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Four-soliton solution and soliton interactions of the generalized
coupled nonlinear Schrodinger equation®
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Based on the generalized coupled nonlinear Schrodinger equation, we obtain the analytic four-bright—bright soliton
solution by using the Hirota bilinear method. The interactions among four solitons are also studied in detail. The results
show that the interaction among four solitons mainly depends on the values of solution parameters; k| and k; mainly affect
the two inboard solitons while k3 and k4 mainly affect the two outboard solitons; the pulse velocity and width mainly
depend on the imaginary part of k; (i = 1, 2, 3, 4), while the pulse amplitude mainly depends on the real part of k; (i =1, 2,

3,4).
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1. Introduction

Optical soliton, generated from the balance between non-
linearity and dispersion (or diffraction), has received much
attention in research due to its potential applications in long
distance optical communication, optical devices, and optical
computers. The propagation of optical soliton pulses through
a fiber medium is governed by the nonlinear Schrodinger
(NLS) equation and its variants.!?l These NLS equations
have two types of soliton solutions, namely bright and dark
solitons.!*#! The bright soliton is generated in the anomalous
dispersion region of the fiber, and the dark soliton, which is
more stable than bright soliton, exists in the normal disper-
sion region. In general, due to birefringence effect,>! sin-
gle mode propagation of light pulses is governed by the cou-
pled NLS (CNLS) equations.!”! In recent years, the CNLS
equations with higher-order effects have attracted much at-
tention, such as self-steepening,'”) Raman scatting,!'!! and
four-wave mixing.!'?! The four wave mixing effect is a ba-
sic nonlinear phenomenon having fundamental relevance and
practical applications particularly in nonlinear optics, opti-

[13] U4l measurement of

cal processing,''”! real time holography,
atomic energy structures and decay rates.!'>! The generalized
coupled nonlinear Schrodinger (GCNLS)['®17! equation with

four-wave mixing effect can be expressed as

ip + pc+2(alpl* +clqf* +bpg* +b*p*q)p =0,
ig: +qee +2(alp® +clql* +bpg" +b*p*q)g=0, (1)

where p and g are slowly varying pulse envelopes; a and ¢ are
real constants and correspond to self-phase and cross-phase
modulation coefficients, respectively; b is a complex constant
corresponding to four-wave mixing effect; symbol * denotes

DOI: 10.1088/1674-1056/ab84ce

the complex conjugation. It has been shown that system (1)
is completely integrable for arbitrary values of the system pa-
rameters, a, b and ¢, through Weiss—Tabor—Carnevale (WTC)
algorithm.!"81 When a = ¢ and b = 0, system (1) reduces to
the Manakov system.“9] When a = —c and b = 0, it reduces
to the mixed coupled nonlinear Schrodinger equation.) In
recent years, different soliton solutions of GCNLS equation

1-321 15 2010, two-soliton so-

have been extensively studied.!”
Iution of GCNLS equation and the collision dynamics be-
tween solitons were studied in Ref. [16], and a new soli-
ton phenomenon (soliton reflection) was found. Later, the
dark—dark soliton, general breather solution (GB), Akhmediev
breather solution (AB), Ma soliton solution (MS), and rouge
wave solution (RW) of GCNLS equation were obtained by use
of Hirota bilinear method.!?*=!1 The N-soliton solutions of
the GCNLS equation with four-wave mixing effect were pre-
sented and the collision properties of one-soliton, two-soliton,
and three-soliton solutions have also been studied in detail in
Ref. [17]. Among them, the quasi-breather-dark (breather-
like) soliton has novel properties that one component has os-
cillatory behavior and another component’s amplitude remains
unchanged.>*! But there are few reports about breather-like
soliton and four-soliton solution. Therefore the four-bright—
bright soliton solution of GCNLS equation is derived by using
Hirota bilinear method in this paper. And a breather-like four-
soliton solution is also obtained and the collision dynamics
between solitons is studied in detail. The rest of this paper is
organized as follows. In Section 2, the four-bight-bright soli-
ton solution is deduced by the Hirota bilinear method. In Sec-
tion 3, the collision dynamics between solitons is discussed in
detail. Finally, some conclusions are drawn from the present
study in Section 4.
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2. Four-soliton solution

We construct a four-soliton solution of Eq. (1) through the
Hirota bilinear method when a, ¢ > 0. We consider the bilin-
earizing transformations that are in the following form:!”]

2

where g(!) and g(® are complex functions while f is a real
function. Substituting Eq. (2) into the GCNLS Eq. (1) and
rewriting the resulting equation appropriately, we obtain the
following bilinear equations: 7]

(iDi+DY) (5" - f)

2
DY(f-f)=2a|g"| +e|g?
T bgVg@" 4 b*g@) g(Dey.

=0,
‘2
3

In the above expressions, D; and D? are the Hirota bilinear op-
erators. We expand the functions g*¥), s = 1,2, and f formally
as power series expansions in terms of a small arbitrary real
parameter &, that is

g¥ = sggs) + 83ggs) + Ssg?) + 87ggs) ,

f=1+e2f+etfatelfot+etfi

(s)
@)

where supposing € = 1 and substituting Eq. (4) into Eq. (3),
we can obtain the four-soliton solution of GCNLS Eq. (1). In
order to obtain the explicit form of four-soliton solution, we
define the following (1 x 4) row matrices Ay, (2 X 1) column

matrices y;, j =1, 2, 3, 4, column matrix ¢, and the (4 x 4)
identity matrix / as follows:

(1)

N N S N g
As:_<g1()vg2<)ag3()a€£))a %:<gj(2)>a (5)

exp(M1) 1 000

| exp(m) 0100
=l expim) | Tl 00 1 0 ©)

exp(Na) 0 0 0 1

— £ 12
Here, nj = kjx+ikjt, ¢;, and k; are the complex parameters.
We can write the four-soliton solution of GCNLS equation in

the form of
(1) (2)
8 8
P=—"F> 9= —F, (N
f S
where
E 1 ¢ = ]
g(.\'): -7 o 0T . f= :[,Q , s=1,2 (8)
0 A, O
The matrices =, and £2,,,, are defined by
- exp(Tu+ 1) _ VaVn
—mn km + k; ) mn k;;l + kn )
%=<Zi)%,mwﬂ£&4 ©)

where symbol { represents the transpose conjugate. It has been
proved that the Gram determinant forms g(*) and f satisfy the
bilinear Eq. (3) in Ref. [17], and the expressions are as follows:

exp(M1)
exp(m2)
exp(13)
exp(14)
0 |, (10)
0
0
0
0
, (11)

E Ep Eiz oEiy 1 0 0 0
1 Ep Eypn oEy 0 1 0 0
E31 Exp E;z oEZy 0 0 1 0
En Ep Ep Ey 0 0 0 1
gW=-1 0 0 0 Q1 Q2 Q3 Qu
0 -1 0 0 o Qpn (Q Oy
0 0 -1 0 Q3 Qn Q5 O
0 0 0 -1 Q4 Qupn Q4 Qu
0 0 o0 0 - g g g
Zn Ep Bz En 1 0 0 0
E1 B Exz En 0 1 0 0
E31 E3p Bz Ey 0 0 1 0
Fe a0 Ep Bz Ey 0 0 0 1
-1 0 0 0 Q Qi Qi Lu
0 -1 0 0 Q1 Qo Q3 O
0 0 -1 0 Q31 Q3 Q33 QO
0 0 -1 Q4 Qun Qun Qu
where (1) (D)= (2) (2)% (1) (2)* (D)= _(2)
Qi = acy, 'Gn’' +cG Gm’ + b Gn 'Gm  + b* G Gm .
(kn +k3,)

Substituting expressions (10) and (11) into Eq. (7) and simplifying the resulting expression, we can obtain the four-soliton

solution of Eq. (1) as shown in Appendix A.
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Because of the large number and complexity of param-
eters in the expression p, g, D, they are not presented here.
The pulsed collisions of four-soliton solutions are numerically
studied in the following section.

3. Collision behavior between solitons

Lots of computed results show that the collision behavior
between solitons of four-soliton solution is mainly related to
the values of parameters k1, k2, k3, k4, 67, G5, G3, G4 (s =1, 2).
And here we only present two major cases.

3.1. k; i =1, 2, 3, 4) being all complex

When ki, k», k3, and k4 are all complex, the other param-
eters are a = 2, b = 1 4 2i, ¢ = 2 and the following condition
is satisfied:

1 1 1 1
L-2-5_%_. (12)
St % 4

The collision dynamics between solitons are elastic and
shown in Figs. 1 and 2. We can see that the pulse amplitudes
do not change during the collision in components |p| and |g].
Butit s clear that the outboard two solitons’ widths are smaller
than those of the inboard solitons. Lots of numerical simula-
tion results show that k| and k, mainly affect the two inboard
solitons and k3, k4 mainly affect the two outboard solitons,
while the pulses’ velocity and width mainly depend on the
imaginary part of k; (i = 1, 2, 3, 4) and the pulse amplitude
mainly depends on the real part of k;. The pulse amplitudes
are all equal to 0.4 in Fig. 1. But in Fig. 2, the inboard pulse
amplitudes are 0.8 and the outboard pulse amplitudes are 0.2.
With decreasing of the imaginary part of k; and k» and the
increasing of the imaginary part of k3 and k4, the velocities
of inboard two solitons decrease and the widths of outboard

solitons become smaller as shown in Fig. 2.

|p]
10 1.0
0.8
\ / 0.6
0.2
1050 =5 0 5 10
T
lql
10 1.0
0.8
+ O§- <’4 0.6
( s — | 0.4
0.2
T 0 5 10
xT

Fig. 1. Contour plots of elastic interactions of four solitons in components
(@) |p| and (b) |q| fork; = 1+ i, ky =1 —1i, k3 = 1431, and ky = 1 - 3i.
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Fig. 2. Contour plots of elastic interactions of four solitons in components
(a) |p| and (b) |g| for k; =2+ 0.5i, kp =2 —0.5i, k3 = 0.5+ 6i, and
ks =0.5—6i.

When the condition (12) is not satisfied, and

d=a=¢=¢

=0,

G=a=6G=6=0,
the values of k; (i = 1, 2, 3, 4) are the same as those in Fig. 1,
61, 6i, 63, 67 can also be real or complex. Under the condi-
tion (13) or (14), the interactions among the solitons are pre-
sented as two disappearing solitons and two quasi-elastic col-
lision solitons as shown in Fig. 3. We can see that the two
inboard solitons disappear and the two outboard solitons pro-
ceed quasi-elastic collision under condition (13). However the
interaction among solitons under condition (14) is just oppo-
site to that under condition (13), the two outboard solitons
disappear and the two inboard solitons proceed quasi-elastic
collision.

|p|
0.8

0.6
0.4
0.2

0.8
0.6
0.4
0.2

Fig. 3. Contour plots of quasi-elastic interactions among four solitons in
components (a) |p| and (b) || for gl =¢) =¢? =¢?=0,¢l =¢} =¢? =¢2.

Under the following condition:

G=a=¢=6=0 ¢g=g=g=¢g=1, 15
d=0=¢G=6=0, g=¢=¢=g=1, (16)
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soliton interactions are displayed in Fig. 4. In the |p| com-
ponent, the two outboard solitons disappear and two inboard
solitons present quasi-elastic collision behavior. Unlike the |p|
component, the four solitons in the component |g| present in-
elastic collision. The interaction between solitons under con-
dition (16) is similar to that under condition (15).

X
lq|
10 1.5
1.0
+ )ﬂ‘
— 0.5

T210 10

Fig. 4. Contour plots of interactions of four solitons in components (a) |p|
and (b) |g| for where ¢} =gl =¢?=¢}=0,¢] =¢l =¢Z=¢} = 1.

When the conditions (12)—(16) are all not satisfied and
one or more of the parameters ¢’ are complex, figure 5 illus-
trates the inelastic collision behavior of four solitons in com-
ponent | p| and |g].

|p|
10
1.5
. 0 1.0
0.5
—~10
~10 -5 0 5 10
xT
10
1.0
“ 0 0.6
0.2
—10%0 =5 0 5 10
X

Fig. 5. Contour plots of inelastic interactions of four solitons in components
@ |pl and @) Jgl for g = 1+i. g =1+2l =g =¢f =g =¢ =
g =1

3.2. k1, k are real and k3, k4 are complex

In this situation, the two inboard solitons’ velocities are
zero. When condition (12) is satisfied, we can obtain that the
two inboard zero velocity solitons integrated into one and the
two outboard solitons present quasi-elastic collision as shown
in Fig. 6. When k; and &, are not equal, an interesting quasi-

breathing soliton can be obtained as shown in Fig. 7, two in-
board solitons attract and repel each other periodically. And
the breathing period becomes smaller with the increasing of
|k1 — k2| as shown in Fig. 8.

Ip|
10
0.8
0.6
=0 — = | ,
0.2
—10
-10 -5 0 5 10
X
lq|
10
0.8
0.6
o — - | |
0.2
1000 =5 0 5 10
xT

Fig. 6. Contour plots of interactions of four solitons in components (a) |p|
and (b) |g| fork; =1, ko =1, k3 = 14+ 3i,and ky = 1 — 3.

10 1.0
0.8
- 0 0.6
0.4
0.2
—10
~10 -5 0 5 10
10 1.0
0.8
0.6
+ 0
0.4
0.2
—10%0 =5 0 5 10
xT

Fig. 7. Contour plots of interactions of four solitons in components (a)
|p| and (b) || fork; =1,k = 1.6, k3 = 1+3i, and k4 = 1 —3i.

1.5

1.0

0.5
5

10

: 1.5
1.0
0.5

0 5 10
T

Fig. 8. Contour plots of interactions of four solitons in components (a) |p|
and (b) |g| forky =1, ky =3, k3 = 1+3i, and ks = 1 —3i.
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When the condition (13) is satisfied and ¢’ are all real,
the interactions among solitons are exactly the same as those
in Fig. 3. But under the condition (14), the outboard solitons
disappear and the inboard solitons are similar to those in Fig. 7
as show in Fig. 9. The breathing period is also inversely pro-
portional to |k; — k2|, which is obvious by comparing Fig. 9
with Fig. 10. Under the conditions (15) and (16), the soli-
ton collisions are different in component |p| and |¢| as shown
in Figs. 11 and 12. In Fig. 11, the outboard solitons disap-
pear in component |p| and the inboard solitons interact with
eah other periodically. In component |g|, both the outboard
and inboard solitons present quasi-elastic collision and the in-
board solitons’ amplitudes decrease obviously. In Fig. 12, the
condition (16) is satisfied, the two inboard solitons disappear
in the component |p| and the two outboard solitons present
quasi-elastic collision, while completely inelastic collision in
component |g|.

10 .
&) " 0.8
= 0.6
0
- .. 0.4
N 02
—10 -

—10 -5

T so
ot
—
(e}

10
0.8

0.6
0.4
0.2

t

o
li.‘.".l‘l
|

—10

-10 -5 10

8 O
t

Fig. 9. Contour plots of quasi-elastic interactions among four solitons in
components (a) |p| and (b) |g| for ky =1, ko = 1.5, k3 = 1+ 31, and
ky =1-3i.

|p]

2 & 1.0
2 0.6
S 0.2
_10 >
5 10
1.0
0.6
0.2
5 10

Fig. 10. Contour plots of quasi-elastic interactions of four solitons in com-
ponents (a) |p| and (b) |¢q| fork; =1,k =2, k3 =1+ 3i, and ky = 1 — 3i.

2 8O0

aoll.ll.llll_

—10
-10 -5

—10
—10 10

Fig. 11. Contour plots of interactions of four solitons in components (a) |p|
and (b) |g| fork; =1, ky = 1.6, k3 = 1431, and ks = 1 —3i.

P
Ed 1.5

1.0

0.5

—10
—-10 =5 0 5 10
T

Fig. 12. Contour plots of interactions among four solitons in components
(a) |p| and (b) |g| forky =1,k = 1.6, k3 = 1+ 3i, and kg = 1 —3i.
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= 0 0.4
0.2
~10
~10
xT
10
0.8
0.6
= 0 0.4
0.2
~10
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xT

Fig. 13. Contour plots of interactions among four solitons in components
@) |pland (b) g for g} =g} =g} =gf =1+i.¢f =gl =cf =¢i =1.

When conditions (12)—(16) are all not satisfied and one

or more of the parameters ¢f (s =1, 2, i=1, 2, 3, 4)
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are complex, we can obtain completely inelastic collisions
in components |p| and |¢|. Especially, when the parameters
e gl =g =g =g =l+ig=g=g=cg=lor
Sl=g=¢=g=1¢=¢=¢=g=1+i the soli-
ton interactions in two components are similar as shown in
Fig. 13. Otherwise, the inelastic collision behaviors of the two
components are different.

4. Conclusions

In this work, we obtain the exact four-soliton solution of
the GCNLS Egq. (1) by the Hirota bilinear method and the in-
teractions between solitons are discussed in detail. The nu-
merical simulation results show that the interactions among
four solitons depend on the solution parameters’ values and we
discuss only two major cases. The first case is that k; (i = 1,
2, 3, 4) are all complex. In this case, if ¢/ (s=1,2,i=1, 2,
3, 4) are all real, the elastic collisions occur among four soli-

tons both in components |p| and |g| when the condition (12)

Appendix A

is satisfied. While ¢/ (s =1,2,7=1, 2, 3, 4) are all real and
meet conditions (13)—(16) or they are all complex, soliton dis-
appears and inelastic collision occurs. The second case is that
ki and k, are real while k3 and k4 are complex. There are two
zero velocity solitons in this case and the interaction behav-
iors are similar to those in the first case when parameters ¢’
(s=1,2,i=1, 2, 3, 4) satisfy different conditions. Lots of
numerical simulation results show that k; and k> mainly affect
the two inboard solitons, and k3 and k4 the two outboard soli-
tons, while the pulses’ velocity and width mainly depend on
the imaginary part of k; (i = 1, 2, 3, 4), the pulse amplitude the
real part of k;. Our results will be helpful in the understanding
of design of all-optical switch, soliton control, fiber amplifier,
etc., at the same time, they provide theoretical support for the
experimental study of soliton excitation and control. These
results have certain applications in all-optical communication
system, nonlinear optics, optical conversion equipment, and
other fields.

The four-soliton solution expressions can be expressed as follows:

pxD=¢Vexp(m)+g" exp(m) + 6" exp(n3) + ¢ exp(na) + exp(m + 1} + 12+ 1)

+exp(M + 07 + 13+ 821) +exp(M + 17 +Na+ 831) +exp(n2+ 13 + M1+ 61) +exp(M2 + 10y + 13+ 851)
+exp(M2+ M3 + M4+ 861) +exp(n3 + 13 + 1M1+ 671) +exp(M3 + 13 + N2+ Gg1) +exp(N3 + 13 + 14+ So1)
+exp(N4+ 1Ny + M1+ 101) +exp(Na + Ny + M2+ 6111) +exp(Na + 14 + 13 + 0121) +exp(Ny + M2+ N3 + b131)
+exp(Ny + N2+ N+ S1a1) +exp(ny + N3 + N4 + S151) +exp(M; + 1M1 + 13+ S161) +exp(n3 + M1 + N4+ 6171)
+exp(n; + N3+ N4+ Sis1) +exp(n3 + N1 + M2+ G191) +exp(13 + N1 + N4 + S201) +exp(N3 + N2+ Na + G211)
+exp(Ng + M1+ M2+ 8221) +exp(n + M1 + N3 + G231) +exp(Ng + M2+ 13 + 8241)

+exp(M + 07 + M2+ M + N3+ 711) +exp(Mm + 17 + M2+ Ny + N+ Ta1) +exp(Ni +17 + M3+ 03+ N2+ T31)
+exp(n + 07 +M3+n03 +Na+ Ta1) +exp(N + 01 +Na+ Ny +02+ Ts1) +exp(M + 07 +Na+ 14 + 13+ Te1)
+exp(M2+1M; + M3+ 03 + M+ T71) +exp(N2 + 15 + N3+ N3 + N4+ Tg1) +exp(M2 + 15 +Na+ N5 + M + Tor)
+exp(n2+ 1My + M4+ Ny + 13+ Tio1) +exp(N3 + 13 + N4+ Ny + M + 7)) +exp(N3 + 13 + Na+ My + M2+ T121)
+exp(M + 07 + M2+ M3 +Na+7131) +exp(N+ 17 + M2+ Ny + M3+ Tiar) +exp(M + 07 + M3+ 1 + Ma+ Tisi

+exp

(
(
(
(

) )
+exp(n2+n; + M1+ N3 +Na+ Tie1) +exp(M2+M3 + M +Ns + M3+ T171) +exp(M+ 15 + M3+ 15 + M+ Tisi
N3 +M3 + M+ +Na+Tio1) +exp(n3 + N3 + N1+ 15 + M2+ T201) +exp(M3 +N3 + M2+ 1 + N4+ Tan1
+exp(Na+ns+M+n7+m3+T01) +exp(Ma+1N5 + N1+ M5 + M3+ To31) +exp(Na+ N5 + 1M1+ N3 + N2+ Toai

~— ~— ~— ~—

+exp(m +ni +M+n; + M3+ N3 +Na+ 1) +exp(n + 07 +M2+0y +Na+ 15 + 103+ La1)

+exp(M +ny + M3+ 13 +Na+ Ny + N2+ Uz1) +exp(N2+1; + M3+ N3 + N+ N4 + 01+ W),

(AD)

gxD=¢Pexp(mi) + 67 exp(m2) + 617 exp(m3) + 6”) exp(na) +exp(M1 +1f + 12+ 812)
+exp(M + Ny + N3+ 62) +exp(M +nf +Na+ 032) +exp(N2+ 1y + N1 + 0s2) +exp(N2+ N5 + N3+ Os2)
+exp(n2+ M5 + N4+ 02) +exp(N3 +n3 + 1M1+ 072) +exp(N3 + N3 + M2+ 0s2) +exp(Nz + N3 +Ma+ 092)

+exp
+exp

(
(
(
(

N4+ N4 + M1+ 6102) +exp(Na + 14 + M2+ 0112) +exp(N4g + Ny + N3+ 8122) +exp(Ny + 12+ N3+ 6132)
Ny + M2+ N4+ 61a2) +exp(n] + M3+ Ma + 8152) +exp(N; + M1 + M3+ S162) +exp(n; + N1 + N4+ 6172)

+exp(n; + N3+ N4+ O182) +exp(N3 + N1 + N2+ 8192) +exp(N3 + N1 + N4+ S202) +exp(N3 + M2+ Ny + S212)
064211-6
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+exp(Ng + M1+ N2+ 8222) +exp(n + M1 + M3 + 6232) +exp(Ny + N2+ 13 + 8242)

+exp(+1N7 + M2+ My + M3+ 712) +exp(N1 + 17 + N2+ 1y + M4+ T2) +exp(M + 17 + N3+ 13 + M2+ 32)
Fexp(M+ Ny + M3+ 03 + M4+ Ta2) +exp(Ny+ Ny + M4+ Mg + M2+ Ts2) +exp(N1+ N7 + M4+ N3 + 13+ Te2)
+exp(n2+n; + N3+ N3 + N1+ T72) +exp(M2 + M5 + M3+ M3 + N+ T82) +exp(N2 + Ny +Na + Ny + N1 + To2)
+exp(M2 + M3 +Na+ 14 + N3+ Tio2) +exp(N3 + M3 + Na + Ny + M+ Ti12) +exp(M3 + N3 +Na+ 15 + M2+ Tz

+exp(M3+n3 + M1+ 15 + M4+ T192) +exp(M3 + 103 + M1 + 15 + M2+ T02) +exp(M3+ 03 + M+ 1] + s + 2212

)

( ( )

+exp(n2+ 1y + M1+ N3 +Na+ Tie2) +exp(M2+ M3 + M + N4 + M3+ Ti72) exp(M2+ 17 + M3+ 15 + M+ Tis2)
( ( )

)

+exp(Ma+ Ny + M2+ 17 + 13+ T202) +exp(Ma+ Ny + M1+ 15 + M3+ T232) +exp(Ma + 14 +M1+03 +1M2+ Taz

(
(
(
(
(
+exp(M + 07 + M2+ M3 + Na+ T132) +exp(M+ 1] + M2+ 0y + M3+ Tiaz) +exp(M + 0 + M3+ + s+ Tis2
(
(
(
(

+exp(M + N7 +M2+ M + N3+ N3 +Na+ i) +exp(M + N1 + N2+ 15 + Na + 1y + 13+ Uo2)
+exp(Ni +nf + N3+ N3 +Na+ Ny + M2+ Waz) +exp(N2 + 10y + 13+ N3+ Na+ Ny + N1+ Pa), (A2)
D= 1+exp(ni +nf +Ri)+exp(n2+1n3 +Ra) +exp(N3 + N3 +R3) +exp(Na + 1 + Ra)
+exp(M + 07 + M2+ M +Rs) +exp(Ni + 07 + M3+ N3 +Re) +exp(m + 17 +Na+ 14 +Ry)
+exp(n2+n; + N3+ N3 + Rg) +exp(M2+ 13 + N4+ N4 +Ro) +exp(Nz + 13 + M4 + 14 +Rio)
+exp(Mm + 0 +M2+ M + M3+ 03 +Rut) +exp(m +17 + N3+ 03 + N4+ 15 +Ri2)
+exp(Ni +n{ + N3+ N3 +Na+ Ny +Riz) +exp(N2+ 10y + N3+ N3 +Na + 1Ny + Ria)
+exp(N+1N + M2+ M + M3+ 03 +Na+ 14 +Ris) +exp(n1 + 13 + S10) +exp(m + 03 + 620)
+exp(M + My + 830) +exp(nN2 + Ny + 61g) +exp(M2 + N3 + 640) +exp(12 + Mg + S50)
+exp(n3 + 1M1 + 83) +exp(n3 + 15 + 849) +exp(M3 + 14 + G60) +exp(n4 + 1y + 63p)
+exp(M4 + M3 + 50) +exp(na + 13 + S) +exp(M + N + M2+ 13 +71) +exp(m + 1 + N3 +1;3 +177)
+exp(+ 1N + M+ N5 +72) +exp(M +1f +Ma+1M; +7) +exp(M +1f + N3+ 14 +73)
+exp(m + 0 +na+n3+75) +exp(m+n; +m+n3 + @) +exp(m+n5 +n3+nf +174)
(
(

) ( )
+exp(n2+n; + N1+ Ny + T5) +exp(N2+ 1y + Na + 11 +75) +exp(N2+ 1y + 13+ 14 + T6)
+exp(M2+1M; + M4+ M3+ T6) +exp(Nz + M3 + M +1; +77) +exp(Nz + 103 + M2 +11 +77)
) (
) (

+exp(n3 + 13 +Na+ny +75) +exp(na + 15 +n1+n3 + Tio) +exp(Ng +ng + 12+ 17 + 7o)

+exp(Na +ng +n1+n03 +711) +exp(Na + 03 + 03+ 07 +70;) +exp(Ma+ 15 + M2 +13 + T12)
+exp(Ma+ Mg + 13+ M3 +772) +exp(M + 0y + N3+ 14 + T13) +exp(M2 + 11 + N4+ N3+ 773)
+exp(N1+1M; + N4+ M3+ Tia) +exp(M2 + 01 + M3+ N5 + Tiy) +exp(N1 + 13 + M2+ Ny + Tis)
+exp(n3 +nf +Ma+ 1y +7s) +exp(M + N7 + M+ 1y + M3+ 14 + ()

+exp(Mm +n7 +M2+ M +Ma+n03 + 1) +exp(M +n7 +M3+ N3 + M2+ N4 + o

+exp(M+Nf +M+ 15 +Ma+15 + 1) +exp(M +0f +Na+ N5 + M2+ 15 + W3

+exp(Mm+n5+n3+13 +Ma+n7 + 1y

+exp

M+ +Na+n5+M+n3 +Us

+exp(Mm+n5 +Na+ 1y +m+n07 +4s5) +exp(Na+n5 +n3+ 03 +M+1; + U

) )
) ( )

+exp(Ni+ M1 + N4+ Mg + M3+ 0y + 13) +exp(M2+ 13 + N3+ 03 + 1M1+ 1Ny + Ha)
) ( )
) ( )
)

+exp(Ma+ns +m3+n3 +m+nf + 4
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