖F and becomes dominant. Figure 4(c)
shows the destructive interference of the Kondo resonant peak
caused by interference from the S-O1 state. A kink appears at
ω = 0, taking the place of the peak localized near 𝜖F; we pro-
pose that this kink is a signal line shape of the destructive K–F
effect. This destructive feature of the line shape at the zero
point of the asymmetry factor has previously been reported in
different Fano resonance systems in the literature.[39,40] As the
S-O1 state moves away from 𝜖F, the destructive interference
becomes weak and the profile around 𝜖F smoothly changes to
a small bump that is symmetric, and the system enters the next
regime.
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Fig. 4. The A(ω) in the vicinity of 𝜖F in the Kondo–Fano regime. The
Kondo peak at the Fermi level has (a) constructive interference from the S-
O2 substate, (b) competition between constructive and destructive interfer-
ences, and (c) destructive interference from the S-O1 substate. (d) A(ω = 0)
variation by U12.

We are now in the position to demonstrate our numeri-
cally phase shift η(ω) in the K–F regime, where charge and
spin degrees of freedom strongly interact with each other.
The U12-dependent η(ω = 0) and the asymmetry function
qd(ω = 0) are shown in Figs. 5(a) and 5(b), respectively. As
expected, the change in the phase shift π/2−η(ω = 0) con-
tains the essential physics of the K–F interference over a wide
range of U12. Here we see the same trend with U12 as the
asymmetry function.

At U12 = 0, the numerical phase shift η(0) is exactly
equal to π/2, as shown in Fig. 5(a), This feature is well-known
as the phase shift of pure Kondo scattering.[3] When the sys-
tem enters into the K–F regime, η(0) experiences two maxima
corresponding to interference between the Kondo resonance
state and each of the S-O2 and S-O1 substates, respectively.
The constructive process due to the shift of the S-O2 substate
dominates at the first maximum. Destructive interference from
S-O1 then takes the dominant position to induce the second
maximum before the competition region that results in a small
valley of η(0). Unfortunately, the signature of η(0) itself can-
not distinguish whether the interference is constructive or de-
structive, thus spectral analysis (cf. Fig. 4) is always necessary
to clarify the microscopic picture.

In our DQD, the Kondo resonance should be a discrete
channel with a narrow peak profile in A(ω) at 𝜖F; and the
background provides the open channel. Since the former is a
robust many-body state localized around ω = 0, the change in
interference is determined mainly by the latter. This has been
verified by the asymmetric function qd(0) shown in Fig. 5(b),
which changes nearly synchronously with η(0). At U12 = 0,
qd(0) = 0, indicating a symmetry resonance of the Kondo ef-
fect without any interference. With the increase of U12, qd(0)

decreases after two local maxima in a similar fashion as η(0).
At U12 > 0.6U , qd(0) approaches a constant value of −2, in-
dicating the presence of another symmetric Kondo resonance
without interference. This Kondo effect is a special charac-
teristic of DQDs, that goes beyond the simple form of Kondo
scattering in single QDs, as described in Ref. [35].

In our calculations, qd(0) = 0 corresponds to the sym-
metric line shape around the Fermi level, and shows a differ-
ent feature from that of the Fano asymmetric factor q. We
note that the difference results from the definition of qd in
Eq. (7). By fitting our numerical results to A(ω), we obtain
q = 263.72 → ∞ at U12 = 0, consistent with the Fano interfer-
ence theory, which postulates that large q values lead to peaks
in spectral line-shapes.

(a) [π/↩η↼ω↽]/π at ω/ (b) qd↼ω↽ at ω/

U/UU/U
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0
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-0.5

0.6 0.80.4 1.0 0 0.2 0.4 0.6 0.8 1.0

Fig. 5. (a) The phase shift η(ω = 0) and (b) asymmetry function qd(ω = 0)
as functions of U12. The changes in η(0) and qd(0) in the K–F regime are
shown in solid lines, while those in the KI and KII regimes are shown in
dotted lines.

3.4. The Kondo-II regime

As the S-Om {m = 1,2} states move further away from
𝜖F at U12 > 0.6U , the zero-point peak of A(ω) tends to not
change in intensity. On a small scale around the Fermi level,
the three-peak structure partially recovers.

In this side-coupled DQD, we assume that no electron
could transport to or from QD2, and we set 𝜖d = −1/2U ,
where the correlation effect is the most significant.[41] Con-
sequentially, for the quasi-particles, the weight of the S-O0

(D-O0) substate is a quarter of that of the total S-O (D-O)
state. Similarly to the S-O (D-O) state, the S-O0 (D-O0) sub-
state broadens from the environment, it is obvious that they
have the same width. At large U12, without the S-O1 and S-
O2 states, the position of the S-O0 substate is fixed, and an
effective localized magnetic moment is maintained in QD1.

In the KII regime, at low temperature, and with invariant
QD1 coupling to the reservoirs, the necessary conditions ex-
ist for Kondo resonance. A quarter-localized 1/2 spin in QD1
leads to a Kondo peak at 𝜖F in A(ω). By carefully compar-
ing the Kondo peak at U12 = 0 and 2U (cf. insert of Fig. 6),
we find that the peak height in the KII regime is 1/4 of that
in the KI regime. However, these peaks have the same semi-
width, meaning they have the same characteristic temperature
TK. Our results indicate that there is essentially no difference
between the Kondo-I and II regimes other than the height.
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The Fermi-liquid behavior of the KII regime seems to con-
flict with our intuition that small local momentum should be
over-screened by conduction electrons.

We explain this as follows. Let us first consider the KI
regime, where Fermi-liquid behavior is characterized by the
symmetric Kondo resonance peak localized at 𝜖F, as shown in
Fig. 3(a). By considering the triple-splitting of the S-O state
(see Figs. 1 and 2), we can understand that the single Kondo
peak actually involves the screening of momentum in all three
S-O substates. The spin of each is still equal to 1/2, otherwise
an over-screening effect would change the essential features
of the Kondo peak. It is obvious from Fig. 3 that this does not
occur. Therefore, the charge of the electron, not the spin, has
been divided by the triple-splitting. We also find that the occu-
pation number in QD1 is going to reduce to 1/4, which proves
further that the amount of charge, not the 1/2 spin, is reduced.

In summary, in the KII regime, near 𝜖F, A(ω) partially re-
covers the three-peak structure, where each peak has the same
width and a quarter of the height of the corresponding peak in
the KI regime.

T.

1.5

1.0

0.5

0

S-O1

-10 -5 0 5 10

S-O1

S-O2S-O2S-O2

S-O1

S-O1

U=2U
U=0

0 5-5A
↼ω
↽/
↼
/
π
Γ
↽

U=0.7U
U=0.85U
U=U
U=2U

ω/Γ

Fig. 6. The A(ω) in the vicinity of 𝜖F in the KII regime. The insert illus-
trates A(ω) at U12 = 2U (solid black line) as well as at U12 = 0 (dash gray
line) on a detailed scale around the Fermi level. The three-peak structure
is partially recovered, and A(ω) at U12 = 2U has a quarter of the height of
A(ω) at U12 = 0.

4. Differential conductance
The spectral function A(ω) is capable of revealing de-

tailed dynamical properties over a wide range of parameters.
However, in QD experiments, A(ω) cannot be observed con-
veniently. Conductance is more favourable for experimental
measurement; therefore, we calculate the differential conduc-
tance dI/dV under nonequilibrium conditions taking advan-
tage of the HEOM evaluation.

We set the initial total system at equilibrium at µα =

µeq = 0 (α = L and R). Application of a voltage to the left and
right reservoirs, resulting in current flow into the α-reservoir
Iα(t), causes the system to leave equilibrium [details in
Eq. (A21)]. Through the extended Meier–Tannor parametriza-
tion method and multiple-frequency-dispersed hierarchy con-
struction, we can achieve the closed HEOM formalism.[33]

As a result, the current from L to R can be denoted as
I(t) = IL(t) = −IR(t). The differential conductance dI/dV

can then be obtained from the steady current I = I(t → ∞) as
a function of bias V .

(a)

(c)
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Fig. 7. (a) The Kondo-I regime, (b) the Kondo–Fano regime with construc-
tive resonance, (c) the Kondo–Fano regime with destructive resonance, and
(d) the Kondo-II regime.

Figure 7 depicts the numerical dI/dV with Fig. 7(a) in
the KI regime, Figs. 7(b) and 7(c) in the K–F regime, and
Fig. 7(d) in the KII regime. In Fig. 7(a), the dI/dV curves
present a zero-bias peak structure, which is a typical feature of
the ordinary Kondo effect.

In Figs. 7(b) and 7(c), one can see two kinds of peak struc-
tures in the K–F regime resulting from constructive and de-
structive Fano interferences. The constructive interference en-
hances the Kondo effect to a certain degree and consequently
reinforces the zero-bias peak of dI/dV . On the other hand,
the observed destructive interference suppresses the zero-bias
peak gradually. As shown in Fig. 7(c), symmetric peak shoul-
ders appear on each side of the distinctly suppressed main peak
at U12 = 0.5U . At this value, the Kondo peak of A(ω) has
changed to the kink at 𝜖F [see Fig. 4(c)]. As U12 increases
to a value of U12 = 0.6U , the shoulders grow in intensity and
move outwards, while the zero-bias peak becomes clearer and
less suppressed.

The Fano interference disappears gradually, until finally
the shoulders cannot be observed at −0.8 mV <V < 0.8 mV;
the single peak structure is restored at V = 0. At this point,
the system comes into the KII regime, as shown in Fig. 7(d).
The height of the zero-bias peak in the KII regime is about a
quarter of that in the KI regime; this is the same ratio as that
seen in the spectral function A(ω).

As demonstrated in Fig. 7, the destructive K–F effects can
be experimentally investigated by virtue of the peak–shoulder
structure of the differential conductance. For constructive in-
terference, we find that the peak becomes slightly broader and
higher, but this change is subtle and is difficult to resolve.
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5. Summary

We have reported a capacitive coupling induced Kondo–
Fano interference in a side-coupled DQD by systematically
investigating its low-temperature properties on the basis of
HEOM evaluations. We found that as the interdot Coulomb
coupling U12 increases, the system excitations evolve from
the Kondo-I regime to the K–F regime, and from the K–F
regime to the Kondo-II regime (cf. Fig. 2). Generally, U12

splits the singly-occupied (S-O) state and the doubly-occupied
(D-O) state into three substates, with the S-Om and D-Om,
(m = 1,2) substates elevated linearly and the S-O0 and D-O0

substates unchanged. At temperatures lower than the char-
acteristic Kondo temperature, in the KI regime, the Kondo
screening of the 1/2-spin localized in the whole S-O state in-
duces a single Fermi-liquid peak at the Fermi level (𝜖F). In
the K–F regime, the S-O2 and S-O1 substates shift near 𝜖F, in-
terfering with the Kondo resonance and appearing as the K–F
effect, which first enhances the Kondo peak by constructive
interference (from S-O2) and then depresses it by destructive
interference (from S-O1). In the KII regime, after U12 elevates
the S-Om (m = 1,2) substates away from 𝜖F, the three-peak
structure partially recovers on a small scale and the Kondo
screening of the residual spin in the S-O0 restores the Fermi-
liquid peak at 𝜖F, with the same width but 1/4 the height of the
peak seen in the KI regime.

We have also presented a general approach to calculate
the phase shift η(ω) of the K–F interference numerically. We
then applied this approach to our DQD in the K–F regime,
where charge and spin degrees of freedom strongly interact
with each other. We have shown that the change of the phase
shift contains the essential physics of the K–F interference
over a wide range of U12. When the system enters into the
K–F regime, η(ω = 0) experiences two maxima correspond-
ing to the interference between the Kondo resonance state and
the S-O2 and S-O1 substates, respectively.

In order to facilitate experimental observation, we have
also calculated the differential conductance dI/dV under
nonequilibrium conditions. We found that both the KI and
KII regimes are characterized by the single zero-bias peak of
dI/dV , analogously to the ordinary Kondo systems. We have
shown that the peak–shoulder structure of dI/dV at small bias
can serve as an observable feature of the Kondo–Fano effect
with destructive interference in the K–F regime.

In reality, the capacitive interdot coupling may be ac-
companied by interdot charge transfer. It is expected that the
additional transport path of L–QD2–R will inevitably affect
the Kondo–Fano features at low temperature This will be ad-
dressed in our future work.

Appendix A: HEOM method
The HEOM formalism is established based on Feynman–

Vernon influence functional path-integral theory,[42–45]

and implemented with Grassmann algebra for fermionic
dissipations.[33,43] Thus, HEOM is formally exact for a gen-
eral open system coupled to a reservoir bath that satisfies
Grassmann Gaussian statistics. Further, the HEOM method
leads to an efficient and universal approach for characteriza-
tion of quantum impurity systems at finite temperatures.[4]

The mathematical construction of HEOM has been discussed
comprehensively in Refs. [33,44–46]. We address some key
features of the HEOM here, particularly those pertinent to the
QD systems studied in the main text of this work.

HEOM investigates the properties of QDs in both equi-
librium and nonequilibrium states via the reduced density op-
erator. At time t, the reduced system density operator, ρ(t) =
trresρtotal(t), is related to the initial value at time t0 via the re-
duced Liouville-space propagator 𝒢(t, t0) by

ρ(t) = 𝒢(t, t0)ρ(t0). (A1)

Let {|ψ⟩} be an arbitrary basis set defined in the system space,
and 𝜓 = (ψ,ψ ′). Therefore ρ(𝜓, t) = ρ(ψ,ψ ′, t). From the
Feynman–Vernon influence functional, the path-integral ex-
pression for the reduced Liouville-space propagator is

𝒰(𝜓, t;𝜓0, t0) =
∫ 𝜓[t]

𝜓0[𝑡0]
𝒟𝜓 e iS[ψ]ℱ [𝜓]e−iS[ψ ′]. (A2)

Here, S[ψ] is the classical action of the reduced system. ℱ [𝜓]

is the influence functional determined by the Grassmann vari-
ables of the system-environment coupling f̂ †

αus(t)dis[ψs] +

H.c. The operators f̂ †
αus(t) and f̂αus(t) are the reservoir op-

erators defined by

f̂ †
αus(t)≡ e iHα t

(
∑
k∈α

V *
αkusĉ

†
αks

)
e−iHα t , (A3)

f̂αus(t)≡ e iHα t

(
∑
k∈α

Vαkusĉαks

)
e−iHα t . (A4)

The influence functional can be evaluated using the Wick the-
orem and the second-order cumulant expansion method, be-
cause all the other higher order cumulants are zero at the ther-
modynamic Gaussian average for non-interaction leads. As a
result, the ensemble averages of the second-order cumulants
are connected to the reservoir correlation functions (lead cor-
relation functions, LCFs) C±

αuvs(t), defined as

C+
αuvs(t) =

〈
f̂ †
αus(t) f̂αvs(0)

〉
res , (A5)

C−
αuvs(t) =

〈
f̂αus(t) f̂ †

αvs(0)
〉

res , (A6)

where ⟨. . .⟩res stands for the ensemble average of the reser-
voirs, and the time translation invariance is used. All LCFs in
a form different from that in Eqs. (A5) and (A6) are zero be-
cause the lead operators f̂ †

αus(t) and f̂αus(t) satisfy Gaussian
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statistics. The reservoir spectral density function is defined as

Dαuvs(ω)≡ 1
2π

∫
∞

−∞

dt e iωt⟨{ f̂αus(t), f̂ †
αvs(0)}⟩. (A7)

With the simplified notation σ =+,− and σ̄ =−σ , the reser-
voir correlation functions are associated with the spectral den-
sity functions via the fluctuation–dissipation theorem

Cσ
αuvs(t) =

∫
∞

−∞

dω e iσωt f σ
α (ω)Dσ

αuvs(ω), (A8)

where D−
αuvs(ω) = Dαuvs(ω), D+

αuvs(ω) = Dαuvs(ω), and
f σ
α (ω) = 1/(1+ eσβα (ω−µα )) is the Fermi–Dirac function for

the electron (σ = +) or hole (σ = −) at the temperature
βα = 1/kBTα . For linear coupling with a non-interacting reser-
voir, the reservoir spectral density function can be evaluated as
Dαuvs(ω) = ∑k t*

αkustαkvsδ (ω − 𝜖αk). After applying the Wick
theorem and Grassmann algebra, the final expression of the
influence functional ℱ is

ℱ [𝜓] = exp
{
−
∫ t

t0
dτℛ[τ,{𝜓}]

}
, (A9)

where ℛ[τ,{𝜓}] = i
h̄2 ∑αusσ 𝒜σ̄

us[𝜓(t)]ℬσ
αus[t,𝜓]. Here, 𝒜σ̄

us

and ℬσ
αus are the Grassmann variables defined as

𝒜σ̄
us[𝜓(t)] = dσ

us[ψ(t)]+dσ
us[ψ

′(t)], (A10)

ℬσ
αus[t,𝜓] =−i

[
Bσ

αus(t,ψ)−B′σ
αus(t,ψ

′)
]
, (A11)

with

Bσ
αus(t,ψ) = ∑

v

∫ t

0
dτCσ

αuvs(t − τ)dσ
vs[ψ(τ)], (A12a)

B′σ
αus(t,ψ

′) = ∑
v

∫ t

0
d̂τCσ̄*

αuvs(t − τ)d̂σ
vs[ψ

′(τ)]. (A12b)

The LCFs play the role of memory kernels that can be ex-
panded by a series of exponential functions with the imple-
mentation of the fluctuation–dissipation theorem together with
the Cauchy residue theorem and the Padé spectrum decompo-
sition scheme of the Fermi function

Cσ
αuvs(t) =

M

∑
m=1

η
σ
αuvsme−γσ

αuvsmt . (A13)

The bath influence then enters the equations of motion with M
exponentiations.

Set j = {αusσ} or j = {usσ} for simplicity. Through
introducing auxiliary influence functionals,

ℱ̃ (n)
𝑗 ≡

(
ℬ̃ jn · · ·ℬ j2ℬ j1 + · · ·+ℬ jn · · · ℬ̃ j2ℬ j1

+ℬ jn · · ·ℬ j2 ℬ̃ j1

)
ℱ , (A14a)

ℱ (n−1)
𝑗r

≡ℬ jn · · ·ℬ jr+1ℬ jr−1 · · ·ℬ j1ℱ , (A14b)

ℱ (n+1)
𝑗 j ≡ℬ jℬ jn · · ·ℬ j1ℱ , (A14c)

where ℬ̃ j ≡ ℬ̃σ
αus =−i[B̃σ

αus − B̃′σ
αus] and

B̃σ
αus ≡ ∑

us

∫ t

t0
dτĊσ

αuvs(t,τ)d
σ
us[ψ(τ)]. (A15)

We can derive a set of equations of motion about the

influence functional and auxiliary influence functionals{
ℱ (n)
𝑗 = ℱ (n)

j1... jn

}
as

∂tℱ (n)
𝑗 =ℱ̃ (n)

𝑗 − i∑
j

′𝒜 j̄ℱ
(n+1)
𝑗 j

− i
n

∑
r=1

(−)(n−r)𝒞 jrℱ
(n−1)
jr , (A16)

where

𝒞σ
αus = ∑

us

{
C0,σ

αuvsdσ
ν [ψ[t]]−C0,σ̄

αuvsdσ
us[ψ

′(t)]
}
, (A17)

with C0,σ
αuvs ≡Cσ

αuvs(0) =Cσ*
αuvs(0).

The auxiliary density operators (ADOs)
{

ρ
(n)
𝑗 = ρ

(n)
j1... jn

}
are determined by the auxiliary influence functionals, like
Eqs. (A1) and (A2),

ρ
(n)
𝑗 (t)≡ 𝒢(n)

𝑗 (t, t0)ρ(t0), (A18)

with propagators

𝒢(n)
𝑗 (𝜓, t;𝜓0, t0)≡

∫ 𝜓[t]

𝜓0[t0]
𝒟𝜓 e i𝒮[ψ]ℱ (n)

𝑗 [𝜓]e i𝒮[ψ ′]. (A19)

Base on Eq. (A16) and Padé spectrum decomposition scheme,
the final form can be reduced to the following compact form:

ρ̇
(n)
𝑗 =−

(
iℒ+

n

∑
r=1

γ jr

)
ρ
(n)
𝑗 − i ∑

j
𝒜 j̄ ρ

(n+1)
𝑗 j

− i
n

∑
r=1

(−)n−r 𝒞 jr ρ
(n−1)
𝑗r

, (A20)

in this expression, the index σ = +/− in j = {αusσ} or j =
{usσ} corresponds to the transfer of an electron to/from the
QD system; and the Grassmannian superoperators 𝒜 j̄ ≡ 𝒜σ̄

us

and 𝒞 j ≡ 𝒞σ
uvsm are defined via their fermionic actions on an

operator Ô as 𝒜 jÔ ≡ [d̂σ̂
us, Ô] and 𝒞 jÔ ≡ η jd̂σ

usÔ+η*
j Ôd̂σ

us, re-
spectively. The on-dot electron interactions are contained in
the Liouvillian of impurities, ℒ· ≡ [Hsys, ·].

The transient current through the electrode α is

Iα(t) = i ∑
µ

trsys[ρ
†
αµ(t)d̂µ − d̂†

µ ρ
−
αµ(t)], (A21)

where ρ
†
αµ = (ρ−

αµ)
† is the first-tier auxiliary density operator

obtained by solving Eq. (A20), and d̂µ (d̂†
µ) is the annihilation

(creation) operator of an electron in the system marked by µ .
The details of the HEOM formalism can be found in

Refs. [33,46,47]. Here, we focus on some of the key features
of the formalism.

In formal, the HEOM formalism, Eq. (A20), is formally
exact for arbitrary Fermion reservoirs satisfying Gaussian
statistics,[33,48,49] and Eq. (A20) is nonperturbative.[51] More-
over, HEOM evaluations of system spectral density and trans-
port current have been well-established.[4,33,46,50]

In numerical, via the approximation of an optimal Padé
spectrum decomposition scheme,[52,53] the HEOM evaluation
is practical with a converged truncation tier level at L ≡ ntrun;
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and L = 4 is found to be enough in this work.
In recent works, the HEOM method has been shown to

be capable in a wide range of applications including descrip-
tion of the Kondo effect. For example, Li et al. showed that
this approach can quantitatively describe the Kondo resonance
and Fermi-liquid characteristics.[4] In a time-dependent view,
Cheng et al. investigated transport properties of single and
double quantum impurity systems with Kondo resonance.[54]

Pan et al. studied the Kondo effect in the context of ferro-
magnetic RKKY interaction.[55] Ye et al. applied the HEOM
approach on two-level QDs with Kondo correlations, provid-
ing an understanding of, and a viable mechanism for control-
ling, the thermoelectric properties of strongly correlated QD
systems.[56] Finally, in open triple QDs, Cheng et al. inves-
tigated the reappearance of the Kondo effect and long-range
overlapping of Kondo clouds via the HEOM approach.[57,58]

Appendix B: Numerical Green’s function
In the present paper, both numerical and analytical meth-

ods involve Green’s function. For the dynamical quantities,
we start with the reduced density matrix in the HEOM linear
space, which writes

𝜌(t)≡
{

ρ(t),ρ(n)
𝑗 (t);n = 1,2, ...,L

}
, (B1)

the time evolution of 𝜌(t) is

𝜌(t) = 𝒢(t, t0)𝜌(t0). (B2)

For an arbitrary operator of the QD system in the HEOM linear
space, we have

𝐴(t)≡
{

A,A(n)
𝑗 ;n = 1,2, . . . ,L

}
, (B3)

where A is an ordinary physical operator and
{

A(n)
𝑗 ;n =

1,2, . . . ,L
}

is the corresponding auxiliary part, and

𝐴(t) =𝐴(t0)𝒢(t, t0); 𝐴(t0) = {A,0}. (B4)

The definition of inner product for two arbitrary operators in
the HEOM linear space writes

⟨⟨𝐴|𝐵⟩⟩ ≡ ⟨⟨A|B⟩⟩+
N

∑
n=1

〈〈
A(n)

j |B(n)
j

〉〉
, (B5)

where ⟨⟨A|B⟩⟩= Tr[A+B] and ⟨⟨A(n)
j |B(n)

j ⟩⟩= Tr
[
A(n)

j
+

B(n)
j

]
.

The correlation function for two arbitrary operators of the
system in the Heisenberg picture writes

C̃AB(t)≡ ⟨⟨𝐴(t)|𝐵𝜌eq(T )⟩⟩, (B6)

where 𝜌eq(T ) =
{

ρeq,ρ
(n)
eq ;n = 1,2, . . . ,N

}
is the reduced

density matrix of thermal equilibrium state, and 𝐵𝜌eq(T ) ={
Bρeq,Bρ

(n)
eq ;n = 1,2, . . . ,N

}
can be regarded as an operator

in HEOM space.
HEOM numerical evaluation focuses on the reduced sys-

tem density [cf. Eq. (A20)], including the influence of environ-
ment at every tier; thus, we are able to retrieve C̃AB(t) exactly.
By taking the Fourier transform CAB(ω) ≡ 1

2
∫

dt e iωtC̃AB(t),
CAB(−ω) = e−ω/kBTCAB(ω), we are able to obtain the cor-
relation function in the frequency domain. Let Â = d̂µ and
B̂ = d̂†

µ . In this case the correlation function is reduced into
the Green’s function Gµµ(ω) =Cd̂µ d̂†

µ

(ω).
In this context, we care about the retarded Green’s func-

tion and the spectral function of QD1, so that d̂µ(d̂
†
µ) =

d̂1s(d̂
†
1s). For the degeneracy of spin, we have G(ω) =

G1↑(ω) = G1↓(ω) for simplicity. The corresponding spectral
function is

A(ω) =− 1
π

ImG(ω). (B7)

Appendix C: Analytical Green’s function for
background

Analytically, we can derive the Green’s function for an
isolated DQD described by Eq. (1)

G iso
us,us(ω) =

1−⟨n̂us̄⟩−⟨n̂vs⟩−⟨n̂vs̄⟩+ ⟨n̂us̄n̂vs⟩+ ⟨n̂us̄n̂vs̄⟩+ ⟨n̂vsn̂vs̄⟩−⟨n̂us̄n̂vsn̂vs̄⟩
ω − 𝜖d + iζ

+
⟨n̂us̄⟩−⟨n̂us̄n̂vs⟩−⟨n̂us̄n̂vs̄⟩+ ⟨n̂us̄n̂vsn̂vs̄⟩

ω − 𝜖d −U + iζ

+
⟨n̂vs⟩+ ⟨n̂vs̄⟩−⟨n̂us̄n̂vs⟩−⟨n̂us̄n̂vs̄⟩−2⟨n̂vsn̂vs̄⟩+2⟨n̂us̄n̂vsn̂vs̄⟩

ω − 𝜖d −U12 + iζ

+
⟨n̂us̄n̂vs⟩+ ⟨n̂us̄n̂vs̄⟩−2⟨n̂us̄n̂vsn̂vs̄⟩

ω − 𝜖d −U12 −U + iζ
+

⟨n̂vsn̂vs̄⟩−⟨n̂us̄n̂vsn̂vs̄⟩
ω − 𝜖d −2U12 + iζ

+
⟨n̂us̄n̂vsn̂vs̄⟩

ω − 𝜖d −2U12 −U + iζ
, (C1)

where ζ = 0+ comes from the decay factor e−ζ t for conver-
gence of the Fourier transform, with u ̸= v and u,v= 1,2 mark-
ing QD1 and QD2. Without any connection to the environ-
ment, QDs in the isolated DQD are equal. Taking our capaci-
tive side-coupling configuration (cf. Fig. 1) into consideration,
we focus on QD1, despite of spin index for its degeneracy, let

u = 1 and v = 2, then we obtain the Green’s function of QD1
in the isolated DQD and abbreviate it as

G iso(ω) = G iso
us,us(ω) |u=1,s=↑ or ↓ . (C2)

A pole in a retarded Green’s function indicates an ele-
mentary excitation. There are six poles in Eq. (C1); in each
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pole term, the numerator indicates the weight of an elemen-
tary excitation, while the denominator denotes its position.
This means the six substates are at ω =𝜖d , 𝜖d +U , 𝜖d +U12,
𝜖d +U12 +U , 𝜖d +2U12, and 𝜖d +2U12 +U .

We start with U12 = 0. The side-coupled DQD is reduced
to a single QD since QD2 is completely isolated. The six poles
mentioned above degenerate into two at ω =𝜖d and 𝜖d +U ;
these poles are Hubbard resonances called the singly-occupied
(S-O) state and the doubly-occupied (D-O) state. The S-O and
D-O states describe the excitations |0⟩→ |1⟩ and |1⟩→ |2⟩ for
a single dot, respectively. When U12 > 0, the S-O (D-O) state
generates three S-O (D-O) substates at ω = 𝜖d +mU12(+U),
(m = 0,1,2). We label these S-O (D-O) substates as S-O0,
S-O1, S-O2 (D-O0, D-O1, D-O2) states (cf. Fig. 1).

Via mean-field approach, which sets ⟨n̂µ n̂µ ′⟩= ⟨n̂µ⟩⟨n̂µ ′⟩,
⟨n̂µ n̂µ ′ n̂µ ′′⟩ = ⟨n̂µ⟩⟨n̂µ⟩⟨n̂µ ′′⟩ , and takes ζ = 0.4 meV, we
find that the result perfectly matches the numerical result from
HEOM at 2 meV for temperature and at 0.2 meV for hy-
bridization.
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