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The influence of temperature on mode coupling effect in piezoelectric vibrators remains unclear. In this work, we
discuss the influence of temperature on two-dimensional (2D) mode coupling effect and electromechanical coupling co-
efficient of cylindrical [001]c-poled Mn-doped 0.24PIN–0.46PMN–0.30PT piezoelectric single-crystal vibrator with an
arbitrary configuration ratio. The electromechanical coupling coefficient kt decreases with temperature increasing, whereas
k33 is largely invariant in a temperature range of 25 ◦C–55 ◦C. With the increase of temperature, the shift in the ‘mode
dividing point’ increases the scale of the poling direction of the piezoelectric vibrator. The temperature has little effect on
coupling constant Γ . At a given temperature, the coupling constant Γ of the cylindrical vibrator is slightly greater than
that of the rectangular vibrator. When the temperature changes, the applicability index (M) values of the two piezoelectric
vibrators are close to 1, indicating that the coupling theory can be applied to piezoelectric vibrators made of late-model
piezoelectric single crystals.

Keywords: mode coupling effect, piezoelectric vibrator, piezoelectric single crystal, temperature dependence
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1. Introduction

The analysis of the coupling between the vibration modes

of a piezoelectric vibrator is vital to the design of practical

devices such as piezoelectric sensors, piezoelectric actuators,

and ultrasonic transducers. The most common problem is

the coupling analysis between the vibration mode along the

poling direction and that perpendicular to the poling direc-

tion. The electromechanical coupling coefficient of piezoelec-

tric material along the poling direction in the vibration mode

has been extensively discussed. The material parameters, in-

cluding the elastic, dielectric, and piezoelectric constants, vary

with temperature. Therefore, the coupling between the two vi-

bration modes and the electromechanical coupling are affected

by temperature. Piezoelectric vibrators are the basic compo-

nents of piezoelectric devices. Rectangular and cylindrical

piezoelectric vibrators with different configuration ratios are

the most common examples.

In recent years, PbIn1/2Nb1/2O3–PbMg1/3Nb2/3O3–

PbTiO3 (PIN–PMN–PT) ternary single crystals have attracted

considerable attention owing to their high phase transition

temperatures (TR−T > 120 ◦C) and good temperature sta-

bilities, making them suitable for being used in electrome-

chanical devices in a wide range of temperatures.[1,2] Dop-

ing with Mn can improve some of the physical properties

of ferroelectrics.[3] The mechanical quality factor (QM) of

Mn-doped PIN–PMN–PT (Mn:PIN–PMN–PT) ternary sin-

gle crystals poled along the [001]c pseudo-cubic direction

can be as high as 1000, which is comparable to that of

hard PbZrTiO3-type (PZT) ceramics.[4] Currently, the appli-

cations of piezoelectric materials are not limited to conven-

tional environments,[5,6] such as room temperature condition

environments. The mode-coupling effect in rectangular beams

made of 0.33PIN–0.35PMN–0.32PT ternary single crystals

has been studied at room temperature.[7] However, the influ-

ence of temperature on the mode coupling effect in a rectan-

gular beam is unclear. Furthermore, there is no research on

the mode coupling effect in ternary, cylindrical PIN–PMN–PT

single-crystal resonator.

In this study, we analyze the mode coupling effects in

rectangular piezoelectric vibrator and cylindrical piezoelectric
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vibrator, both are made of [001]c-poled Mn-doped 0.24PIN–
0.46PMN–0.30PT ternary single crystal, in a temperature
range of 25 ◦C–55 ◦C. In addition, we derive an equation
for the electromechanical coupling coefficient kt of Mn:PIN–
PMN–PT ternary single crystal as a function of temperature.
This study will be helpful in designing Mn:PIN–PMN–PT-
based devices.

2. Theory

Figure 1 shows schematically two piezoelectric vibrators
made of [001]c-poled Mn-doped 0.24PIN–0.46PMN–0.30PT
single-crystal material. The z axis is the poling direction for
both of the resonators, and the four surfaces normal to the z

axis are covered by the electrodes.

H

R

cylindrical resonator

z

y

xo

H

L

rectangular bar

Ly

Fig. 1. Schematic diagram of piezoelectric vibrators and their coordinate
system.

For the rectangular vibrator, we assume that the bar ex-
tends infinitely in the y-axis direction. Thus, the rectangular
vibrator exhibits two-dimensional coupled vibrations in the x

and z directions.[8–10] The configuration ratio G is defined as
G = L/H, where H is in the poling direction of the vibrator.
The theoretical relationship for the coupled vibration is[8,9,11]

( f 2
x − f 2)( f 2

z − f 2) = f 2
x f 2

z Γ
2

1 , (1)

where fx and fz are the resonant frequency in the x and z di-
rections without any mode coupling, respectively, and Γ1 is
a coupling constant. For a rectangular piezoelectric vibrator,
four limiting resonant frequency constants, namely flH, fLH,
fhH, and fHH are respectively defined as follows:[8,9]

flH =
1

2G

√
cE

11
ρ

, (2)

fLH =
1

2G

√
cE

11(1−α2)

ρ
, (3)

fhH =
Xt

π

√
cD

33
ρ

, (4)

fHH =
X∗t
π

√
cD∗

33
ρ

, (5)

where

α = Γ1 =
cE

13√
cE

11cE
33

, (6)

cD
33 = cE

33 +
e2

33

εS
33

=
cE

33

1− k2
t
, (7)

cD∗
33 = c∗33 +

(e∗33)
2

ε∗33
=

c∗33
1− (k∗t )2 =

cE
33(1−α2)

1− (k∗t )2 . (8)

In Eqs. (7) and (8),

c∗33 = cE
33−

(cE
13)

2

cE
11

= cE
33(1−α

2), (9)

e∗33 = e33−
e31cE

13

cE
11

, (10)

ε
∗
33 = ε

S
33 +

e2
31

cE
11
, (11)

k2
t =

e2
33

cD
33εS

33
, (12)

(k∗t )
2 =

(e∗33)
2

cD∗
33 ε∗33

, (13)

and Xt and X∗t are, respectively, the lowest nonzero positive
roots of 

1− k2
t

tanX
X

= 0,

1− (k∗t )
2 tanX∗

X∗
= 0.

(14)

From Eqs. (2) and (3), we obtain

fL

fl
=
√

1−α2, (15)

and from Eqs. (4) and (5), we have

fH

fh
=

X∗t
Xt

√
cD∗

33

cD
33

= M1

√
1−α2, (16)

where

M1 =
fH/ fh

fL/ fl
=

X∗t
Xt

√
1− k2

t

1− (k∗t )2 . (17)

The factor M1 is the applicability index, which is a mea-
sure of the internal consistency in the application of the cou-
pling theory.[8,9] If M1 = 1, from Eqs. (15) and (16 ), we have

fH

fh
=

fL

fl
=
√

1−α2. (18)

By substituting Eqs. (2)–(5) into Eq. (1), we obtain the
following solutions:
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f1H =

√√√√cD
33X2

t

2ρπ2 +
cE

11
8ρG2 +

√
16(cD

33)
2X4

t G4−8cE
11cD

33X2
t π2(1−2Γ 2

1 )G2 +(cE
11)

2π4

8ρπ2G2 , (19)

f2H =

√√√√cD
33X2

t

2ρπ2 +
cE

11
8ρG2 −

√
16(cD

33)
2X4

t G4−8cE
11cD

33X2
t π2(1−2Γ 2

1 )G2 +(cE
11)

2π4

8ρπ2G2 . (20)

For the cylindrical resonator shown in Fig. 1, the piezo-
electric vibrator exhibits two-dimensional coupled vibration in
the radial and z-axis direction. In this case, the configuration
ratio G is defined as G = H/R, where H is in the poling direc-
tion of the piezoelectric single crystal. The theoretical equa-
tion for the coupled vibration is[8,12]

( f 2
r − f 2)( f 2

z − f 2) = f 2
r f 2

z Γ
2

2 , (21)

where fr and fz are the resonant frequency in the radial and z-
axis direction without any coupling, respectively, and Γ2 is the
coupling constant. For a cylindrical piezoelectric vibrator, the
four limiting resonant frequency constants, namely frH, fRH,
ftH, and fTH can be respectively defined as follows:[8,13]

frH =
Gζ1

2π

√
cE

11
ρ

, (22)

fRH =
Gζ P

1
2π

√
cE

11(1−α2)

ρ
, (23)

ftH =
Xt

π

√
cD

33
ρ

, (24)

fTH =
X33

π

√
1

ρsE
33(1− k2

33)
, (25)

where ζ1 is the first positive root of Bessel functions and sat-
isfies

ζ J0(ζ )

J1(ζ )
= 1− γ, (26)

and ζ P
1 is the first positive root of

ζ PJ0(ζ
P)

J1(ζ P)
=

1− γ

1−α2 , (27)

where

γ = cE
12/cE

11, (28)

k2
33 =

d2
33

sE
33εT

33
, (29)

and X33 is the lowest nonzero positive root of

1− k2
33

tanX
X

= 0. (30)

From Eqs. (22) and (23), we obtain

fR

fr
=

ζ P
1

ζ1

√
1−α2, (31)

and from Eqs. (24) and (25), we have

fT

ft
=

X33

Xt

√
1

cD
33sE

33(1− k2
33)

=
X33

Xt

√
1− k2

t

1− k2
33

√
1−β 2

√
1−α2, (32)

where

β
2 =

α2(1− γ)

(1−α2)(1+ γ)
, (33)

M2 =
fT/ ft

fR/ fr
=

ζ1

ζ P
1

√
1−β 2 X33

Xt

√
1− k2

t

1− k2
33
. (34)

For the cylindrical resonator, the coupling constant Γ2 is
given by

Γ2 =
√∣∣(ζ P

1 /ζ1)2(1−α2)−1
∣∣. (35)

Solving Eq. (21) leads to the following solutions:

f1H =

√√√√cD
33X2

t

2ρπ2 +
cE

11ζ 2
1 G2

8ρπ2 +

√
16(cD

33)
2X4

t −8cE
11cD

33X2
t ζ 2

1 (1−2Γ 2
2 )G2 +(cE

11)
2ζ 4

1 G4

8ρπ2 , (36)

f2H =

√√√√cD
33X2

t

2ρπ2 +
cE

11ζ 2
1 G2

8ρπ2 −

√
16(cD

33)
2X4

t −8cE
11cD

33X2
t ζ 2

1 (1−2Γ 2
2 )G2 +(cE

11)
2ζ 4

1 G4

8ρπ2 . (37)

The [001]c-poled Mn-doped 0.24PIN–0.46PMN–0.30PT piezoelectric single-crystal vibrator and [001]c-poled PMN-0.30PT
single-crystal resonator in Ref. [13] have the same macroscopic symmetry and vibration mode. For the cylindrical resonator with
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an arbitrary configuration ratio G = H/R, the electromechanical coupling coefficient keff can be given by[12,13]

keff =

d33 +
2d31sE

13

(sE
11 + sE

12)

[
g2(G)−1

]
√(

sE
33 +

2(sE
13)

2

(sE
11 + sE

12)
[g2(G)−1]

)(
εT

33 +
2d2

31

(sE
11 + sE

12)
[g2(G)−1]

) , (38)

where

g(G) =
G
2

ζ1

Xt

√
cE

11

cD
33(1−Γ 2

2 )

f2

f1
. (39)

3. Results and discussion
Figure 2 shows the electromechanical coupling coeffi-

cient of the cylindrical resonator with an arbitrary config-
uration ratio at temperatures of 25 ◦C, 40 ◦C, and 55 ◦C,
obtained by using Eq. (38) and the [001]c-poled Mn-doped
0.24PIN–0.46PMN–0.30PT single-crystal parameters derived
from Ref. [4]. At a given temperature, the electromechani-
cal coupling coefficient keff increases with configuration ra-
tio G = H/R increasing. When G→ 0, the electromechani-
cal coupling coefficient kt decreases with temperature rising.
However, when G→ ∞, the electromechanical coupling coef-
ficient k33 (∼ 0.88) is largely invariant at temperatures ranging
from 25 ◦C to 55 ◦C as shown in Table 1.
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Fig. 2. Electromechanical coupling coefficient keff of cylindrical resonator
with arbitrary configuration ratio at temperatures of 25 ◦C, 40 ◦C, and 55 ◦C.

Table 1. Electromechanical coupling coefficients kt and k33 of cylindrical
resonator at different temperatures, including the slope peaks.

Temperature/◦C kt k33
Slope peaks

(G = H/R) Slope

25 0.5453 0.8831 0.89 0.2533
30 0.5445 0.8841 – –
35 0.5442 0.8844 – –
40 0.5412 0.8843 0.90 0.2552
45 0.5374 0.8843 – –
50 0.5336 0.8839 – –
55 0.5236 0.8824 0.91 0.2653

The electromechanical coupling factor k33 of the [001]c-
poled 0.28PIN–0.40PMN–0.32PT ternary single crystal in-
creases from 0.91 at −50 ◦C to 0.94 at 125 ◦C,[1] while that

of the [001]c-poled 0.26PIN–0.44PMN–0.30PT single crystals
remains constant at 0.91 in a temperature range of −10 ◦C–
70 ◦C.[2] Thus, the temperature may have little effect on
the electromechanical coupling coefficient k33 of [001]c-poled
Mn-doped PIN–PMN–PT ternary single crystal in a tempera-
ture range of 25 ◦C–55 ◦C. The peaks of the curves move in
the direction of greater configuration ratio G with temperature
increasing as shown in Fig. 2 and Table 1. Listed in Table 1
are the values of the electromechanical coupling coefficient kt

at temperatures of 25 ◦C, 30 ◦C, 35 ◦C, 40 ◦C, 45 ◦C, 50 ◦C,
and 55 ◦C. Figure 3 shows the results fitted with the following
equation:

kt = 0.51864+0.182×10−2T −3.11429×10−5T 2, (40)

where T is the temperature in Celsius. Figure 3 shows the
absolute values (less than 0.002) of the residuals with respect
to polynomial fitting at the different temperatures. The dif-
ferent behaviours of kt and k33 varying with temperature are
due to different vibration frequencies, which result in dif-
ferent mechanical boundary conditions. The kt vibrator be-
longs to the mechanical clamping boundary condition (high
frequency),[14] whereas the k33 vibrator belongs to the me-
chanical free condition (low frequency).

25 30 35 40 45 50 55
0.52

0.53
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0.55

25 30 35 40 45 50 55
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-0.001

0

0.001

0.002
Residuals versus polynomial fitting 

R
e
si

d
u
a
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Temperature/C 

k
t

Temperature/C 

measured
fitted

Fig. 3. Electromechanical coupling coefficient kt at different temperatures.

Figures 4(a) and 4(b) show the relationship between reso-
nant frequency constants and configuration ratio for the rectan-
gular vibrator at temperatures of 25 ◦C and 55 ◦C, respectively.

For a given configuration ratio G, f1H and f2H repre-
sent the two types of resonant frequency constants for the
two-dimensional coupled vibration. For the rectangular piezo-
electric vibrator, the point 1

2 (G
fH H= fLH + G fhH= flH) is de-

fined as the ‘mode dividing point’; when M1 = 1, G fH H= fLH =
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G fhH= flH . By comparing Figs. 4(a) and 4(b), we find that the
mode dividing point moves toward the lower configuration ra-
tio G with temperature increasing as shown in Table 2. The
coupling constant Γ1 is approximately 0.85 in a temperature
range of 25 ◦C–55 ◦C. From Table 2, we find that the applica-
bility index (M1) values are close to 1, indicating the applica-
bility of the coupling theory for the rectangular piezoelectric
single-crystal vibrator studied in this work.[8,9]
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Fig. 4. Plot of resonant frequency constant versus configuration ratio for the
rectangular piezoelectric vibrator at temperatures of (a) 25 ◦C and (b) 55 ◦C,
with straight lines indicating limiting frequency constants.

Figures 5(a) and 5(b) show the relationships between the
resonant frequency constants and the configuration ratio for
the cylindrical resonator at temperatures of 25 ◦C and 55 ◦C,
respectively. For the cylindrical piezoelectric vibrator, the
point 1

2 (G
ftH= frH +G fTH= fRH) is the ‘mode dividing point’;

when M2 = 1, G ftH= frH =G fTH= fRH . By comparing Figs. 5(a)
and 5(b), we find that the mode dividing point moves toward
the greater configuration ratio G with temperature increasing
as shown in Table 2. At 25 ◦C, G ≈ 1.381 and keff = 0.7511;
at 40 ◦C, G ≈ 1.399 and keff = 0.7509; at 55 ◦C, G ≈ 1.428
and keff = 0.7452. The electromechanical coupling coefficient
keff at the mode dividing point exhibits a decreasing trend
with temperature increasing. The configuration ratio G for
the rectangular bar and the cylindrical resonator are defined
as G = L/H and G = H/R, respectively; however, the poling
direction for each of the two cases is along the height H as
shown in Fig. 1. The coupling constant Γ2 is approximately
0.89 in the temperature range of 25 ◦C–55 ◦C. From Table 2,

we find that the applicability index M2 is approximately 1.010.
Therefore, like the scenario in the case of the rectangular bar,
the coupling theory can also be applied to the cylindrical res-
onator.
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Fig. 5. Plots of resonant frequency constant against configuration ratio
for cylindrical resonator at temperatures of (a) 25 ◦C and (b) 55 ◦C, with
straight lines indicating limiting frequency constants.

For both types of piezoelectric vibrators, the frequency
constant f1H is greater than f2H as shown in Figs. 4 and 5,
and hence, when G→ 0 or G→ ∞, f1H approaches to the
two limiting resonant frequency constants of the lower dimen-
sion, and f2H approaches to the constants of the higher di-
mension. In other words, for the rectangular bar, when G→ 0,
then f1H → flH and f2H → fHH, and when G→ ∞, then
f1H → fhH and f2H → fLH; for the cylindrical resonator,
when G→ 0, then f1H → ftH and f2H → fRH, and when
G→ ∞, then f1H → frH and f2H → fTH. There is a very
strong coupling between the resonant frequency along the pol-
ing direction (z direction) and that in the direction perpendicu-
lar to the poling direction (x or radial direction) when the con-
figuration ratio G is close to the ‘mode dividing point’. From
Table 2, we find that the coupling constant Γ2 of the cylindrical
resonator is slightly greater than Γ1 of the rectangular bar at a
given temperature. The coupling constant Γ is not obviously
dependent on temperature. This is because in Eqs. (6), (28),
and (35), the elastic constants cE

11, cE
12, cE

13, and cE
33 obtained

from Ref. [4] vary with temperature. The elastic constants cE
11,

cE
12, and cE

13 decrease with temperature increasing, whereas cE
33

is largely invariant in the temperature range of 25 ◦C–55 ◦C.
Compared with that of the rectangular piezoelectric vibrator,
the applicability index M2 of the cylindrical vibrator is close
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to 1 in the temperature range of 25 ◦C–55 ◦C as shown in Ta-
ble 2. Thus, in the application of the coupling theory, the inter-
nal consistency for the cylindrical resonator is slightly better
than that for the rectangular bar. The applicability index M2 of

the cylindrical resonator is closer to 1 than the applicability in-
dex M1 of rectangular bar, which results in the absolute value
of ±0.003, lower than that of the rectangular bar (±0.004) as
shown in Table 2.

Table 2. Values of coupling constant Γ , mode dividing point, and applicability index M at different temperatures.

Temperature/◦C
Rectangular bar Cylindrical resonator

Γ1
Mode dividing point

M1 Γ2
Mode dividing point

M2(G = L/H) (G = H/R)

25 0.8522 0.9756±0.004 1.0165 0.8862 1.3805±0.003 1.0078
30 0.8532 0.9714±0.004 1.0180 0.8873 1.3852±0.003 1.0083
35 0.8539 0.9673±0.004 1.0172 0.8879 1.3914±0.003 1.0074
40 0.8536 0.9626±0.004 1.0184 0.8880 1.3989±0.003 1.0081
45 0.8533 0.9567±0.004 1.0184 0.8879 1.4073±0.003 1.0076
50 0.8534 0.9520±0.004 1.0191 0.8880 1.4144±0.003 1.0079
55 0.8524 0.9435±0.004 1.0198 0.8876 1.4279±0.003 1.0085

4. Conclusions
In this work, we discuss the influence of temperature

on 2D mode coupling effect and electromechanical coupling
coefficient of cylindrical [001]c-poled Mn-doped 0.24PIN–
0.46PMN–0.30PT piezoelectric single-crystal vibrator with an
arbitrary configuration ratio. For the cylindrical resonator,
the effective electromechanical coupling coefficient keff at the
mode dividing point exhibits a decreasing trend with tempera-
ture increasing. The electromechanical coupling coefficient kt

decreases with temperature increasing, whereas the electrome-
chanical coupling coefficient k33 is largely invariant in a tem-
perature range of 25 ◦C–55 ◦C. With temperature increasing,
the shift in the mode dividing point increases the scale of the
poling direction. For a given vibrator, the temperature has lit-
tle effect on coupling constant Γ in the range of 25 ◦C–55 ◦C.
However, the geometry of the piezoelectric vibrator affects the
coupling constant. For a given temperature, the coupling con-
stant Γ of the cylindrical resonator is slightly greater than that
of the rectangular bar. In a temperature range from 25 ◦C
to 55 ◦C, the applicability index values of the two piezoelec-
tric vibrators are both close to 1, indicating that the coupling

theory can be applied to piezoelectric vibrators made of late-
model piezoelectric single crystals, considering temperature
fluctuations.

References
[1] Zhang S, Luo J, Hackenberger W, Sherlock N P, Jr R J and Shrout T R

2009 J. Appl. Phys. 105 104506
[2] Qiao L, Li Q, Qiu C, Liu Y, Liu J, Xu Z and Li F 2019 IEEE Trans.

Ultrason. Ferroelectr. Freq. Control 66 1786
[3] Yan T L, Chen B, Liu G, Niu R P, Shang J, Gao S, Xue W H, Jin J,

Yang J R and Li R W 2017 Chin. Phys. B 26 067702
[4] Tang L, Tian H, Zhang Y and Cao W 2016 Appl. Phys. Lett. 108 082901
[5] Wu J, Gao X, Chen J, Wang C, Zhang S and Dong S 2018 Acta Phys.

Sin. 67 207701 (in Chinese)
[6] You J, Guan C and Zhou H 2017 Chin. Phys. B 26 054215
[7] Wang W, Or S W and Luo H 2017 Crystals 7 101
[8] Onoe M and Tiersten H F 1963 IEEE Trans. Ultrason. Eng. 10 32
[9] Ikeda T 1990 Fundamentals of Piezoelectricity (Oxford: Oxford Uni-

versity Press) pp. 116–118
[10] Lamberti N and Pappalardo M 1995 IEEE Trans. Ultrason. Ferroelectr.

Freq. Control 42 243
[11] Kim M, Kim J and Cao W 2006 J. Appl. Phys. 99 074102
[12] Kim M, Kim J and Cao W 2005 Appl. Phys. Lett. 87 132901
[13] Huang N, Zhang R and Cao W 2007 Appl. Phys. Lett. 91 122903
[14] Chen C W, Xiang Y, Tang L G, Cui L, Lin B Q, Du W D and Cao W

W 2019 Chin. Phys. B 28 127702

075201-6

https://doi.org/10.1063/1.3131622
https://doi.org/10.1109/TUFFC.2019.2928371
https://doi.org/10.1109/TUFFC.2019.2928371
https://doi.org/10.1088/1674-1056/26/6/067702
https://doi.org/10.1063/1.4942382
https://doi.org/10.7498/aps.67.20181091
https://doi.org/10.7498/aps.67.20181091
https://doi.org/10.1088/1674-1056/26/5/054215
https://doi.org/10.3390/cryst7040101
https://doi.org/10.1109/T-UE.1963.29298
https://doi.org/10.1109/58.365238
https://doi.org/10.1109/58.365238
https://doi.org/10.1063/1.2180487
https://doi.org/10.1063/1.2053366
https://doi.org/10.1063/1.2784949
https://doi.org/10.1088/1674-1056/ab4e85

	1. Introduction
	2. Theory
	3. Results and discussion
	4. Conclusions
	References

