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Exact solution of a topological spin ring with an impurity∗
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The spin-1/2 Heisenberg chain coupled to a spin-S impurity moment with anti-periodic boundary condition is studied
via the off-diagonal Bethe ansatz method. The twisted boundary breaks the U(1) symmetry of the system, which leads to
that the spin ring with impurity can not be solved by the conventional Bethe ansatz methods. By combining the properties
of the R-matrix, the transfer matrix, and the quantum determinant, we derive the T –Q relation and the corresponding Bethe
ansatz equations. The residual magnetizations of the ground states and the impurity specific heat are investigated. It is found
that the residual magnetizations in this model strongly depend on the constraint of the topological boundary condition, the
inhomogeneity of the impurity comparing with the hosts could depress the impurity specific heat in the thermodynamic
limit. This method can be expand to other integrable impurity models without U(1) symmetry.
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1. Introduction
Recently, considerable attention has been drawn by the

theory of impurities in both the Kondo problem and the
topological state, and many new developments have been
reported.[1–6] We know that the impurities play an important
role in the strongly correlated electron systems, and even a
small amount of defects may change the properties of the elec-
tron systems.[7–10] Then it is very important to construct the
integrable systems including the impurities. Many impurity
models with free end boundary conditions have been consid-
ered previously. Frahm and Zvyagin studied the effects of a
boundary magnetic field and an impurity spin coupled to an
open spin chain by means of Bethe ansatz method.[11] Wang
proposed an open spin-1/2 Heisenberg chain coupled with
two impurity spins sited at the ends, and exactly solved this
model for arbitrary impurity spin and arbitrary exchange con-
stants between the bulk and the impurities using Bethe ansatz
method.[12] The integrable impurity problem of the Heisen-
berg chain with periodic boundary condition was first consid-
ered by Andrei and Johannesson.[13] They studied the inte-
grable case of a spin S > 1/2 embedded in a spin-1/2 Heisen-
berg chain. Subsequently, the problem was generalized to ar-
bitrary spins by Lee and Schlottmann.[14] In contrast to the
periodic boundary conditions in the integrable impurity mod-
els, the anti-periodic boundary conditions are especially in-
teresting, which are tightly related to the recent study on the
topological states of matter.[15,16]

Since the Yang and Baxter’s pioneering works,[17–19] the
quantum Yang–Baxter equation, which defines the underlying
algebraic structure, has become a cornerstone for constructing

and solving the integrable models. The T –Q relation method
and the algebraic Bethe ansatz method developed from the
Yang–Baxter equation have become two very popular methods
for dealing with the exact solutions of the known integrable
models.[20] Although the algebraic Bethe ansatz method is
a powerful tool exhibiting a rich mathematical structure, its
implementation for models without U(1) symmetry still has
an obstacle. The main obstacle applying the algebraic Bethe
ansatz to these models lies in the absence of a trivial refer-
ence state. Significant progress has been made recently for
the integrable models without U(1) symmetry. For example,
a promising method for approaching such kind of problems
is Sklyanin’s separation variables method which has been ap-
plied to some integrable models.[21,22] Another important ad-
vance was made by Cao et al.,[23–25] who proposed the off-
diagonal Bethe ansatz method to approach the exact solutions
of generic integrable models either with or without U(1) sym-
metry. The central step of this method lies in the construction
of the T –Q ansatz with an extra off-diagonal term. For the
integrable models with impurities, on one hand the twisted
boundary breaks the U(1) symmetry of the system, on the
other hand the introduction of the impurity adds the freedom
degree of the system, which make it difficult to resolve the im-
purity model without U(1) symmetry. A systematic method is
still absent to derive the Bethe ansatz equations for integrable
impurity models without U(1) symmetry.

It is known that the behavior of a single magnetic im-
purity in the one-dimensional spin-1/2 Heisenberg model
as well as the behavior of a single Kondo impurity in a
three-dimensional free electron host is described by simi-
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lar Bethe ansatz theories.[26] The spin-1/2 magnetic impu-
rity manifests the total Kondo screening with Fermi liquids-
like low temperature behavior of the magnetic susceptibil-
ity and specific heat.[27] The effects of impurity scattering
on the surface of topological insulators have been investi-
gated extensively.[28–30] A key issue is to determine the con-
ditions for the stability of the current-carrying states at the
edge of the sample,[31,32] as this is the feature that most di-
rectly impacts prospect for future applications in electron-
ics and spintronics.[33] Therefore, it is worthwhile to inves-
tigate the effects of impurity when the impurity locates at
the twisted boundary. In this paper, we consider the Heisen-
berg spin ring with a Möbius-like topological boundary con-
dition coupled to a spin-S impurity. The Hamiltonian of the
model is H = H0+Himp, which was first solved by Andrei and
Johannesson,[13]

H0 =
1
2

J
N−1

∑
i
𝜎i ·𝜎i+1 +

1
2

J
(
σ

x
Nσ

x
1 −σ

y
Nσ

y
1 −σ

z
Nσ

z
1
)
,

Himp = J
( 2

2S+1

)2[
𝜎N ·𝑆+𝜎N+1 ·𝑆+

1
2
{𝜎N ·𝑆,𝜎N+1 ·𝑆}

−S(S+1)𝜎N ·𝜎N+1

]
, (1)

where H0 describes the host spin chain, Himp is the interac-
tion of the chain with the impurity, 𝜎 j = (σ x

j ,σ
y
j ,σ

z
j ) are Pauli

matrices, 𝑆 is the spin operator of spin-S. The {,} denotes an
anticommutator. Here, we consider the anti-periodic boundary
conditions σα

N+1 =σ x
1 σα

1 σ x
1 (α = x,y,z), that is, the spin on the

N-th site connects with that on the first site after rotating a π

angle along the x direction and forms a kink in the spin space.
The impurity is assumed to be located on the kink (between the
1st and N-th sites), and interacts with both neighboring sites.
We use the T –Q relation, together with some addition prop-
erties of the transfer matrix, to determine the complete set of
the eigenvalues and Bethe ansatz equations of the transfer ma-
trix associated with the Hamiltonian under certain constraint
of the boundary parameters.[34] The aim of this paper is to ex-
pand the off-diagonal Bethe ansatz method, and investigate the
impurity effects in the topological spin ring.

This paper is organized as follows. Section 2 serves as an
introduction of our notations and some basic ingredients. We
briefly describe the inhomogeneous topological spin ring with
a spin-S simpurity. In Section 3, base on the properties of the
transfer matrix and the quantum determinant, we drive the in-
homogeneous T –Q relation for the eigenvalue of the transfer
matrix and the corresponding Bethe ansatz equations. In Sec-
tion 4, the impurity effects on the ground state and the thermo-
dynamic limit for different impurity parameter c are discussed.
Concluding remarks will be given in Section 5.

2. Transfer matrix
Let 𝑉0,𝑉1, . . . ,𝑉N be 2D vector spaces over complex

numbers 𝐶. The 𝑉0 indicates the auxiliary space and the
tensor product 𝑉1 ⊗ ·· · ⊗ 𝑉N indicates the quantum space,
where 𝑉 j corresponds to the j-th site of the spin chain with
j = 1,2, . . . ,N. On the tensor product 𝑉0⊗𝑉 j, we define the
R-matrix

R0 j(u) = u+
1
2

η +η𝜎0 ·𝑆 j, (2)

where u is the spectral parameter, η is the crossing parameter
(without loss of generality, we put η = 1). The 𝑆 j is either
a spin-1/2 or an impurity spin-S at site j. Integrability re-
quires that the R-matrix satisfies the following Yang–Baxter
equation:

R12(u)R13(u+µ)R23(µ) = R23(µ)R13(u+µ)R12(u). (3)

Using the R-matrix, we introduce the local transform matrix
L0 j = 1⊗ ·· ·⊗R0 j⊗ ·· ·1. Define the monodromy matrix of
the system

T0(u) = L(1/2)
0N (u−θN)L

(1/2)
0N−1(u−θN−1) · · ·L(1/2)

01 (u−θ1v)L(S)
0S(u−c)

=

(
A(u) B(u)
C(u) D(u)

)
, (4)

with {θ j| j = 1, . . . ,N} being some generic site-dependent in-
homogeneity parameters, and c a constant. The transfer matrix
with anti-periodic boundary condition is given by

t(u) = tr0 σ
x
0 T0(u) = B(u)+C(u), (5)

where tr0 means tracing the auxiliary space 0. In order to con-
struct the Hamiltonian describing the interaction of the chain
with the impurity of spin S, we consider

T ⋆ = tr0

[
σ

x
0 L1/2

0N (u−θN)L
(S)
0S (u− c)L1/2

01 (u−θ1)
]
. (6)

Note that the impurity can interact only with the neighbour
sites, and the couplings are different. The coupling between
the N-th site and the impurity is the normal interaction, and the
coupling between the 1st site and the impurity is the twisted
interaction. The Himp can be obtained via

Himp=J
∂ lnT ⋆(u)

∂u
|u=0,{θ j=0}−J(σ x

Nσ
x
1−σ

y
Nσ

y
1−σ

z
Nσ

z
1). (7)

With the help of Eqs. (2), (4), and (5), the first order derivative
of the logarithm of the transfer matrix gives the Hamiltonian

H = H0 +Himp = J
∂ ln t(u)

∂u
|u=0,{θ j=0} . (8)

Both the Lax operator and monodromy matrix satisfy the
Yang–Baxter relation

R12(u1−u2)L
(1/2)
1 j (u1)L

(1/2)
2 j (u2)

= L(1/2)
2 j (u2)L

(1/2)
1 j (u1)R12(u1−u2), (9)

R12(u1−u2)L
(S)
1 j (u1)L

(S)
2 j (u2)=L(S)

2 j (u2)L
(S)
1 j (u1)R12(u1−u2), (10)

R12(u1−u2)T1(u1)T2(u2) = T2(u2)T1(u1)R12(u1−u2). (11)
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It is easy to show that the R-matrix also satisfies the following
relations:

Initial condition: R12(0) = P12, (12)

Unitary relation: R12(u)R21(−u) = (1−u2)× id, (13)

Crossing relation: R12(u) =V1Rt1
12(−u−1)V1,

V =−iσ y, (14)

PT-symmetry: R12(u) = R21(u) = Rt1t2
12 (u), (15)

Z2-symmetry: σ
α
1 σ

α
2 R12(u) = R12(u)σα

1 σ
α
2

for α = x,y,z, (16)

Fusion condition: R12(±1) =±1+P12, (17)

where P12 is the permutation operator and ti denotes transpo-
sition in the i-th space.With the help of the Yang–Baxter re-
lation, we can easily deduce the following commutation rela-
tions:

[A(u),A(ν)] = [B(u),B(ν)] = [C(u),C(ν)]

= [D(u),D(ν)] = 0, (18)

A(u)B(ν) =
u−ν−1

u−ν
B(ν)A(u)+

1
u−ν

B(u)A(ν), (19)

D(u)B(ν) =
u−ν +1

u−ν
B(ν)D(u)− 1

u−ν
B(u)D(ν), (20)

C(u)B(ν) = B(ν)C(u)+
1

u−ν
[D(u)A(ν)−D(ν)A(u)] . (21)

Define the pseudo vacuum state |0〉 as σ
+
j |0〉= S+|0〉= 0, we

obtain

C(u)|0〉=0, A(u)|0〉=a(u)|0〉, D(u)|0〉=d(u)|0〉, (22)

where a(u) = ∏
N
j=1(u−θ j +1)(u− c+1/2+S), and d(u) =

∏
N
j=1(u− θ j)(u− c + 1/2− S). The Yang–Baxter relation

of the R-mareix leads to the fact that the transfer matrices
with different spectral parameters commute with each other:
[t(u), t(ν)] = 0. Then t(u) serves as the generating function of
the conserved quantities of the corresponding system, which
ensures the integrability of the model.

3. Off-diagonal Bethe ansatz solutions
We suppose that |Ψ〉 is an eigenstate of t(u) and indepen-

dent of u, and has t(u)|Ψ〉 = Λ(u)|Ψ〉. Base on the commu-
tation relations Eqs. (18)–(21), the following useful formulas
can be derived:[35]

C(u)B(µ1) · · ·B(µn)|0〉

=
n

∑
l=1

Ml

n

∏
j=1
j 6=l

B(µ j)|0〉+
n

∑
k>l

MklB(u)
n

∏
j=1

j 6=k,l

B(µ j)|0〉, (23)

with

Ml = g(u,µl)a(u)d(µl)∏
j 6=l

f (µ j,µl) f (u,µ j)

+g(µl ,u)a(µl)d(u)∏
j 6=l

f (µ j,u) f (µl ,µ j),

Mkl = d(µk)a(µl)g(u,µk)g(µl ,u) f (µl ,µk) ∏
j 6=k,l

f (µ j,µk) f (µl ,µ j)

+d(µl)a(µk)g(u,µl)g(µk,u) f (µk,µl)

× ∏
j 6=k,l

f (µ j,µl) f (µk,µ j), (24)

where f (u,µ j) =
u−µ j−1

u−µ j
and g(u,µ j) =

1
u−µ j

. We define
Fn({µ j}) = 〈Ψ |∏n

j=1 B(µ j)|0〉 and set F0 = 〈Ψ |0〉 = 1. Us-
ing the define of the pseudo vacuum state, we have Λ(u) =

〈Ψ |B(u)|0〉. Obviously, the eigenvector |Ψ〉 is independent of
the spectral parameter u, thus the eigenvalues of t(u) can be
determined by the relation between Λ(u) and Fn(µ j). From
the following relation:

F1(u)=Λ(u),

F2(u,µ1)=Λ(u)Λ(µ1)−M0,

F3(u,µ1,µ2)=Λ(u)Λ(µ1)Λ(µ2)−M1Λ(µ2)−M2Λ(µ1)−M21Λ(u),

· · · · · · · · · ,

Fn+1(u,{µ j} j=1,··· ,n)=Λ(u)
n

∏
j=1

Λ(µ j)−
n

∑
l=1

Ml

n

∏
j=1
j 6=l

Λ(µ j)

−
n

∑
k>l

MklΛ(u)
n

∏
j=1

j 6=k,l

Λ(µ j), (25)

we note that the dependence of the functions Fn(u) on u is
solely determined by the operator B(u), and Λ(u) is a de-
gree N polynomial of u. Hence Λ(u) can be write as Λ(u) =

Λ0 ∏
N
j=1(u− z j), where Λ0 is a constant and z j are roots of

Λ(u) with Λ(z j) = 0. There are N + 1 unknowns Λ0 and
{z j| j = 1, . . . ,N}. If there are N+1 equations, Λ(u) can be de-
termined completely. In order to get some function relations of
the transfer matrix, we evaluate the transfer matrix t(u) at the
particular points θ j and θ j−1. Due to a(θ j−1) = d(θ j) = 0
and FN+1 = 0, we have the following relation:

Λ(u) =
N

∑
j=1

g(θ j,u)a(θ j)

Λ(θ j)
d(u)

N

∏
l 6= j

f (θl ,u) f (θ j,θl). (26)

Putting u = θ j−1, we obtain the following relation:

Λ(θ j)Λ(θ j−1) =−a(θ j)d(θ j−1), j = 1, . . . ,N. (27)

The quantum determinant ∆q(u) =−a(u)d(u−1) is indepen-
dent of the representation basis, however it is related with the
boundary conditions. Next we consider the transposition of
the monodromy matrix in the auxiliary space

T t0
0 (u) = Lt0

0N(u−θN) · · ·Lt0
01(u−θ1)L

t0
0S(u− c). (28)

With the intrinsic properties of the R-matrix given in Eqs. (14)
and (15), we deduce that

T t0
0 (u) = (−1)N+1V−1

0 L0S(−u+ c−1)

×L01(−u+θ1−1) · · ·L0N(−u+θN−1)V0. (29)
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Then we find

T t1···tN+1t0
0 = [L0N(u−θN) · · ·L01(u−θ1)L0S(u− c)]t0t1···tN+1

= (−1)N+1L0S(−u+ c−1)

×L01(−u+θ1−1) · · ·L0N(−u+θN−1). (30)

For the anti-periodic boundary condition, the transfer matrix
satisfies the relation

tt1···tN+1(u) = (−1)Nt(−u−1). (31)

This relation Eq. (31) indicates that Λ(u) = (−1)NΛ(−u−1)
for a finite site N, which has been proved by the direct diago-
nalization of t(u).[36] The above relations Eqs. (25), (27), and
(31) completely determine the eigenvalue Λ(u), we propose
the following T –Q relation for Λ(u):

Λ(u) = eua(u)
Q1(u−1)

Q2(u)
− e−(u+1)d(u)

Q2(u+1)
Q1(u)

−ξ (u)
a(u)d(u)

Q1(u)Q2(u)
, (32)

where

Q1(u) =
M

∏
j=1

(u−µ j), Q2(u) =
M

∏
j=1

(u−ν j). (33)

The ξ (u) is an adjust function, and ξ (u) = eu − e−u−1 for
odd N, M = (N +1)/2 (for even N, M = N/2+1). The corre-
sponding Bethe ansatz equations can be obtained as

a(µ j) =−
e−µ j−1

ξ (µ j)
Q2(µ j +1)Q2(µ j), (34)

d(ν j) =
eν j

ξ (ν j)
Q1(ν j−1)Q1(ν j). (35)

Generally, the Bethe roots distribute in the whole complex
plane with the selection rules µ j 6= µl , µ j 6= νl , and µ j 6= νl +1,
which ensure the simplicity of “poles” in the T –Q ansatz. The
eigenvalues of the Hamiltonian (1) take the following form:

E =−J
M

∑
j=1

(
1

µ j +1
− 1

ν j

)
+

2SJ

(S+1/2)2− c2
. (36)

4. Ground state and impurity specific hetat

The interaction between the impurity and the spin ring
depends on the parameter c, and c could be real or imaginary
values. Therefore, we discuss the ground state properties for
different c values with the standard method proposed by Yang
and Yang.[17] Note that the distributions of the roots {µ j} and
{ν j} are not independent, which essentially are decided by
the selection rules of elementary excitation at the anti-periodic
boundary condition of the system. In the homogeneous lim-
its θ j → 0, with the help of Eqs. (34) and (35), we obtain the
following Betha ansatz equations:(

µ j +1
µ̃ j +1

)N
[

c−µ j− (S+ 1
2 )

c+ µ̃ j +(S+ 1
2 )

]

= e−2iIm(µ j)
M

∏
l=1

(
µ j + µ̃l +2
µ̃ j +µl +2

)(
µ j + µ̃l +1
µ̃ j +µl +1

)
, (37)

and the energy eigenvalues

E =−J
M

∑
j=1

(
1

µ j +1
+

1
µ̃ j +1

)
+

2SJ
(S+1/2)2− c2 , (38)

where µ̃ j indicates the conjugate of µ j.
First, we consider the case of imaginary c = iζ . The ex-

change interaction between the impurity and the spin ring is
always positive corresponding to antiferromagnetic coupling.
All the modes of {µ j} take imaginary values in the ground
state to minimize the energy. We set µ j = λ j + iγ j, and intro-
duce the following function:

θ

(
λ

n

)
=

1
i

ln
λ − in
λ + in

−π. (39)

Taking the logarithm of Eq. (37), we obtain

I j

N
=

1
2π

{
θ

(
γ j

λ j +1

)
+

1
N

θ

(
γ j−ζ

λ j +S+1/2

)
+

2γ j

N

− 1
N

M

∑
l=1

θ

(
γ j− γl

λ j +λl +2

)
+θ

(
γ j− γl

λ j +λl +1

)}
, (40)

where I j are some integers (or half-integers). Define

ZN(λ ,γ) =
1

2π

{
θ

(
γ

λ+1

)
+

1
N

θ

(
γ−ζ

λ +S+1/2

)
+

2γ

N

− 1
N

M

∑
l=1

θ

(
γ−γl

λ+λl +2

)
+θ

(
γ−γl

λ+λl+1

)}
. (41)

Then ZN(λ j,γ j) = I j/N gives the Bethe ansatz equation (37).
Note that I j are related to not only the parity of N and M
but also the distribution of the roots, which are decided by
the topological boundary. For the ground state, I j must take
consecutive numbers around zero symmetrically. In princi-
ple, each possible I j may correspond to a solution {µ j} of the
Bethe ansatz equations. However, those solutions may not be
occupied. We treat the occupied solutions as ”particles” and
the unoccupied solutions as ”holes”, and define a density func-
tion for the ground state ρN(x) = dZN(x)/dx = ρ(x)+ρh(x),
where ρ(x) and ρh(x) are the densities of the particles and
holes, respectively. From the selection rules, we know that
the distribution of the Bethe roots in the ground state is on a
straight line, which means that all the imaginary modes have
the same value. Therefore, we can take γ as a constant in the
ground state, and only consider the distribution of λ . The den-
sity function can be written as

ρN(λ ) = φγ (λ +1)+
1
N

φγ−ζ (λ +S+1/2)

− 1
N

M

∑
l=1

φγ−γl (λ +λl +2)+φγ−γl (λ +λl +1), (42)

where φn(x) =
1

2π

2n
x2 +n2 . The density function at the ground

state satisfies
∫

Λ

−Λ
ρN(λ )dλ = M/N, where Λ is the cutoff
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of the λ modes. Normally, Λ is decided by the dressed en-
ergy ε(±Λ) = 0, and indicates the boundary of the Fermi
sphere.[35] Here we only consider the case Λ = ∞. Follow-
ing the standard procedure outline elsewhere,[37] we obtain
the residual magnetization of the ground state Mg = S, which
means that the impurity can not be screened.[38]

For the case of real value c, the coupling between the im-
purity and the spin ring can be ferromagnetic or antiferromag-
netic for |c| < S+ 1/2 and S+ 1/2 < |c|, respectively. Ob-
viously, there exists a critical point |c| = S+ 1/2, which cor-
responds to a quantum phase transition to a non-Fermi liquid
quantum critical region. When S+1/2< |c|, the real modes of
µ at Re{µ j}= c−(S+1/2) can exist in the ground state. With
a similar discuss, the self magnetization of the ground state is
Mg = S, which means that the impurity can not be screened.
When S+1/2 > |c|, the exchange interaction between the im-
purity and the bulk is in the antiferromagnetic region, and
no bound state can exist in the ground state. In this case,
the residual magnetization of the ground state Mg = S− 1/2,
which means that the impurity moment is partially screened
(for S > 1/2).

In order to investigate the impurity effects in the thermo-
dynamic limit, we consider a special case of c = iζ and µ j =

iγ j to investigate the thermodynamic of the present model.
In the thermodynamic limit, in the leading order of O(N−1),
equation (40) takes the form

ρN(γ) = φ1(γ)−
∫ [

2φ2(γ− γ
′)+φ1(γ− γ

′)
]

ρN(γ
′)dγ

′. (43)

Equation (43) can be resolved by the Fourier transformation,
and the contributions of the impurity and the anti-periodic
boundary to the density are

ρS(γ) =
1

cosh( γ−ζ

S+1/2 )
,

ρa(γ) =
1

2cosh(πγ)
+

1
4π

∫ e−iγω

1+2e−ω + eω
dω. (44)

Therefore, the impurity contribution to the low temperature
specific heat reads

Cs =
1
4

T−2
∫ 1

cosh(πγ)

𝜖2
S(γ)e𝜖S(γ)/T

(1+ e𝜖S(γ)/T )2
dγ, (45)

where 𝜖S(γ) =
−4(S+1)J

(γ−ζ )2 +(2S+1)2 . It is hard to obtain the

analytically expression of temperature specific heat for nor-
mal ζ and S, however, we can give some numerical results by
applying the approximate calculations (see Fig. 1).

From the above discussion, we conclude that the impurity
can not be screened for the antiferromagnetic cases. The impu-
rity moments only can be partially screened for the ferromag-
netic case. The coupling interaction of the impurity is differ-
ent to that in the one-dimensional quantum system with U(1)
system.[12] The topological boundary condition will produce

a finite boundary energy described by a phase factor, which
constraints the interaction between the impurity and the spin
kink. The screen behaviors of the impurity strongly depend
on the competition between the quantum fluctuation and the
constraint of the topological boundary condition. When the
impurity parameter c is a pure imaginary value, the contribu-
tion of the impurity on the specific heat mainly depends on the
impurity spin, and the effects of the anti-periodic boundary are
depressed in the thermodynamic limit. From Fig. 1, we note
that the peak of specific heat moves down gradually with the
increase of ζ , which means that the inhomogeneity of the im-
purity comparing with the hosts could depress the contribution
of the impurity on the specific heat. These results are similar
to the situation for the Kondo problem in a Luttinger liquid
predicted by Furysaki and Nagaosa.[39] The Kondo coupling
in this model indicates the topological nature of the system.
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0.02

0
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ζ=1.0
ζ=1.50.10

0.08

0.06C
s

0.04

0.02

0
0 0.5 1.0

T T

1.5 2.0 0 0.5 1.0 1.5 2.0

(a) (b)

S// S/

Fig. 1. The impurity specific heat Cs as a function of temperature T for the
system with the impurity spin-1/2 (a) and the impurity spin-1 (b), where the
impurity parameter ζ = 0.5,1,1.5.

5. Conclusion
The spin-1/2 Heisenberg chain described by the Hamil-

tonian (1) with anti-periodic boundary condition is studied via
the off-diagonal Bethe ansatz method. The crucial ideal of the
off-diagonal Bethe ansatz method is to construct the function
relations between the eigenvalues of the transfer matrix and
the elements of the monodromy matrix. The eigenvalues of
the transfer matrix are given in terms of the T –Q relations,
and the Bethe ansatz equations are given by the regularity of
the eigenvalue. Based on the Bethe ansatz equations, we inves-
tigate the distribution of roots and the residual magnetization
in the ground states by the usual method.[35] It is found that the
screen behavior of the impurity strongly depends on the topo-
logical boundary condition, the anti-periodic boundary condi-
tion contributes a finite boundary energy described by a phase
factor. The selection rules of Bethe roots decide the proper-
ties of the ground states and the elementary excitation of the
topological spin ring, which indicates the topological nature of
the system. In the thermodynamic limit, the impurity contri-
bution to the specific heat is also investigated, and the results
indicate that the thermodynamic properties can be adjusted by
the impurity parameters. When the impurity does not inter-
act with the boundary fields, the function relation between the
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eigenvalue and the quantum determinant still holds via some
properties of the R-matrix and K-matrices. In this case, this
method can also deal with the impurity integrable models with
arbitrary boundary conditions, which will be investigated in
our next work.
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