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We investigate symmetrically coupled double quantum dots via the hierarchical equations of motion method and
propose a novel zero-energy mode (ZEM) at a temperature above the spin singlet–triplet transition temperature. Owing to
the resonance of electron quasi-particle and hole quasi-particle, ZEM has a peak at ω = 0 in the spectral density function.
We further examine the effect of the magnetic field on the ZEM, where an entanglement of spin and charge has been
determined; therefore, the magnetic field can split the ZEM in the spectra.

Keywords: zero-energy mode, quantum dot, temperature

PACS: 73.21.La, 73.63.Kv, 74.62.–c DOI: 10.1088/1674-1056/ab8378

1. Introduction
Recently, it is under debate whether the half-quantized

conductance plateau could be used as an evidence for chi-
ral Majorana modes in a millimeter-size quantum anoma-
lous Hall–niobium hybrid device.[1,2] As a symmetric solu-
tion for the Dirac equation, Majorana fermion is its own
antiparticle.[3,4] In solid-state physics, Majorana fermionic
quasi-particle produces a zero-energy mode (ZEM), which
is present in differential conductance and spectral density
functions.[5–9] The Majorana ZEM has some remarkable
physical properties that could lead to advances in quantum
computing.[10–12] ZEMs have received considerable attention
owing to their special performance. Ferreira et al. have
studied ZEMs resilient to localization in graphene subjected
to chiral-symmetric disorder and reported accurate quantum
transport calculations. Ganeshan et al. have determined that
the commensurate off-diagonal Aubry–André or Harper mod-
els support ZEMs. Fan et al. have proposed ZEMs and tun-
able electronic band gap in periodic heterosubstrate-induced
graphene superlattices.[13]

Quantum dot (QD), which is also referred to as an artifi-
cial atom, is a small structure with electrons that are restricted
in all three dimensions. It is convenient to study quantum phe-
nomena in QDs, particularly those with many-body proper-
ties, which are vital for miniaturizing electronic devices.[14,15]

Double quantum dots (DQDs), which are frequently used in
laboratory experiments,[16–18] have a simple configuration that
allows to study the effects of inter-dot interactions. In this
study, we adopt hierarchical equations of motion (HEOM) to
calculate the spectra of symmetrically serially coupled DQD.
We propose a novel ZEM which occurs at finite temperature

(approximately 7.5∆ , ∆ is the hybridization of the QD system
and electron reservoir, see details in next section). Owing to
accessible temperature, this ZEM is easy to achieve, and the
corresponding quasi-particle may provide another candidate
for quantum computation.

The paper is arranged as follows. First, we introduce the
HEOM numerical method. Then, we report the characters and
parameters of ZEM using a simple explanation. Finally, we
present conclusions and expectations.

2. Model and methodology

By using the time derivative path integral influence func-
tional expression,[19–24] the HEOM approach allows to ad-
dress open systems. On the basis of the linear response
theory of quantum open systems,[25] HEOM can accurately
and efficiently produce the dynamical observables of strongly
correlated quantum impurity systems.[26] The total Hamilto-
nian can be regarded as the system-plus-reservoir composite,
Htotal = Hsys +Hres +Hsys-res. We consider a coupled DQD
described by the Anderson impurity model, where the system
Hamiltonian Hsys is

Hsys = ∑
us
𝜖un̂us +U ∑

u
n̂u↑n̂u↓+ t ∑

s
(d̂†

1sd̂2s + d̂†
2sd̂1s), (1)

where u = 1,2 for QD1 or QD2, d̂†
us and d̂us are the creation

and annihilation operators, and s =↑,↓ represent spin up and
spin down, which are degenerate when the magnetic field is
absent. Electron occupation operator n̂us = d̂†

usd̂us and single-
electron energy 𝜖us represent the intradot characters; mean-
while Coulomb coupling U and tunneling coupling t represent
the interdot characters.
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We treat the reservoirs as a bath environment. The Hamil-
tonian is written as

Hres = ∑
ks

∑
α=L1,L2,R

𝜖αksĉ
†
αksĉαks, (2)

where α = L,R represents the left and right reservoirs, respec-
tively. 𝜖αks is the single particle energy level in state k with
spin s in the α reservoir, and ĉ†

αks and ĉαks are the annihilation
and creation operators, respectively.

In this study, we consider a serially coupled DQD for
which the coupling Hamiltonian is written as

Hsys-res = ∑
ks
(tLk1sd̂

†
1sĉLks + tRk2sd̂

†
2sĉRks)+H.c., (3)

in which the QD1 configuration is coupled to the left reser-
voir with a coupling strength of tLk1s, while QD2 is cou-
pled to the right reservoir with a coupling strength of
tRk2s. In general, the spectral density function in α-reservoir
has the form Dαusvs′(ω) = ∑k tαkust*αkvs′δ (ω − 𝜖k). In for-
mal, the the spectral density function follows the defi-
nition Dαusvs′(ω) ≡ 1

2π

∫
∞

−∞
dτ e iωτ⟨{ f̂αkus(τ), f̂ †

αkvs′(0)}⟩res,
where f̂αkus and f̂ †

αkus are the reservoir operators defined
by f̂αkus(τ) ≡ e iHα τ(∑k∈α tαkusĉαks)e−iHα τ and f̂ †

αkus(τ) ≡
e iHα τ(∑k∈α t*

αkusĉ
†
αks)e−iHα τ . The reservoir operators contain

the information of effect from the reservoirs to the dot system.
In the HEOM method after parameterization, we convention-
ally choose Dαusvs′(ω) = δuvδss′∆αusW 2

α/[(ω − µα)
2 +W 2

α ],
where ∆αus is the hybridization, Wα is the band width, and
µα is the chemical potential of α-reservoir. We set the Fermi
energy to be 𝜖F = µα = 0 at equilibrium scenario.[19]

HEOM has a universal formalism for an arbitrary system
Hamiltonian; the coupled DQD we choose in this study is an
application. The form of the HEOM formalism reads

ρ̇
(n)
j1··· jn =−

(
iℒ+

n

∑
r=1

γ jr

)
ρ
(n)
j1··· jn − i ∑

j
𝒜 j̄ρ

(n+1)
j1··· jn j

− i
n

∑
r=1

(−)n−r𝒞 jr ρ
(n−1)
j1··· jr−1 jr+1··· jn ,

(4)

where the basic variables are the reduced system density op-
erator ρ(0)(t) ≡ trres ρtotal(t) and auxiliary density operators
(ADOs), {ρ

(n)
j1··· jn(t);n = 1, . . . ,L}, with L denoting the termi-

nal or truncated tier level. The index j ≡ (σ µm) corresponds
to the transfer of an electron to/from (σ =+/−) the QD state
µ . 𝒜 j̄ and 𝒞 j are Grassmannian superoperators that act on
operators and written as

𝒜σ
usÔ± ≡ d̂σ

usÔ±± Ô±d̂σ
u ,

𝒞σ
ακusÔ± ≡ ∑

v

(
η

σ
ακuvd̂σ

v Ô±∓η
σ̄ *
ακuvsÔ±d̂σ

v
)
, (5)

where Ô± denotes an arbitrary operator, with even (+) or odd
(−) fermionic parity, such as ρ(2m) or ρ(2m+1) in Eq. (4).

The HEOM formalism, Eq. (4), is exact for arbitrary
Fermion reservoirs that satisfy Gaussian statistics.[19,27,28] The

HEOM evaluation of such spectral density system has been
well-established, which is also nonperturbative.[19,26,29,30]

Numerically, because the maximum hierarchical level for
the full HEOM theory is difficult in practice, we adopt the Padé
spectrum decomposition (PSD) scheme[31,32] to minimize the
computational expenditure while maintaining the quantitative
accuracy. We determine that a relatively low truncation tier
level is sufficient to yield quantitatively converged results for
this system–reservoir coupling.[26] In this work, the truncation
tier L = 4.

For the dynamical quantities, the correlation function
C̃AB(tA, tB) ≡ C̃AB(tA − tB) is described by the difference be-
tween tA and tB, where Â(tA) and B̂(tB) are two arbitrary
operators of the system in the Heisenberg picture. Ac-
cording to the definition, we have C̃AB(t) ≡ ⟨Â(t)B̂(0)⟩ =
trtotal[Â(t)B̂(0)ρ

eq
total(T )], where the operators and the thermal

equilibrium density operator ρ
eq
total(T ) are defined in the total

space.
HEOM numerical evaluation focuses on the reduced sys-

tem density [cf. Eq. (4)] which includes the influence of the
reservoirs at every tier. Thus, we retrieve C̃AB(t). By ap-
plying the Fourier transform CAB(ω) ≡ 1

2
∫

dt e iωtC̃AB(t) and
CAB(−ω) = e−ω/kBTCAB(ω), we can obtain the correlation
function in reduced system in the frequency domain. Specifi-
cally, set Â = d̂µ and B̂ = d̂†

µ , the correlation function is re-
duced to Green’s function Gµµ(ω) = Cd̂µ d̂†

µ

(ω), where d̂µ

(d̂†
µ) is the annihilation (creation) operator of an electron in

the system marked by µ , µ ≡ (us).
Therefore, QD1 and QD2 are equivalent to each other and

symmetrically serially coupled to reservoirs L and R, respec-
tively. We write Gs(ω) = G1s(ω) = G2s(ω) and omit the sub-
script s at spin degeneracy so that the spectral density function
is written as As(ω) =− 1

π
ImGs(ω).

In this work, we focus on the equilibrium scenario where
µL = µR = 0. We also set ∆L1s = ∆R2s = ∆ , and use ∆ as the
unit of energy.

3. Results and discussion
For DQD, at extremely low temperatures (T ≪ TK, TK is

the Kondo temperature of individual QD),[33,34] the nonzero t
produces an effective anti-ferromagnetic coupling, J = 4t2/U ,
between the local spin moments on both QDs.[35] When J is
weak, the two spin moments are almost independent of each
other, and itinerant electrons separately screen the local spin
at each QD. Thus, we can observe one zero-energy peak in
the spectral function A(ω), which is recognized as a many-
body Kondo resonant peak.[26,36,37] In contrast, when J is suf-
ficiently strong, spin-singlet states are formed, which span
over both impurities. Then, the zero-energy peak will split into
two.[26,36] At the low temperature of approximately T ∼ TK,
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the Kondo effect remains dominant but cannot fully develop
owing to the finite temperature.[34]

At medium temperature T ≫ TK, we observe another
ZEM, which indicates a new type of resonance processes other
than the Kondo one. Using the HEOM method, we systemati-
cally study DQD [Eq. (3)], and the details are shown in Fig. 1.
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Fig. 1. Spectral functions A(ω) in coupled DQD, (a) at the medium temper-
ature of T = 4.0∆ and specific intradot Coulomb coupling U = 7.5∆ with
various tunneling coupling t; (b) at specific effective anti-ferromagnetic en-
ergy J = 3.5∆ at various temperatures T ; (c) at the medium temperature of
T = 4.0∆ and specific t = 3.0∆ with various U ; (d) at the medium temper-
ature of T = 4.0∆ and specific U = 7.5∆ , t = 3.0∆ with various hybridiza-
tions ∆m. All parameters are in units of ∆ = 0.2 meV.

By referring to Fig. 1(a), one can only see the Hubbard
peaks at ω = 𝜖d and 𝜖d+U at small t. With an increase in t, the
well-known Hubbard two-peak structure gradually changes
into ZEM. This newly observed ZEM occurs at medium tem-
perature (T ≫ TK), which is related to the charge degree of
freedom, as shown in Fig. 1(b). ZEM exists at a certain
medium T (T = 5.0∆ ) and will be destroyed when we tune
T to a lower value (T = 2.0∆ ). In addition, we test ZEM at
different intradot Coulomb coupling U , as shown in Fig. 1(c).
At t = 3.0∆ and T = 4.0∆ , U = 5.0∆ shows few characteris-
tics of ZEM. It is known that larger U leads to lower TK.[34]

With an increase in U , we do not expect the Kondo resonate
peak to occur, and the results show another new ZEM. The
height A(0) first increases. After it reaches the maximum, with
a further increase in U , the new ZEM will be destroyed. This
occurs at specific U , i.e., specific J. We observe that ZEM

affects the reservoirs, limits the hybridization ∆ in Fig. 1(d),
and increases the height of A(0) in the vicinity of the Fermi
level; however, the ZEM peak breaks up at weak ∆ . ZEM at
specific parameters presents as an excitation with a clear peak
line shape, which can be regarded as a quasi-particle.

We observe that ZEM returns to the Hubbard two-peak
structure at t, T , or U ; however, the Hubbard two-peaks cor-
respond to different ground states, for which we show the
schematic of phase diagram in Fig. 2(a). At zero-T and zero-t
limit, DQD is decoupled into two single QDs, and each lo-
calized spin moment is screened by itinerant electrons, which
forms a many-body Kondo singlet. In the spectral function
A(ω), the Kondo singlet corresponds to the zero-energy peak
with A(0)π∆ = 1.[34] At the temperature below T 0

K and the fi-
nite tunneling coupling t, the Kondo singlet state is dominant,
and the Kondo zero-energy peak still exists.[37] With a fur-
ther increase in t, the interdot tunneling effect will be bound
to the two single spin-1/2 moments in each QD with a spin
singlet.[26,36] One can observe the splitting of the Kondo peak
in A(ω). For the medium temperature scenario, weak-t affects
the free moments with the active charge degree of freedom,
which corresponds to A(ω) functions in Fig. 1(a) at t < 1.0∆ ,
and Fig. 1(c) at U ≈ 5.0∆ . At another limit T > Tst with
strong-t, which corresponds to strong-J in DQDs, the ground
state is known as a spin triplet,[36] where Tst is the transition
temperature of the spin singlet and triplet.

ZEM
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0
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-7.5

E
n
/
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he

-15.0

ZEM

Kondo
singlet

Fig. 2. (a) Energy levels in an isolate DQD with tuning t. (b) Schematic
of temperature T –the interdot tunneling coupling t phase diagram of DQDs
coupled to reservoirs.

We further analyze the mechanism of ZEM from an
energy-level view illustrated in Fig. 2(a) and consider that the
energy levels of the coupled DQD do not affect the physics
with or without the hybridization of reservoirs. We choose an
isolate DQD with the same parameters as those of our target
DQD, where U = −2𝜖d = 7.5∆ . Let us focus on the lowest
energy levels. The spin singlet level decreases as the square
root of [(4t/U)2 + 1]. Meanwhile, the spin triplet level does
not change when t increases. Starting at 2𝜖d, the spin singlet
level and spin triplet level are separated so that the exchange
energy J increases. The single-electron level, which begins
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at 𝜖d, splits into the 𝜖d − t level for asymmetric composition
and into the 𝜖d + t level for symmetric composition. Thus, the
asymmetrically composed single-electron level will cross the
spin triplet level at t = 1/2U , which provides a special degen-
eracy. We propose a reason for the newly observed ZEM at the
interference of two levels at specific parameters.

In the t–T phase diagram of the coupled DQDs, the newly
observed ZEM is schematically identified by the green marked
position in Fig. 2(b). According to the analysis of numerical
results in Fig. 1, we conclude that ZEM occurs at medium
temperature, and specific t is stronger than that for the free
moment phase and weaker than that for the spin triplet phase,
which is shown in Fig. 2(b) with two transform tunneling cou-
plings t1 and t2.

In this scenario with spin symmetry, between the cross
levels, both electrons and holes have the same energy gap.
Thus, in the ZEM regime, the reflection on spectral function
A(ω) shows the symmetry of electrons and holes.
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Fig. 3. Energy levels in an isolated DQD at the finite magnetic field of
B = 1.5µB∆ : (a) spin up, (b) spin down. Corresponding spectral functions
at different t of (c) spin up and (d) spin down.

Both the asymmetrically composed single-electron level
and the spin triplet level are sensitive to the magnetic field. We
examine the scenario at the finite magnetic field B = 1.5µB∆ .
For the energy levels in the isolate DQD, shown in Figs. 3(a)
and 3(b), the single-electron level is split into two: one for spin
up, which moves downward by 1/2µBB, and the other for spin
down, which moves upward by the same amplitude. The spin

triplet level is reduced into three levels: one for spin up down-
ward to 2𝜖d − µBB, one for spin down upward to 2𝜖d + µBB,
and the last one at 2𝜖d as the symmetric composition of the
other two. The energy levels provide a clear view to analyze
the ZEM excitation at the finite magnetic field for both elec-
tron and hole types.

For the excitation of spin up, the energy levels in Fig. 3(a)
marked by red, the electron excitation arrow maintains the
same direction at the degeneracy point of the non-field case.
However, the hole excitation arrow, which is marked by blue,
is opposite. Thus, the entire spin up part shows an electron
type. In contrast, for spin down, the hole excitation is domi-
nant, and the entire spin down part changes into the hole type
[cf. Fig. 3(b)]. We observe that the degree of freedom of
charge is entangled with that of spin in the ZEM regime.

By tuning J via t, at medium temperature above Tst, we
can observe a phase transition from the spin singlet regime
into ZEM regime at finite magnetic field in spectral functions
shown in Fig. 3(c) for spin up and Fig. 3(d) for spin down. The
ZEM of the spin up part in Fig. 3(c) changes into an electron
quasi-particle; meanwhile the spin down part changes into a
hole quasi-particle. We propose that the magnetic field reduces
the degeneracy of spin, which is entangled with charge, so that
the magnetic field can split the ZEM peak in the spectra.

4. Summary
We adopt the HEOM formalism on a symmetrically cou-

pled DQD. At the temperature above the spin singlet–triplet
transition temperature, we propose a novel zero-energy mode,
which arises from the resonance of electron quasi-particle and
hole quasi-particle; this zero-energy mode shows a ZEM peak
in the spectral function. By further examining the effect of
the magnetic field, because the degrees of freedom of spin and
charge are entangled, it is determined that the magnetic field
can split ZEM in the spectra.

The new reported ZEM in symmetrically serially cou-
pled DQD is available for the evaluation at finite temperature.
Therefore, the new ZEM could be a potential quantum bit can-
didate for quantum calculations.
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