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Modification of the Peierls–Nabarro model for misfit dislocation∗
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For a misfit dislocation, the balance equations satisfied by the displacement fields are modified, and an extra term
proportional to the second-order derivative appears in the resulting misfit equation compared with the equation derived by
Yao et al. This second-order derivative describes the lattice discreteness effect that arises from the surface effect. The
core structure of a misfit dislocation and the change in interfacial spacing that it induces are investigated theoretically in
the framework of an improved Peierls–Nabarro equation in which the effect of discreteness is fully taken into account. As
an application, the structure of the misfit dislocation for a honeycomb structure in a two-dimensional heterostructure is
presented.
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1. Introduction
Dislocations are structural defects that are central to the

understanding of the mechanical properties of materials. With
the recent development of optoelectronic devices based on het-
erostructures, it is crucial to understand the properties of the
misfit dislocations that occur at the interface between two ma-
terials with different lattice constants. In fact, this is a topic
that has received much attention for more than fifty years. To
present the basic physical concept of misfit dislocation in the
simplest way, Frank and Van der Merwe[1] extended earlier
work on the Frenkel–Kontorova (F–K) model,[2] which de-
scribes an atomic chain linked by nearest-neighbor harmonic
forces and subjected to a periodic substrate potential, taking
account of the difference in lattice spacing between the chain
and substrate. However, the dislocation obtained by the F–
K model exhibits a short-range deformation similar to an ex-
ponential decay. On the basis of continuum elasticity theory,
Dundurs[3] obtained the Airy stress function for an edge dis-
location, using an analogy between concentrated forces and
edge dislocations.[4] As in the original Peierls–Nabarro (P–N)
model,[5,6] the misfit dislocations result from a nonlinear in-
teraction between two semi-infinite crystals. Based on an ex-
tension of the P–N theory by van der Merwe,[7] Yao et al.[8]

proposed an equation for an interfacial misfit dislocation that
was similar to the P–N equation. By using an exact solution
given first by van der Merwe[9] and later recovered by Yao et
al.,[8] it is possible to use continuum elasticity theory to de-
scribe the long-range deformation of a dislocation at length
scales outside the core field of the dislocation line. However,
in general, it is clearly unrealistic to view a solid as a continu-
ous medium, ignoring the discrete nature of the crystal lattice.
Because the dislocation core structures play an important role

in many crystal plasticity phenomena, it is of great interest to
describe these structures accurately on the atomic scale.

Recent theoretical analyses of dislocation configurations
have been based on molecular dynamics simulations[10] or lo-
cal density function simulations. It is possible to obtain a mis-
fit P–N equation by solution of the balance problem for a semi-
infinite lattice,[11] and the resulting equation is similar to that
derived by Yao et al.[8] However, in this approach, follow-
ing that in the original P–N model, when the upper and lower
semicrystals are glued together along their interface, the effect
of the lower semicrystal on the bottom surface of the upper
semicrystal is ignored, as is the effect of the upper semicrystal
on the top surface of the lower semicrystal. Furthermore, the
changes in the interfacial spacing introduced by misfit dislo-
cations have also been ignored in previous studies.

In this paper, a correction to the misfit dislocation equa-
tion that takes account of discreteness is derived by modifying
the displacement fields that satisfy the balance equations. An
extra term proportional to the second-order derivative, which
originates from a discrete feature, it is used to reflect the defor-
mation that occurs near to the dislocation core. It is reasonable
to view the modified equation as a combination of the F–K
equation and the P–N equation. The integral term describes
the elastic effect of the interior of the semi-infinite lattices re-
garded as continuous media, while the differential term de-
scribes the short-range interaction between atoms at the misfit
interface and represents the effect of discreteness. To estimate
the change in interfacial spacing induced by misfit dislocation,
we consider the variation in the generalized stacking fault en-
ergy along the direction of interfacial spacing.
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2. Discreteness correction to misfit dislocation
equation
As in the original P–N model, misfit dislocations are cre-

ated by gluing together two semi-infinite crystals of different
materials, with each part being a regular crystal with the cut
plane as its surface. As shown in a previous investigation
of the balance problem for a semicrystal acted on by exter-
nal forces on the surface,[12] the equilibrium equation for the
atoms on the surface is∫ +∞

−∞

Λi j(x− x′)u j(x′) dx′ = fi(x), (1)

where the displacement u j and the force per unit area fi (i, j =
x,y) are two-dimensional (2D) vectors, 𝛬 is a 2× 2 matrix,
and we have used the Einstein convention, whereby repeated
indices in the same expression are summed over and the sum-
mation sign ∑ is omitted. We are then able to obtain the misfit
P–N equation in continuum elasticity theory.[11] This equa-
tion describes the long-range deformation of the dislocation
for length scales outside the core field of the dislocation line.
However, it is not applicable to the deformation at an atomic
scale in the neighborhood of the dislocation core.

In the continuum approximation, it is difficult to distin-
guish between the surface and the interior of a semi-infinite
crystal, and the surface effect is ignored. The second-order
derivative describes the lattice discreteness effect that arises
from the surface effect. To represent the effect of the discrete
crystal lattice and to take account of the short-range interac-
tion between the interfacial atoms, we consider a correction
based on a reduced dynamical matrix for the surface of a semi-
infinite lattice.[13] Taking into account that a heterostructure
is composed of two dissimilar crystals, it is necessary to dis-
tinguish between the lattice parameters of materials 1 (upper)
and 2 (lower), denoted by a and b, respectively, with a < b.
The shear moduli of the upper and lower semi-infinite materi-
als are denoted by µa and µb, respectively, and their Poisson’s
ratios by νa and νb. Then, the bottom surface of the upper
semicrystal is termed the a plane, and the top surface of the
lower semicrystal the b plane. The displacement fields of the
planes are denoted by ua(x′) and ub(x′). We introduce the rel-
ative displacement and mass center displacement

ur
j(x
′) = ua

j(x
′)−ub

j(x
′), uc

j(x
′) = 1

2

[
ua

j(x
′)+ub

j(x
′)
]
.

On the basis of the rotational transformation between the re-
spective coordinate systems for the upper and lower semicrys-
tals, and by choosing the a plane as the unified direction of
the common coordinate system, the balance equations for the
modified displacement fields are transformed to wave-vector
space (k space) as

Λ̃
a
i j(ũ

c
j +

1
2 ũr

j) = f̃ a
i , (2)

Λ̃
b
i j(ũ

c
j− 1

2 ũr
j) = f̃ b

i , (3)

with

𝛬a =

(
ξak+ 1

2 βak2 − iηakx

iηakx ξak

)
,

𝛬b =

(
ξbk+ 1

2 βbk2 iηbkx

−iηbkx ξbk

)
, k =

√
k2

x ,

where

ξa =
4−4νa

3−4νa
µa, ξb =

4−4νb

3−4νb
µb,

ηa =
2−4νa

3−4νa
µa, ηb =

2−4νb

3−4νb
µb.

The parameters βa and βb representing corrections for the ef-
fects of discreteness depend on the arrangement of atoms and
are related to variations in bond length and angle, details of
which may be found in Refs. [13,14]. The above matrices in-
clude two sets of terms: (i) those terms including k derived
using elastic continuum theory and arising from long-range
interactions between atoms in the interior of the semi-infinite
lattice; (ii) terms depending on k2 that arise from the short-
range interactions of atoms in the misfit interface and repre-
sent corrections for the effects of discreteness. From Eqs. (2)
and (3), the relationship between the forces and the relative
displacements is obtained as

Ω̃i jũr
j = f̃ a

i , (4)

where the matrix 𝛺̃ is given by

𝛺̃ = [(𝛬a)−1 +(𝛬b)−1]−1 =

(
Ω̃xx Ω̃xy

Ω̃yx Ω̃yy

)
.

The Taylor series expansion of this matrix 𝛺̃(k) about k = 0
in the long-wave approximation with higher-order terms being
neglected gives

Ω̃xx = Ω̃
(1)
xx k+ 1

2 Ω̃
(2)
xx k2, Ω̃yy = Ω̃

(1)
yy k+ 1

2 Ω̃
(2)
yy k2, (5)

Ω̃xy = i(Ω̃ (1)
xy + Ω̃

(2)
xy k)kx, Ω̃yx =−i(Ω̃ (1)

yx + Ω̃
(2)
yx k)kx. (6)

The expansion coefficients Ω̃
(1)
xx , Ω̃

(2)
xx , Ω̃

(1)
xy , . . . are constants

that depend on the properties of the two materials and are
given by

Ω̃
(1)
xx = Ω̃

(1)
yy =

ξa(ξ
2
b −η2

b )+ξb(ξ
2
a −η2

a )

σ + τ
,

Ω̃
(1)
xy = Ω̃

(1)
yx =

ηa(η
2
b −ξ 2

b )+ηb(ξ
2
a −η2

a )

σ + τ
,

Ω̃
(2)
xy = Ω̃

(2)
yx =− (ηbξa +ηaξb)(βbτ−βaσ)

2(τ +σ)2 ,

Ω̃
(2)
xx =

βbτ2 +βaσ2

(τ +σ)2 ,
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Ω̃
(2)
yy =

(βa +βb)(ηbξa +ηaξb)
2

(τ +σ)2 ,

with

σ = ξb(ξa +ξb)+ηb(ηa−ηb),

τ = ξa(ξa +ξb)+ηa(ηb−ηa).

The modulus operators in k space are

kx f̃ (k) → 1
i

d
dx

f (x),

k2 f̃ (k) → − d2

dx2 f (x),

k f̃ (k) → 1
π

∫ +∞

−∞

1
x− x′

(
d f (x)

dx

)∣∣∣∣
x=x′

dx′,

kxk f̃ (k) → 1
iπ

∫ +∞

−∞

1
x− x′

(
d2 f (x)

dx2

)∣∣∣∣
x=x′

dx′.

Equation (4) in k space can then be transformed into the
following equations in real space:

− Ω̃
(2)
xx

2
d2ur

x

dx2 −
Ω̃

(1)
xx

π

∫ +∞

−∞

1
x′− x

(
dur

x

dx

)
|x=x′ dx′+ Ω̃

(1)
xy

dur
y

dx

− Ω̃
(2)
xy

π

∫ +∞

−∞

1
x′− x

(
d2ur

y

dx2

)
|x=x′ dx′ = f a

x , (7)

−Ω̃
(1)
yx

dur
x

dx
+

Ω̃
(2)
yx

π

∫ +∞

−∞

1
x′− x

(
d2ur

x

dx2

)
|x=x′ dx′− Ω̃

(2)
yy

2
d2ur

y

dx2

− Ω̃
(1)
yy

π

∫ +∞

−∞

1
x′− x

(
dur

y

dx

)
|x=x′ dx′ = f a

y . (8)

Taking into account the relationship between the plastic dis-
placement and the misfit displacement, the relative displace-
ment between corresponding atoms on each side of the inter-
face, ur

x, can be written as

ur
x =

c
p

x+ sr
x,

where (as in the original P–N theory) sr
x is the displacement

vector in the glide plane of the reference lattice. Taking ac-
count of the fact that for a periodic misfit dislocation both
dsr

x/dx and ur
y are periodic functions and using the identity

∑
+∞
−∞

1
n+a = π cotπa,[15] equations (7) and (8) can be simpli-

fied as follows:

− Ω̃
(2)
xx

2
d2sr

x

dx2 −
Ω̃

(1)
xx

p

∫ p
2

−p
2

cot
π

p
(x′−x)

(
dsr

x

dx

)
|x=x′ dx′+Ω̃

(1)
xy

dur
y

dx

−Ω̃
(2)
xy

p

∫ p
2

−p
2

cot
π

p
(x′−x)

(
d2ur

y

dx2

)
|x=x′ dx′ = f a

x , (9)

−Ω̃
(1)
yx

c
p
−Ω̃

(1)
yx

dsr
x

dx
+

Ω̃
(2)
yx

p

∫ p
2

− p
2

cot
π

p
(x′−x)

(
d2sr

x

dx2

)
|x=x′ dx′

− Ω̃
(2)
yy

2
d2ur

y

dx2 −
Ω̃

(1)
yy

p

∫ p
2

−p
2

cot
π

p
(x′−x)

(
dur

y

dx

)
|x=x′ dx′= f a

y .(10)

In comparison with the equation of Yao et al.[8] and
Zhang et al.,[11] equation (9) includes the second-order deriva-
tive corrections to the result of the continuum elastic theory. It
should be noted that these corrections provide a good descrip-
tion of the deformation around the dislocation core compared
with the continuum result. Equation (10) determines the ef-
fect of the change in interfacial spacing when periodic misfit
dislocations exist at the interface.

Using Eq. (2) together with Eq. (3), we can express the
displacement of the mass center in terms of the relative dis-
placement

ũc
i = Θ̃i jũr

j, (11)

where the matrix 𝛩̃ is given by

𝛩̃ =− 1
2 (𝛬

a +𝛬b)−1(𝛬a−𝛬b) =

(
Θ̃xx Θ̃xy

Θ̃yx Θ̃yy

)
.

Similarly to 𝛺̃, we can expand 𝛩̃ in a power series and neglect
the higher-order terms,

Θ̃xx = Θ̃
(0)
xx +Θ̃

(1)
xx k, Θ̃yy = Θ̃

(0)
yy +Θ̃

(1)
yy k, (12)

Θ̃xy = i(Θ̃ (0)
xy +Θ̃

(1)
xy k)

kx

k
, Θ̃yx =−i(Θ̃ (0)

yx +Θ̃
(1)
yx k)

kx

k
, (13)

where the expansion coefficients are given by

Θ̃
(0)
xx = Θ̃

(0)
yy =

σ − τ

2(τ +σ)
,

Θ̃
(0)
xy = Θ̃

(0)
yx =

ηbξa +ηaξb

τ +σ
,

Θ̃
(1)
xx =

(ξa +ξb)(βbτ−βaσ)

2(τ +σ)2 ,

Θ̃
(1)
xy = − (βa +βb)(ηaσ +ηbτ)

2(τ +σ)2 ,

Θ̃
(1)
yx =

(ηa−ηb)(βbτ−βaσ)

2(τ +σ)2 ,

Θ̃
(1)
yy =

(βa +βb)(ξbτ−ξaσ)

2(τ +σ)2 .

In view of the forms of the relative displacement in real space,
equation (11) can be transformed into the following equations
in real space:

uc
x = Θ̃

(0)
xx ur

x−
Θ̃

(1)
xx

π

∫ +∞

−∞

1
x′− x

(
dur

x

dx

)
|x=x′ dx′

+
Θ̃

(0)
xy

π

∫ +∞

−∞

ur
y(x
′)

x′− x
dx′+Θ̃

(1)
xy

dur
y

dx
, (14)

uc
y = −Θ̃

(0)
yx

π

∫ +∞

−∞

ur
x(x
′)

x′− x
dx′−Θ̃

(1)
yx

dur
x

dx
+Θ̃

(0)
yy ur

y

−Θ̃
(1)
yy

π

∫ +∞

−∞

1
x′− x

(
dur

y

dx

)
|x=x′ dx′, (15)
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with

i
kx

k
f̃ (k) → 1

π

∫ +∞

−∞

f (x′)
x′−x dx′.

Taking account of the fact that the relative displacements
of interfacial atoms ur

x and ur
y are periodic functions and again

using the identity ∑
+∞
−∞

1
n+a = π cotπa,[15] we can simplify

Eqs. (14) and (15) as follows:

uc
x = Θ̃

(0)
xx ur

x−
Θ̃

(1)
xx

p

∫ p
2

− p
2

cot
π

p
(x′− x)

(
dur

x

dx

)
|x=x′ dx′

+
Θ̃

(0)
xy

p

∫ p
2

− p
2

cot
π

p
(x′− x)ur

y(x
′) dx′+Θ̃

(1)
xy

dur
y

dx
, (16)

uc
y = −Θ̃

(0)
yx

p

∫ p
2

− p
2

cot
π

p
(x′− x)ur

x(x
′) dx′−Θ̃

(1)
yx

dur
x

dx
+Θ̃

(0)
yy ur

y

−Θ̃
(1)
yy

p

∫ p
2

− p
2

cot
π

p
(x′− x)

(
dur

y

dx

)
|x=x′ dx′. (17)

3. Application
We consider a heterostructure in which the misfit occurs

in a single direction, as illustrated by the 2D honeycomb struc-
ture in Fig. 1. As pointed out by van der Merwe,[9] a reference
lattice with lattice parameter c is generated from lattice param-
eters a and b, and is defined by

p = (P+1)a = Pb =
(
P+ 1

2

)
c, (18)

where P is a positive integer. Thus, c and p (the period be-
tween dislocations) are given by

c =
2ab

a+b
, p =

ab
b−a

. (19)

For a periodic misfit dislocation in which the upper and lower
semi-infinite crystals are boron nitride (BN) and aluminum ni-
tride (AlN) in a 2D honeycomb structure, the lattice param-
eters are chosen to be a = 2.513 Å and b = 3.127 Å, Pois-
son’s ratios νa = 0.229 and νb = 0.461, and shear moduli (as
obtained from a first-principles calculation) µa = 111.44 N/m
and µb = 38.92 N/m. For the reference lattice, equation (19)
then gives the values of the parameter c = 2.789 Å and the pe-
riod p = 12.55 Å. According to the arrangement of the atoms
in the heterostructure, the discreteness correction parameters
are[14]

βa =
µa(1+νa)(7+11νa)a
8
√

3(1−νa)(1+3νa)
,

βb =
µb(1+νb)(7+11νb)b
8
√

3(1−νb)(1+3νb)
.

From the lattice parameters and elastic constants, we can then
obtain the parameters in Eqs. (9) and (10), as shown in Table 1.

Table 1. Parameters (N/m) in Eqs. (9) and (10).

Ω̃
(1)
xx Ω̃

(1)
xy Ω̃

(2)
xy /c Ω̃

(2)
xx /c Ω̃

(2)
yy /c

48.3816 −3.3309 −0.3702 26.5557 0.9703

a-plane

b-plane
d

p

b
a x

y

B

N

Al

↩ ↩   













Fig. 1. Misfit dislocation in a BN/AlN heterostructure.

In fact, the structure and properties of the dislocations de-
pend on the restoring forces defined as the gradients of the gen-
eralized stacking fault energy.[16] Recent first-principles cal-
culations of the generalized stacking fault energy (also gen-
erally called the γ-surface) have provided reliable values for
the restoring forces. Because the lattice parameters of the ma-
terials do not match, as in the original P–N theory, we still
assume that the effective interaction between two dissimilar
semi-infinite crystals can be approximated using a reference
lattice. The adhesion energy of the reference lattice varies
with the interfacial distance, and this relationship can be ap-
proximated well by[11]

E(d)=e0 +Vs

{
1−exp

[
−
(

y−d0

ξ

)2
]}

+Vl tanh2 y−d0

ξ
, (20)

where e0 is the formation energy for the reference lattice when
y = d0. The parameters ξ , Vs, and Vl are determined by the re-
sults of numerical fitting. To calculate the γ-surface for the
heterostructure, we find a reference lattice with parameter c
and distance d0 between layers in the glide direction. Tak-
ing into consideration the change of spacing in the interface
caused by the periodic misfit dislocations, the γ-surface is gen-
eralized to a γ-potential that includes the changes in the in-
teraction energy as the spacing varies.[12] The γ-potential can
be regarded as the interaction energy between the two semi-
infinite crystals. By definition, when the reference lattice is cut
into two semi-infinite crystals by a given cut plane, the change
in interaction energy comes from a relatively rigid translation
between the two crystals. The rigid translation can be parallel
or perpendicular to the cut plane, and so the interaction energy
per unit area as a function of the translation is defined as the
γ-potential. According to the relationship between the interfa-
cial distance and energy, the γ-potential can be expressed as

γ =
Vs

c

{
1− exp

[
−
(

ur
y

ξ

)2
]}

+
Vl

c
tanh2 ur

y

ξ
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+
γm

c
cos2 π

c
sr

x

(
1+δx cos2 π

c
sr

x

)[
1+δy

(
ur

y

d

)2
]
, (21)

where δx and δy are dimensionless parameters that are used
to correct the generalized stacking-fault energy along the cut
plane and interfacial spacing, respectively. The change in in-
terfacial spacing caused by the periodic misfit dislocation is
relatively small, therefore it is usual to expand the γ-potential
in a Taylor series of this change in interfacial spacing as fol-
lows:

γ =−
Ec

ad
c

(
ur

y

ξ

)2

+
γm

c
cos2 π

c
sr

x

(
1+δx cos2 π

c
sr

x

)[
1+δy

(
ur

y

d

)2
]
, (22)

where the energy of adhesion Ec
ad =−(Vs +Vl).

To estimate the size and shape of the change in interfa-
cial spacing caused by the misfit dislocation between the misfit
planes, it is necessary to calculate the γ-potential of the refer-
ence lattice. These calculations are carried out with the Vi-
enna ab initio simulation package (VASP), which is based on
Kohn–Sham density functional theory. The generalized gradi-
ent approximation (GGA) as proposed by Perdew, Burke, and
Ernzerhof (PBE) for the exchange–correlation functions[17] is

used and the core electrons are dealt with using the projec-
tor augmented wave (PAW) approach.[18,19] The plane-wave
cutoff is 600 eV in all the calculations. The criterion to halt
the relaxation of the electronic degrees of freedom is set to
be when the total energy change is smaller than 10−6 eV. The
convergence iteration is halted when the forces on the ions are
smaller than 10−5 eV/Å. The k points are chosen as 17×1×1
for the reference lattice. For BN/AlN, the k points are chosen
as 3× 1× 1 Monkhorst–Pack meshes owing to the large size
of the supercells. There is a 20 Å thick vacuum region to re-
duce interactions between inter-layers in the single-layer case.
It should be noted in particular that we add a hydrogen bond
saturation treatment to eliminate the boundary effects.

For an interfacial distance of the reference lattice d0 =

2.171 Å and an energy of adhesion Ec
ad = −3.6711 eV, fig-

ure 2(a) shows the results for the γ-potential (energy per unit
area) calculated using Eq. (22). The corresponding parameters
δx and δy are determined by fitting to the numerical results,
as shown in Figs. 2(b) and 2(c). For a given γ-potential, the
restoring force per unit area can then be obtained as

f a
x =− ∂γ

∂ sr
x
, (23)

f a
y =− ∂γ

∂ur
y
. (24)
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Fig. 2. (a) Energy per unit area, γ-potential (d0 = 2.171 Å), as a function of the relative slip sr
x and the change in interfacial spacing ur

y in the case
of δx = 0.6503 and δy =−4.5414. (b) γ-potential as a function of sr

x for ur
y = 0. (c) γ-potential as a function of the change in interfacial spacing ur

y.
The solid curves are given by Eq. (22) and the discrete points are the results of a first-principles calculation.

The lattice parameter of the upper semi-infinite crystal is
smaller than that of the lower semi-infinite crystal, therefore
there exists a compressive stress at the interface. The dislo-
cation is characterized by a slip distribution that satisfies the
boundary conditions sr

x(−p/2) = +c/2 and sr
x(p/2) = −c/2.

It is difficult to obtain an exact solution of the improved P–N
equation with full consideration of the effect of discreteness.
However, referring to the solution of the original P–N equa-
tion and considering that the change in interfacial spacing has
virtually no effect on the solution of Eq. (9), we can be obtain
the following solution:[20]

sr
x =

c
π

[
arctanq+q

(
c1y+ c2y2)] , (25)

with

q =−g tan
π

p
x, y =

1
1+q2 ,

where c1, c2, and g are parameters that need to be determined.
On substituting this solution into Eq. (9), the left-hand side of
the equation can be written as a polynomial function of y with
q as its prefactor. On substituting Eq. (23) into Eq. (9), a simi-
lar result can be obtained for the right-hand side by a series ex-
pansion in c1 and c2 as small corrections. Taking into account
that ur

y is small and can be ignored, we obtain the values of
the parameters c1, c2, and g by truncating the series rationally
using orthogonal polynomials,[21,22] as shown in Fig. 3(a).

In the improved P–N equation, the second-derivative term
describes the lattice discreteness effect that results from the
surface effect. To facilitate comparison of the differences (see
Table 2) between the solution of the equation of Zhang et
al.[11] and that of Eq. (9), which includes corrections to the
relationship between the relative displacement of the adhesive
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surface and the restoring stress, we define (as in the original
P–N theory) the dislocation density ρs as the local gradient of
the slip distribution sr

x,

ρs =
dsr

x

dx
. (26)

In Fig. 3(b), we use this dislocation density to illustrate the dif-
ferences between the solutions of the two equations. The core
structure of a dislocation predicted from the improved equa-
tion [Eq. (9)] is different from that predicted from the equa-
tion of Zhang et al. The characteristic length scale of misfit
dislocation is defined as

ζ =
2p
π

arctan
1
g
.

For the solution of the equation of Zhang et al.,[11] the char-
acteristic scale ζ = 3.99 Å when the parameter g = 1.8306,
whereas for the solution of Eq. (9), the characteristic scale
ζ = 5.03 Å when g = 1.3735. This clearly illustrates the con-
siderable increase in the characteristic scale ζ of misfit dislo-
cation when the discreteness corrections are included.

Table 2. Parameters g, c1, and c2 in the misfit dislocation solution.

Method γm/eV δx g c1 c2

Ω
(2)
xx = 0

1.0674a 0 1.8306a 0 0
0.6402 0.6503 1.7489 −0.0721 0.2016

Ω
(2)
xx 6= 0

1.0674 0 1.2744 0.2019 −0.0016
0.6402 0.6503 1.3735 0.0569 0.0985

aRef. [11]

(a) (c)

(b)
(d)
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Fig. 3. (a) Comparison of the left-hand side (red dashed curve) and right-
hand side (blue solid curve) of Eq. (9) for fitting parameters g = 1.3735,
c1 = 0.0569, and c2 = 0.0985. (b) Application of the dislocation density
to compare the differences between the solution of the equation of Zhang
et al.[11] and that of Eq. (9). The blue dashed curve represents the disloca-
tion density of Eq. (9) in the case Ω̃

(2)
xx = 0, γm = 1.0674 eV, and δx = 0,

and the solid curve represents the dislocation density from Eq. (9) in the case
Ω̃

(2)
xx 6= 0, γm = 0.6402 eV, and δx = 0.6503. (c) Comparison of the left-hand

side (red dashed curve) and right-hand side (blue solid curve) of Eq. (10) for
fitting parameters cy1 = 0.040, cy2 =−0.3833, and g1 = 1.74. (d) Change in
interfacial spacing ur

y induced by misfit dislocation.

We can estimate the change in interfacial spacing on the
basis of Eq. (10) with the given dislocation solution sr

x. Here

we assume the following form for the change in interfacial
spacing induced by the misfit dislocation:

ur
y = λc

(
cy1 +

cy2

π

1
1+g2

1X2

)
, X = tan

π

p
x, (27)

with

λ =
Ω̃

(0)
yx

φ
, φ =

c
2

∂ 2

∂ur
y

2

[
γ(0,ur

y)+ γ

( c
2
,ur

y

)]
.

The dimensionless parameters g1, cy1, and cy2 can be deter-
mined by fitting to Eq. (10), as shown in Fig. 3(c). These
parameters are used to obtain the relative displacement ur

y in-
duced by the misfit dislocation along the direction of interfa-
cial spacing, which is shown in Fig. 3(d).

From the lattice parameters and elastic constants, we ob-
tain the dimensionless expansion coefficients in Eqs. (16) and
(17), as shown in Table 3. The interfacial displacements can
be obtained from the relationship between the displacement of
the mass center and the relative displacement. Figures 4(a)
and 4(b) clearly show the differences in the interfacial dis-
placement before and after the discreteness correction to the
misfit dislocation equation. It can be seen that the theoreti-
cal result is closer to the numerical result for the displacement
along the direction of the slip plane. Although the variation in
interfacial spacing is taken into account when there are peri-
odic misfit dislocations at the interface, the numerical result is
about four times the theoretical prediction for the displacement
along the direction of interfacial spacing. These discrepancies
may originate from the approximation of the effective interac-
tion when we take the equilibrium distance of the interface as
d0 in the BN/AlN heterostructure. In Fig. 4(c), we compare
the theoretical predictions for the deformation of the interface
caused by misfit dislocation with the results of first-principles
simulations after full relaxation.

Table 3. Dimensionless coefficients in Eqs. (16) and (17).

Θ̃
(0)
xx Θ̃

(0)
xy Θ̃

(1)
xx /c Θ̃

(1)
xy /c Θ̃

(1)
yx /c Θ̃

(1)
yy /c

−0.1734 0.0946 0.0173 −0.0227 0.0038 −0.0050

In fact, the equilibrium slip distribution is determined by
the competition between two contributions to the energy of
misfit dislocation. The first is the elastic strain energy stored
in each semicrystal, which can be obtained through the varia-
tional formulation of the P–N theory by adding up the contri-
butions from each infinitesimal dislocation and can be written
as

Eelastic = EL +Es, (28)

with

EL = − Ω̃
(1)
xx

2π p

∫ p
2

− p
2

∫ p
2

− p
2

[
ρx(x)ρx(x′)+ρy(x)ρy(x′)

]
× log

∣∣∣∣sin
π

p
(x′−x)

∣∣∣∣ dx dx′+
Ω̃

(1)
xy

2p

∫ p
2

−p
2

[
ρyur

x−ρxur
y
]

dx,
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Es =
1

4p

∫ p
2

− p
2

[
Ω̃

(2)
xx ρ

2
x + Ω̃

(2)
yy ρ

2
y

]
dx

− Ω̃
(2)
yx

p2

∫ p
2

− p
2

∫ p
2

− p
2

cot
π

p
(x′− x)ρx(x′)ρy(x) dx′ dx,

where ρx = dur
x/dx and ρy = dur

y/dx. The first term EL in
the elastic strain energy comes from the long-range interac-
tion and can be determined using elastic continuum theory.
The second term Es comes from the contact interaction result-
ing from the discreteness effects at the interface. The second
contribution to the energy of misfit dislocation takes account
of the atomic interaction across the glide plane and reflects the
restoring stress that is balanced by the sum of the contributions
from the infinitesimal dislocations. It can be written as

Emis =
1
p

∫ p
2

− p
2

γ
(
sr

x,u
r
y
)

dx. (29)

To determine the energy of the misfit dislocation, we in-
troduce the adhesion work, which can be written as

E = Eelastic +Emis +
1
c

Ec
ad. (30)

An analogous definition may be given for the misfit interface
based on first-principles calculations, in which case the het-
erostructure must be divided into two semi-infinite crystals
along the interface to determine the adhesion work, which can

then be calculated as

E =
1
p

(
EAB

rel − EAB∣∣
d=6 Å

)
, (31)

where EAB
rel is obtained from the first-principles calculation af-

ter full relaxation, and EAB|
d=6Å

is the energy required for the
rigid separation of the heterostructure at the interface in the
absence of interaction between the two semi-infinite crystals
when the distance of the interface is chosen as d = 6 Å. In fact,
the adhesive work is one of the basic characteristics of inter-
facial bonding and is crucial to understanding the microscopic
mechanism controlling the strength and fracture of composite
materials. Misfit dislocations occur at interfaces in composite
materials with lattice mismatch, and the associated energy can
determine the adhesive work for the materials. As can be seen
from Table 4, correction for the effects of discreteness reduces
the calculated value of the misfit dislocation energy. For the
BN/AlN heterostructure, the adhesive work according to the
first-principles calculation is −1.0569 eV/Å, compared with
the theoretical value of −1.1690 eV/Å.

Table 4. Energy of misfit dislocation (eV/Å).

Method EL Es Emis Etotal

Ω
(2)
xx = 0,ur

y = 0 0.0268 0 0.1352 0.1620

Ω
(2)
xx 6= 0 0.0131 0.0053 0.1318 0.1502
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Fig. 4. (a) Interface displacements along the x direction: the green and blue solid curves represent the theoretical predictions for ua
x and ub

x taking
account of the discreteness correction to the misfit dislocation equation, the green and blue dashed curves represent the theoretical results without these
corrections, and the green and blue filled circles represent the respective results of the numerical simulation. (b) Comparison between theoretical and
numerical results for the interface displacement along the y direction: the green and blue solid curves represent the theoretical predictions for ua

y and
ub

y , and the green and blue filled circles represent the numerical results. (c) Comparison between theoretical and numerical results for the interfacial
atomic configuration: the green and blue open circles represent the theoretical predictions, and the red filled circles represent the results of a numerical
simulation based on a first-principles calculation after full relaxation.

4. Summary

In an extension of the original P–N model, we have con-
sidered the effects at the interface when the upper and lower
semicrystals are glued together. In general, these effects can
be represented by second-order derivative terms to the F–K
model. These terms can be viewed as corrections to the misfit
dislocation equation to take account of the short-range interac-
tion between atoms at the interface. The corrections presented
here allow more accurate theoretical predictions of the inter-
facial atomic configuration. Using a γ-potential that includes
the interaction energy due to the variation in interfacial spac-

ing, together with an equation for the normal formation of the
glide plane, we have estimated the change in spacing for an in-
terface exhibiting misfit dislocation. We have presented an ap-
plication of the improved P–N equation to an interfacial misfit
dislocation in a BN/AlN heterostructure. Based on an approx-
imate solution of the misfit dislocation equation, the theoreti-
cal result for the interface displacement along the glide direc-
tion is close to the numerical result. Although we have taken
into account the change in interfacial spacing induced by mis-
fit dislocation, it can be seen that there are some discrepancies
between the theoretical and numerical results for the interface
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displacement along the y direction, and so the agreement be-
tween the results of analytical theory and those of numerical
calculation needs to be further improved. We have found that
the correction for the effects of discreteness reduces the value
of the energy of misfit dislocation.
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