
 

Role of the spin anisotropy of the interchain interaction in weakly coupled antiferromagnetic 

Heisenberg chains 

Yuchen Fan(樊宇辰), Rong Yu(俞榕) 

Citation:Chin. Phys. B . 2020, 29(5): 057505 . doi: 10.1088/1674-1056/ab820b 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Exact solutions of an Ising spin chain with a spin-1 impurity 

Xuchu Huang(黄旭初) 

Chin. Phys. B . 2017, 26(3): 037501 . doi: 10.1088/1674-1056/26/3/037501 

Interplay between spin frustration and magnetism in the exactly solved two-leg mixed spin 

ladder 

Yan Qi(齐岩), Song-Wei Lv(吕松玮), An Du(杜安), Nai-sen Yu(于乃森) 

Chin. Phys. B . 2016, 25(11): 117501 . doi: 10.1088/1674-1056/25/11/117501 

Exact solution of Heisenberg model with site-dependent exchange couplings and 

Dzyloshinsky-Moriya interaction 

Yang Li-Jun, Cao Jun-Peng, Yang Wen-Li 

Chin. Phys. B . 2015, 24(10): 107502 . doi: 10.1088/1674-1056/24/10/107502 

The spin dynamics of the random transverse Ising chain with a double-Gaussian disorder 

Liu Zhong-Qiang, Jiang Su-Rong, Kong Xiang-Mu 

Chin. Phys. B . 2014, 23(8): 087505 . doi: 10.1088/1674-1056/23/8/087505 

Dynamics of one-dimensional random quantum XY system with Dzyaloshinskii–Moriya 

interaction 

Li Yin-Fang, Kong Xiang-Mu 

Chin. Phys. B . 2013, 22(3): 037502 . doi: 10.1088/1674-1056/22/3/037502 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract75612.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75612.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract69601.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68526.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68526.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65457.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65457.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract60387.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract52515.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract52515.shtml


Chin. Phys. B Vol. 29, No. 5 (2020) 057505

Role of the spin anisotropy of the interchain interaction in weakly
coupled antiferromagnetic Heisenberg chains*
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In quasi-one-dimensional (q1D) quantum antiferromagnets, the complicated interplay of intrachain and interchain
exchange couplings may give rise to rich phenomena. Motivated by recent progress on field-induced phase transitions
in the q1D antiferromagnetic (AFM) compound YbAlO3, we study the phase diagram of spin-1/2 Heisenberg chains with
Ising anisotropic interchain couplings under a longitudinal magnetic field via large-scale quantum Monte Carlo simulations,
and investigate the role of the spin anisotropy of the interchain coupling on the ground state of the system. We find that the
Ising anisotropy of the interchain coupling can significantly enhance the longitudinal spin correlations and drive the system
to an incommensurate AFM phase at intermediate magnetic fields, which is understood as a longitudinal spin density wave
(LSDW). With increasing field, the ground state changes to a canted AFM order with transverse spin correlations. We
further provide a global phase diagram showing how the competition between the LSDW and the canted AFM states is
tuned by the Ising anisotropy of the interchain coupling.

Keywords: quasi-one-dimensional quantum antiferromagnets, Heisenberg spin chain, longitudinal spin den-
sity wave
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1. Introduction
In contemporary condensed matter physics, many impor-

tant concepts, ranging from the spin–charge separation[1] to
the symmetry-protected topological order,[2] originate from
one-dimensional (1D) systems. Studies on these systems
keep active, and major progress has been made over the past
decade in many quasi-one-dimensional (q1D) antiferromag-
netic (AFM) systems.[3–12] The 1D AFM spin chain is also
one of the best theoretically understood quantum many-body
systems. For instance, the spin-1/2 XXZ chain, as a paradig-
matic model, is well described by a Tomonaga–Luttinger liq-
uid (TLL), which is a disordered state caused by strong quan-
tum fluctuations. Under a longitudinal magnetic field, the spin
correlation functions of the XXZ chain exhibit a power-law
decay and can be expressed as

⟨Sx
0Sx

r⟩ ≃ (−1)rr−η ,〈
Sz

0Sz
r
〉
−⟨Sz⟩2 ≃ cos(2kFr)r−

1
η , (1)

where kF is defined as kF = π (1/2−⟨Sz⟩) and refers to the
Fermi wave number of the 1D spinless fermions mapped from
the spin model by the Jordan–Wigner transformation.[1] η is
the TLL exponent and varies with the applied magnetic field.
It is easy to see that the value of η determines the dominant
spin correlation. When the exchange coupling is Heisenberg

or has an XY anisotropy, η < 1, and the transverse spin cor-
relation always dominates. On the other hand, for an Ising
anisotropic exchange coupling, there exists an η inversion at a
crossover field hinv. For h < hinv, η > 1, the longitudinal spin
correlation dominates, and for h > hinv, η < 1, the dominant
spin correlation changes to the transverse one, as in the case
of a Heisenberg chain.[13]

The physics described above can be realized in many
compounds. For example, BaCo2V2O8 and SrCo2V2O8 have
shown to be ideal weakly-coupled spin-1/2 antiferromagnetic
XXZ chains with an Ising anisotropy. In certain field regime,
the neutron diffraction measurements discovered an incom-
mensurate AFM state,[13–16] which is understood as a longi-
tudinal spin density wave (LSDW).[17–19] In this LSDW state,
the dominant spin correlation is longitudinal, and takes the
form of Eq. (1) along the chain direction. Both η and kF are
tuned by the applied magnetic field, and this causes the mod-
ulation of the ordering wave vector

|∆Q|= 1−2kF = 2mz, (2)

where mz = ⟨Sz⟩ is the uniform magnetization. Such a mod-
ulated ordering wave vector is a characteristic of the under-
lying 1D physics. Further increasing the magnetic field, the
dominant spin correlation changes to be transverse. As a con-
sequence, the ground state turns to be a canted AFM state,
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which is usually denoted as the TAF order.[16,20]

These findings lead to the naive thought that the essen-
tial physics in q1D antiferromagnets is dictated by the intra-
chain exchange coupling because the interchain coupling is
too weak, compared to the intrachain one, to affect the dom-
inant spin correlation. However, there exist rare cases that
the interchain coupling, though weak, is relevant to the low-
energy physics of the system. For example, the frustrated in-
terchain couplings may give rise to exotic ground states in a
spin model for CoNb2O6.[21]

A recent surprise is in the q1D antiferromagnet YbAlO3.
On the one hand, the intrachain exchange coupling of this
compound is found to be almost isotropic in the spin space
(namely, Heisenberg-like), on the other hand, an incommensu-
rate AFM state induced by the magnetic field is observed.[22]

In the incommensurate AFM state, it is found that the mod-
ulation of the ordering wave vector follows Eq. (2), which
strongly implies that the AFM order is an LSDW. A major
puzzle is then how the LSDW order would arise from the cou-
pled Heisenberg chains. It has been suggested that the in-
terchain coupling plays an important role,[22,23] and a recent
work by the authors[24] unambiguously shows that an Ising
spin anisotropy of the interchain coupling can enhance the lon-
gitudinal spin correlations of the coupled Heisenberg chains
and stabilize the LSDW order. Nonetheless, a systematic study
on how the global phase diagram is affected by the interchain
Ising anisotropy is still lacking.

In this paper, we perform a thorough study on the ef-
fects of the interchain coupling in weakly coupled Heisen-
berg chains by using quantum Monte Carlo (QMC) simula-
tions. Our results indicate that the Ising anisotropy in the
interchain coupling, whenever the coupling is ferromagnetic
(FM) or AFM, can enhance the longitudinal spin correlation
and stabilize the incommensurate LSDW order. We further
provide a global phase diagram to show how the LSDW and
the TAF states compete as the interchain Ising anisotropy in-
creases. These results not only solve the puzzle on the origin
of the incommensurate AFM order observed in YbAlO3, but
also highlight the crucial role of the interchain couplings in
q1D antiferromagnets, which was certainly overlooked in pre-
vious studies.

2. Model and method
We consider an effective spin-1/2 model for YbAlO3,

which includes weakly coupled Heisenberg spin chains de-
fined on a cubic lattice. The Hamiltonian reads

ℋ = Jc ∑
i
𝑆i ·𝑆i+c −gµBH ∑

i
Sz

i

+Jab ∑
i,δ={a,b}

[
ε

(
Sx

i Sx
i+δ

+Sy
i Sy

i+δ

)
+Sz

i S
z
i+δ

]
. (3)

Here 𝑆i = {Sx
i ,S

y
i ,S

z
i} is a spin-1/2 operator defined at site i.

Jc and Jab are respectively the intrachain and interchain ex-
change couplings between the nearest neighboring spins. H is
the applied longitudinal magnetic field. Note that generically
the longitudinal direction z-axis is different from the chain di-
rection c-axis, and this is also the case for YbAlO3.[22] ε de-
notes the spin anisotropy of the interchain coupling. In this
work, we focus on the effect of the Ising anisotropy of the in-
terchain coupling by setting ε < 1 and keeping the intrachain
interaction to be Heisenberg (isotropic in the spin space) anti-
ferromagnetic.

For simplicity, we set the gyromagnetic factor g and the
Bohr magneton µB to be 1, and set Jc = 1 to be the energy
unit. In the discussion below, we will use the dimensionless
reduced field and reduced temperature, which are defined as
h = gµBH/Jc and t = kBT/Jc, respectively. The interchain
interactions in YbAlO3 are rather complicated, contain both
FM and AFM couplings.[22,25] Since the ordering wave vector
in the incommensurate AFM state is at (0,0,Q), we simplify
the interchain couplings in the model by assuming them to
be all FM (Jab < 0). In the following, we take ε = 0.25 and
Jab = −0.2Jc for demonstration. The effects of varying these
parameters and the connection to experiments are discussed in
Subsections 3.2 and 3.3, respectively. We examine the field in-
duced phase diagram of the model by performing numerically
exact QMC simulations based on the stochastic series expan-
sion (SSE) algorithm.[26,27] In the simulations, the largest sys-
tem size is 20×20×128 and the lowest temperature accessed
is t = 0.01.

3. Results and discussion
3.1. Phase diagram and the field induced LSDW order

We have calculated the magnetization of the model de-
fined in Eq. (3) with the applied field by taking Jab = −0.2
and ε = 0.25. The result at t = 0.05 is shown in Fig. 1(a).
The magnetization curve suggests a finite gap in the system for
h . 0.5, and the magnetization gets saturated for h & 1.75. In
between, it changes its curvature at h∼ 0.8. These features im-
ply that at low temperatures the system experiences a number
of phase transitions tuned by the field. We then study the field
induced phase diagram, which is shown in Fig. 1(b) from our
calculation. The thermal phase transition at each field value is
determined by the peak temperature of the specific heat data,
which are illustrated in Fig. 2. To understand the nature of the
low-temperature phases, we examine the normalized longitu-
dinal and transverse spin structure factors in these phases

𝒮zz(𝑞) =
1

N2 ∑
i j

e i𝑞·(𝑟i−𝑟 j)
〈

Sz
i S

z
j

〉
, (4)

𝒮xy(𝑞) =
1

2N2 ∑
i j

e i𝑞·(𝑟i−𝑟 j)
〈

Sx
i Sx

j +Sy
i Sy

j

〉
. (5)
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Fig. 1. (a) Field dependence of the magnetization of the model in
Eq. (3) with an FM interchain coupling (magenta line) Jab = −0.2,
ε = 0.25, compared to that with an AFM interchain coupling (blue line)
Jab = 0.2,ε = 0.25. Both curves are obtained at t = 0.05 with the sys-
tem size 20× 20× 128. (b) The phase diagram in the h–t plane with
FM (magenta) and AFM (blue, adapted from Ref. [24]) interchain cou-
plings, |Jab|= 0.2, ε = 0.25.
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Fig. 2. Temperature dependence of the specific heat C at various
fields for the model with Jab = −0.2, ε = 0.25. The system size is
24× 24× 24. The peak in C indicates a thermal transition to the mag-
netically ordered phase, which is used to determine the phase boundary
in Fig. 1(b).

As shown in Fig. 3(a), for h < h1 ≈ 0.5, the longitudinal
structure factor 𝒮zz(𝑞) has a single sharp peak at wave vector
𝑞 = (0,0,π), signaling an Ising AFM (Néel) order. Increasing
the field, this peak splits into two, respectively located at in-
commensurate 𝑞 = (0,0,π ±∆Q), as shown in Fig. 3(b). The
modulated wave vector ∆Q varies with the magnetic field and
follows the relation in Eq. (2), as shown in Fig. 3(d). This indi-
cates that the incommensurate AFM state is an LSDW. Further
increasing the field for h> h2 ≈ 0.82, the peak in 𝒮zz vanishes,
while a peak in the transverse structure factor 𝒮xy(𝑞) arises at
the wave vector 𝑞 = (0,0,π). The ground state of the sys-
tem then changes from the LSDW to the canted TAF state.
This canted TAF order persists up to a quantum critical point
(QCP) at hc ∼ 1.7, above which the spins are eventually po-
larized by the magnetic field. The polarization of the spins
leads to a saturation of the magnetization at h > hc. As shown
in Fig. 1(a), the magnetization is very closed to the saturated
value mz = 1/2 for h & 1.75 at t = 0.05. This justifies that the

simulated system already approaches to its ground state at this
temperature. The entire phase diagram is clearly presented in
Fig. 1(b).
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Fig. 3. Longitudinal spin structure factor 𝒮zz (0,0,π +q) in (a) the Ising
AFM (Néel) phase and (b) the LSDW phase. The system size is 20× 20×
128. (c) Transverse spin structure factor 𝒮xy (0,0,π +q) in the TAF phase.
The system size is 24×24×24. (d) Field dependence of the modulated order-
ing wave vector ∆Q and the magnetization, satisfying the relation in Eq. (2).
The model parameters used are Jab = −0.2 and ε = 0.25, with simulations
performed at t = 0.05.

From the results above, one clearly sees that the LSDW
order can be stabilized by the FM interchain coupling. In
Fig. 1, we have also compared our results to those with the
AFM interchain coupling.[24] It is interesting to see that ei-
ther the FM or the AFM interchain coupling can stabilize the
LSDW phase. This can be understood as follows: the LSDW
state is characterized by incommensurate AFM spin correla-
tions along the chain direction. The spin correlations perpen-
dicular to the chain directions can be either FM or AFM. Once
the exchange couplings are unfrustrated, either the interchain
or the intrachain coupling can enhance the AFM spin correla-
tion along the chain direction. Our results also show that the
saturation field hc depends strongly on the sign of the inter-
chain coupling. This is easily understood because the spins
along two adjacent chains are much easier to be polarized by
the field when they are coupled by the FM interaction.

3.2. The effect of Ising anisotropy of the interchain cou-
pling

In previous studies,[18,19] the stabilization of the LSDW
order requires an Ising anisotropy in the intrachain exchange
coupling. For coupled Heisenberg chains, the interchain
coupling was treated as an internal field within the mean-
field approximation.[18] Because the interchain spin fluctua-
tions were completely ignored in the mean-field approach, the
dominant spin correlations in the coupled Heisenberg chains
would still be transverse. Therefore, an LSDW order could
not appear even if the interchain coupling was strongly Ising
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anisotropic. Our numerical method, on the other hand, takes
full effects of spin fluctuations of the interchain coupling, and
reveals a different way to settle down the LSDW phase: The
Ising anisotropy in the interchain coupling can significantly
enhance the longitudinal spin correlations and stabilize the
LSDW state at low temperatures.

To see this more clearly, we study the phase diagram of
the model in Eq. (3) by fixing Jab = −0.2 and varying the
Ising anisotropy factor ε . As shown in Fig. 4(a), when tak-
ing ε = 0.5, i.e., a smaller Ising anisotropy, there is a direct
first-order transition between the Ising AFM (Néel) and the
TAF phases, and the LSDW state cannot be stabilized in the
field induced phase diagram.

0 0.2 0.4 0.6 0.8 1.0
0

0.5

1.0

1.5

2.0

0 0.5 1.0 1.5 2.0 2.5
0

0.1
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 1st-order
 2nd-order
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Ising AFM

(a)

Ising

AFM TAF

ε

t

h

h

Fig. 4. (a) Phase diagram in the t–h plane for Jab = −0.2, ε = 0.5.
(b) Ground-state phase diagram in the ε–h plane for Jab = −0.2. FP
refers to fully polarized. The QMC simulations are performed at
t = 0.02 (corresponds to T ∼ 50 mK for YbAlO3) with system size
20×20×128 to ensure the convergence to the ground state. The error
bar of the phase boundary data is about 0.02, which is smaller than the
symbol size. The extrapolations are shown as the dashed lines.

To see how the Ising anisotropy affects the phase diagram
quantitatively, we determine the ground-state phase diagram
in the ε–h plane in Fig. 4(b). In the isotropic limit (ε = 1),
the TAF order is stabilized above an infinitesimal field until
the spins are fully polarized. This implies that the dominant
spin correlation is transverse, which is consistent with the pre-
vious results of a Heisenberg chain.[13] With increasing the
Ising anisotropy of the interchain coupling (decreasing ε), the
dominant spin correlation changes to be longitudinal at low
fields, but keeps to be commensurate. This stabilizes the Ising
AFM (Néel) order at low fields. For ε . 0.49, the incommen-
surate longitudinal spin correlation dominates in certain field

regimes, and as a consequence, the LSDW order appears to
be the ground state. As shown in Fig. 4(b), the phase bound-
ary between the TAF and LSDW phases depends strongly on
ε , suggesting strong competition between these two phases
with varying the Ising anisotropy. In the complete Ising limit,
namely, ε → 0, the transverse spin correlation is limited to be
within each chain, and a global TAF order cannot be stabi-
lized. The phase boundaries among the Ising AFM, LSDW,
and TAF phases are all first-order, while there is a second-
order quantum phase transition (QPT) between the TAF and
the fully polarized (FP) phase at hc, where the magnetization
saturates at zero temperature. It would be interesting to study
the QPT directly from the LSDW to the FP phase at ε = 0. But
unfortunately, our QMC simulation becomes very inefficient
and cannot provide any reliable results in this limit. We defer
such a study to a future work with more advanced theoretical
approach.

3.3. Implication for YbAlO3

We now discuss the implication of our results for
YbAlO3. The intrachain exchange coupling of YbAlO3 is
found to be almost isotropic, but the interchain coupling, me-
diated by the dipole–dipole interaction, contains strong Ising
anisotropy.[22,25] These key features are fully described by our
model in Eq. (3) with ε < 1. In the calculations, we take the
estimated values Jc ∼ 0.21 meV, g∼ 7.6, and |Jab|/Jc ∼ 0.2 for
YbAlO3 from experiments.[22] There is no estimated value for
ε . But as shown in Fig. 4(b), we find that the LSDW state can
be stabilized over a broad ε regime in the ground-state phase
diagram. This LSDW state provides a natural explanation
to the observed incommensurate AFM state in YbAlO3.[22]

Here the stabilization of the LSDW state is from the Ising
anisotropy of the interchain coupling, which is beyond the in-
terchain mean-field scenario in previous studies.[18] Without
fine tuning we simply take ε = 0.25 and perform the simula-
tions. The resulting phase diagram qualitatively agrees with
the experimental one in Ref. [22]. For example, the LSDW
order shows up at h1 ∼ 0.5, and the magnetization saturates at
hc ∼ 1.75. These two field values correspond to about 0.3 T
and 0.9 T, respectively, and they are close to the experimental
values of 0.35 T and 1.1 T. Note that a simplification of our
model is that we assume the interchain coupling to be all FM.
But in YbAlO3, the real interchain interactions contain both
FM and AFM couplings. We also perform the simulation with
AFM interchain coupling,[24] and indeed find that the LSDW
state is stabilized within approximately similar field range, as
shown in Fig. 1(b). This result indicates that our model cap-
tures the essential physics in YbAlO3. The spin frustration by
including both FM and AFM interchain couplings likely acts
as a secondary effect which fine tunes the phase boundaries.
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4. Conclusion

We study the phase diagram of an effective spin-1/2
model of Heisenberg chains coupled by Ising anisotropic in-
terchain interactions. We find that the Ising anisotropy of the
interchain coupling can enhance the incommensurate longi-
tudinal AFM correlation and stabilize an LSDW phase. We
show that the LSDW phase appears robustly with either FM
or AFM interchain coupling when the Ising anisotropy is suf-
ficiently strong. These findings explain the recently observed
incommensurate AFM state in coupled Heisenberg chain com-
pound YbAlO3. Compared to previous theories, our results re-
veal a different way in stabilizing the LSDW order in q1D an-
tiferromagnets, and underscore the key role of the interchain
interaction in these materials.
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