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SPECIAL TOPIC — Topological 2D materials
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We study the disorder-induced phase transition in two-dimensional non-Hermitian systems. First, the applicability of
the noncommutative geometric method (NGM) in non-Hermitian systems is examined. By calculating the Chern number
of two different systems (a square sample and a cylindrical one), the numerical results calculated by NGM are compared
with the analytical one, and the phase boundary obtained by NGM is found to be in good agreement with the theoretical
prediction. Then, we use NGM to investigate the evolution of the Chern number in non-Hermitian samples with the disorder
effect. For the square sample, the stability of the non-Hermitian Chern insulator under disorder is confirmed. Significantly,
we obtain a nontrivial topological phase induced by disorder. This phase is understood as the topological Anderson insulator
in non-Hermitian systems. Finally, the disordered phase transition in the cylindrical sample is also investigated. The clean
non-Hermitian cylindrical sample has three phases, and such samples show more phase transitions by varying the disorder
strength: (1) the normal insulator phase to the gapless phase, (2) the normal insulator phase to the topological Anderson
insulator phase, and (3) the gapless phase to the topological Anderson insulator phase.

Keywords: disorder effect, topological Anderson insulator, non-Hermitian systems

PACS: 05.50.4q, 03.65.V{

1. Introduction

Since the spin Hall model proposed by Kane and Mele
in 2005,/ topological states based on Hermitian systems
have been greatly developed.!*'3] Among them, ten classes
of topological phases guaranteed by time-reversal symmetry,
inversion symmetry, and particle-hole symmetry are the vi-

3.14-16] With the help of the space group

tal research objects.!
and the point group, topological crystalline insulators were
also proposed by Fu.[!'”] These topological states receive great
interest over the past few years.[!-23] Very recently, three
groups 29281 extended the study of topological states in Her-
mitian systems to the complete inorganic crystal structure
database.

With the comprehensive understanding of the topolog-
ical states in Hermitian systems, physicists begin to sus-
pect whether topological states exist in non-Hermitian sys-
tems as well.”””! For Hermitian systems, the topological or-
der is mainly determined by the bulk states.>>3% To be spe-
cific, the bulk—edge correspondence!®>>! is achieved. This
method was also widely used in early studies of non-Hermitian
systems.m*m] Nevertheless, several studies illustrated that
non-Hermitian systems could be completely different from
[33-36] in their unique property — the non-
Hermitian skin effect,[#!=*3] which means that all the eigen-

the Hermitian ones

DOI: 10.1088/1674-1056/ab8201

states concentrate on one side or even one point of the sam-
ples’ open boundary. This characteristic makes the topolog-
ical properties of the open boundary conditions in the non-
Hermitian system notably different from the periodic bound-
ary case.33¢ For example, the emergence of zero energy
state is regarded as the benchmark to define the topological
state in the one-dimensional model for both Hermitian 447!
and non-Hermitian®?! systems. It is believed that the winding

4647 which is calculated by the bulk states of a sam-

number, !
ple with the periodic boundary condition, will determine the
existence of zero-energy modes and give a reasonable phase
diagram. However, the distribution of zero energy states ob-
tained with the open boundary samples is quite different from
that with the periodic boundary condition in non-Hermitian

5.133-331 To determine the topological phase diagram of

system:
non-Hermitian systems, Yao ef al. proposed a special trans-
formation to the non-Hermitian Hamiltonian.3%-% After such
a kind of transformation, the effective Hamiltonian becomes
Hermitian at high symmetric points. When a phase transition
happens, the bandgap at a high symmetric point is closed and
then reopened. Therefore, the correct phase boundaries can
be obtained. These works significantly advanced the study of
topological states in non-Hermitian systems.

Notably, the effect of disorder is inevitable in experi-
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ments because there always exist impurities or non-uniformity
in the samples. After the pioneering work by Anderson et
al.,1*8] the study of disorder effect has received extensive
advancement.!**~>!1 For a long period, disorder is considered
to make things worse, e.g., the Anderson localization.[49->6]
However, an unexpected phase transition induced by disor-

57.58] in which disorder can turn a

der was reported in 2009,!
normal insulator into a topological insulator. Such a nontriv-
ial phase induced by disorder is called the topological An-
derson insulator, and has been widely studied in the Her-
mitian system.37-%% Since all systems could have impu-
rities, it is also essential to study the disorder effect for
non-Hermitian systems. Previously, the disorder in non-
Hermitian systems was investigated in terms of the distribu-

61-631 These works mainly focus on the

tion of eigenvalues.|
stability of the topological states, but the investigation of the
interplay between TAI and the non-Hermitian effect is still in-
sufficient.

In this paper, the disorder-induced topological phase tran-
sition of the non-Hermitian insulator is numerically stud-
ied with the help of noncommutative geometric method
(NGM). [46:47:54.55.64.65] We first investigate the applicability of
NGM in non-Hermitian systems for two different cases (the
effective model in periodic boundary condition and the origi-
nal model in open boundary condition). These two cases show
the coincident phase transition points, which agrees quite well
with the analytical one. We also find that the Chern number
calculated by NGM slightly deviates from the quantized value
(the maximum deviation is about 0.1) when the non-Hermitian
effect appears, and the deviation could be eliminated by en-
larging the sample size. Next, after checking the stability of
the numerical method, the disorder effect in non-Hermitian
systems is considered. We confirm that non-Hermitian Chern
insulators are robust against disorder. Meanwhile, the disorder
makes non-Hermitian systems transform from the trivial phase
to the nontrivial phase, which is similar to the topological An-
derson transition in Hermitian systems. Finally, cylindrical
samples are investigated, and they show more phase transi-
tions.

2. Model and method

The first selected non-Hermitian Hamiltonian is[3°]

. : etk
H = (vky +17) 0+ (vky +17)0y + | m =2+ =5 + == | 0.
9]

According to the non-Bloch theory for a square sample, the
replacement k — k — iy/v leads to!3¢]

Hefy = vkc0oyx +Vvk,0,

2+t vk 4 tvk,
+<m—2t—y2+ = p eI ) )

\4

It is obvious that Her is Hermitian Hamiltonian when &, = 0
and kNy = 0, which is helpful to give the correct phase bound-
ary. In the process of replacement, the bulk states of Heg can
also effectively exhibit the bulk properties of H under the open
boundary condition.3%!

As shown in Figs. 1(a)-1(c), Re(E) (the real part of the
eigenvalues) versus Im(E) (the imaginary part of the eigenval-
ues) under three different conditions are plotted for a square
sample with size N = 50, Yy = 0.4, and m = 1.7. In the follow-
ing numerical calculation, we set v =1 and ¢ = 1 for simplicity.
Figure 1(a) is obtained with Hg under the periodic boundary
condition. The bandgap of Re(E) shown in Fig. 1(a) (marked
in cyan) is the same as the result of H under the open boundary
condition (see Fig. 1(b)). It is obvious that the plots of Re(E)
versus Im(E) under periodical boundary case of Hef and open
boundary case of H are different from the case of H under
the periodic boundary condition (see Fig. 1(c)). For instance,
the latter case has no gap for Re(E). These results are con-
sistent with the previous study.*®! Furthermore, the periodical
boundary of H.g has exhibited the main properties of the real
part of the open boundary of H. Although Re(E) versus Im(E)
for Hegr under the condition of the periodic boundary slightly
deviates from the distribution of H under the condition of the
open boundary, the phase transition in these two cases could
be the same. The reason can be simplified that the topologi-
cal phase transition is characterized by the bandgap evolution
of the real part of the eigenvalues.!®®! Furthermore, we also
calculate the eigenvalue of H under the periodical boundary
condition with m = 2.7 (trivial insulator phase). As shown in
Fig. 1(d), there are no edge states in the bulk gap.

0.8 @ 0.2

T4 -2 0 2 4
Re(E)

Fig. 1. The Re(E) versus Im(E) with (a)~(c) m = 1.7 and (d) m = 2.7, re-
spectively. E is the eigenvalue of a square sample. Other parameters are fixed
at Y= 0.4 and N = 50. (a) The periodic boundary of Hc. (b), (d) The open
boundary of H with m = 1.7 (b) and m = 2.7 (d). (c) The periodic boundary
of H.

To better understand the difference between H under the
condition of the open boundary and H¢ under the condition
of the periodic boundary, we compare the Chern numbers for
these two cases. The Chern number for the finite-sized sample
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is calculated by combining the generalized definition of non-
Bloch Chern number[*®! and the theory of Chern number in
real space.[®+%] Due to the non-Hermitian properties of the
Hamiltonian, the eigenvalues of H and H' are separately de-
fined as[3%

H|”Ra> :Ea|uR(x>7 HT|”L0¢> :E;‘ULa>7 3)

where |urq) and |upq) are the standard right and left eigen-
vectors, respectively. Except for the singularity, the above
formulas are well defined. Different from the Hermitian sys-
tems, the completeness of the system requires that the stan-
dard right and left eigenvectors meet the normalization rela-
tion (urq|ugp) = O4p- The transformation matrix V formed
by the standard right eigenvectors is a specific transformation
with V"'HV = J, where J is the diagonal matrix formed by the
eigenvalue E,. As the eigenvector of H, every column vector
of V is the standard right eigenvector of H. The conjugation of
V=IHV = J shows VTHT(V')~! = J*, and every column vec-
tor of (V)= is the corresponding standard left eigenvector. It
is easy to prove the orthogonality normalization relations be-
tween the standard right eigenvectors and the left eigenvectors.

The above eigenvectors can be used to define the non-

Bloch Chern number[36-67]
- 1 ~
€= BZ KTr {Pa [a’zxpo"al?vpaﬂ ’ “4)

which follows the method in Hermitian. However, the pro-
jection operator is redefined as Py = |urg)(Ure|- Actu-
ally, if one can numerically obtain 3,;x(y>Pa, the Chern num-
For NGM, the crucial equation is P, =
Y,cnz bne'¥. 164651 Since the introduced attenuation factor
/v is a constant, one only needs to transform k into k for non-
Hermitian systems. The projection operator in non-Hermitian

ber is available.

cases can be expressed as follows:

P=Y byei, )
neBZ

where d;Py can be approximately solved, and the detailed
analysis of NGM can be obtained in the papers. [46:47-54.64.63]
On the other hand, if one assumes that the momentum of H
under the condition of the open boundary has no decay terms
(yis a constant in H and independent of k, and k), these terms
naturally originate from the non-Hermitian skin effect of the
system under the open boundary condition. Then, the Chern
number defined by k, and k reads

- 2%1 /B KT [P [0, P 0, Pa] ) ©)

Here, based on the evolution of the Chern number (calcu-
lated by Eq. (4) of He under the condition of periodic bound-
ary and by Eq. (6) of H under the condition of open bound-
ary), we manifest evidence that the above two cases can give
the same transition point. As shown in Fig. 2(a), we plot the

Chern number versus m for H under the condition of open
boundary and H.g under the condition of periodic boundary
with ¥ = 0.4. Due to the influence of the eigenvalues inside the
bulk gap (see Fig. 1(b)), the Chern number of H under the con-
dition of open boundary is unable to reach the quantized value
for nontrivial systems (some topological features determined
by the bulk states are lost because the existence of edge states).
For trivial systems, the Chern number can capture the zero
value because such states are absent (see Fig. 1(d)). For Hes
under the condition of periodic boundary, the influence of the
edge states to the definition of Chern number can be avoided,
the quantized Chern number is achieved (see Fig. 1(a)).

(a)

Chern number

1.0

0.5

Chern number

Fig. 2. (a), (b) Chern number evolutions with m for H under the condition
of open boundary (N = 20,30,40) and for Heg under the condition of peri-
odic boundary with N = 40, respectively. Panel (b) is zoom of (a) near the
transition point. Other parameters are Yy = 0.4, v =1, and ¢t = 1. In all the
Chern number calculations, we fix the Fermi energy at Er = 0.

In order to make the phase transition point more accu-
rate, we compact the grid near the phase transition point (see
Fig. 2(b)). For H under the condition of the open boundary, the
scaling behavior of the Chern number under different sample
sizes is obtained. With the increasing size, the bulk states be-
come dominant, and the Chern number tends to be quantized.
It is found that the phase transition point is near m = 2.16 for
H under the condition of the open boundary. For Hg under
the condition of the periodic boundary, the transition point can
be obtained when the Chern number is approximately equal
to 0.5, and this position is also around m = 2.16. These two
conditions are in good agreement with the analytical result
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m =2+ 7% with y = 0.4. Although the Chern number given
by H under the condition of the open boundary can charac-
terize the topological properties of the system more reason-
able, it is hard for the Chern number to reach the quantized
value because of the redundant states inside the bulk gap (see
Fig. 1(b)). Moreover, Hesr under the condition of the peri-
odic boundary combined with non-Bloch Chern number can
also predict a phase transition point quite well. Therefore,
we mainly consider Heg under the condition of the periodic
boundary in the following calculations.

3. The stability of the noncommutative geomet-
ric method

In the above section, we have shown that the phase tran-
sition point obtained by combining H.g under the condition
of periodic boundary with NGM is consistent with the ana-
lytical prediction. However, more data is needed to ensure
whether the feature will hold for the whole parameter regions
or not. Sequentially, we study the reliability of NGM for non-
Hermitian systems with different 7.

In Fig. 3(a), we obtain a phase diagram based on the
Chern number, where the Chern number in the yellow region
approximately equals to one (nontrivial), and the Chern num-
ber in the blue area is zero (trivial). Furthermore, the red solid
line corresponds to the theoretically predicted phase bound-
ary with m = 24 y2.136] The Chern number distribution agrees
perfectly with the theoretical prediction in a wide range of
parameters. However, we also find some unexpected values
of the Chern number near the phase transition points. The
Chern number for systems with strong non-Hermitian features

deviates from the quantized value, specifically, it becomes
greater than one (Fig. 3(a) in the grey area) or less than zero
(Fig. 3(a) in the black area). For smaller 7, these behaviors
still hold (see Fig. 2(a)). Since the diagonalization of the non-
Hermitian Hamiltonian could be inaccurate, 33! we also calcu-
late V-'HV — J for each sample to eliminate the possibility.
Figures 3(c) and 3(d) are the trace of the absolute value of
V~!HV —J and the sum of all the non-diagonal terms, respec-
tively. According to the results shown in Figs. 3(c) and 3(d),
the deviation of the diagonal elements of V~'HV from J is
less than 10~%, and the deviation of the non-diagonal elements
from zero is less than 10712, It implies that the diagonalization
of the non-Hermitian matrices is accurate and correct.

To explain this phenomenon, we plot the evolution of the
Chern number with the change of sample size N for y = 0.6
(Fig. 3(b)). Obviously, except for the phase transition points,
the Chern number tends to approach the quantized values
by increasing N. Based on the equation P, = ¥,cpzb,e'*”
in NGM, one can approximately obtain the value of 8kx(y)Pk
with high accuracy. (%4951 We suspect the singular value of the
Chern number is due to the fact that P, =} ,cp7 by eifn could
be inaccurate in non-Hermitian systems. Thus, it leads to the
reduction of the accuracy of the Chern number. As the size of
the sample increases, P, = Y, cpz bneii‘" could be much reli-
able and makes the results more accurate.

Conclusively, the numerical results obtained by com-
bining NGM and non-Bloch Chern number can characterize
the topological phase transition. However, when the non-
Hermitian features are strong, especially when the parameters
are close to the phase transition point, a sample with a large
size is needed to achieve reliable results.

0.6F
(a) 1.020 (b) —=— N=30
RN P N =40
0.4l 07600 g . N—ED
g
=
= 0.5000 2 |
=]
0.2r 02400 &
O ol assesssnsd
~0.020
) . . .
1.6 2.0 2.2 2.4 2.6
m
0.6 X108 0.6 x10~ 1
1 (@) I @ |
o4l L6.120 o4l L _1.655
- L 4.860 - L 3.430
0.21 L 3.600 0.21 L _5.205
2.340 ~6.980
N , , . | Y , : el |
1.6 2.0 2.4 2.8 1.6 2.0 2.4 2.8
m m

Fig. 3. (a) Chern number versus m and 7y with sample size N = 30. The red solid line corresponds to the analytical prediction. (b) The
selected plot of (a) by setting ¥ = 0.6 for different sample size N. (c) and (d) The absolute value of V-IHV — J in the diagonal direction
and the sum of the remaining matrix elements, respectively. The value larger (smaller) than the maximum (minimum) value of the color
bar is marked by grey (black) color. The other parameters are the same as those in Fig. 2.
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4. Topological Anderson insulator in square
samples

The established NGM does not require the translation
symmetry of the system; thus it has an advantage when deal-
ing with the disorder systems. In this section, we use NGM
to investigate the disorder-induced phase transition in two-
dimensional non-Hermitian systems. Notably, we examine
whether topological Anderson insulators can exist in non-
Hermitian systems. In our calculations, the disorder effect is
based on the standard Anderson disorder.[*3-3!] The random
on-site energy for each site satisfies the unitary distribution
[-W/2,W /2], where W represents the disorder strength.

Since NGM is not suitable to calculate the Chern num-
ber in systems with strong non-Hermitian features, we only
study the case with small y (y = 0.4). The main results are
In the absence of disorder (W = 0), the
system is topological nontrivial with Chern number equal to

shown in Fig. 4.

one for m < 2.16, and is trivial with zero Chern number when
m > 2.16. Figure 4(a) plots the Chern number versus both m
and disorder strength W for Hes under the condition of the pe-
riodic boundary. When m < 2.16, the Chern number does not
change until W > 4. A typical case is given in Fig. 4(b) with
m = 1.5. It is obvious that the Chern number gradually devi-
ates from the quantized value and tends to zero when disorder
strength W exceeds 4.1. These observations demonstrate the

3.0

2.5

2.0

1.5

1.020
0.7625 1.0
0.5050
0.2475
—0.0100
0.9100
0.6825
0.4550

0.2275

stability of the non-Hermitian Chern insulators under disorder.

Interestingly, when m > 2.16, the clean samples are nor-
mal insulators initially. However, the nontrivial region occurs
in a wide range of disorder strength (see Fig. 4(a)). A typi-
cal curve is also plotted in Fig. 4(b) with m = 2.2. The Chern
number remains zero when W < 1.8, which indicates the triv-
ial nature of the clean sample. It starts to increase and reaches
the quantized value as the disorder strength increases. The
quantized plateau maintains in the range of 2.5 < W < 4.2,
where the sample should be attributed to the topological An-
derson insulator.

The Chern number gradually decreases to zero when
W > 4.2, which means the system transmits from the topolog-
ical Anderson insulator to normal Anderson insulator due to
Anderson localization. In order to further study the numerical
results obtained by Hegr under the periodical boundary condi-
tions, we also investigate the disorder effect of H under the
open boundary conditions. As shown in Figs. 4(c) and 4(d),
for the same parameters, the trend of the Chern number is
consistent with the result of H.¢ under the condition of the
periodic boundary except that the Chern number cannot reach
the absolute quantized value. In other words, we reconfirm the
topological Anderson phase induced by disorder in the non-

Hermitian systems.

—e—m =2.2

Chern number

(d) —=—m=1.5
1.0 —e—m=2.2

0.5¢

Chern number

Fig. 4. (a), (c) The evolution of the Chern number with disorder strength W and m. (b), (d) denote the red dash line in (a), (c). (a), (b) is
calculated by Hcf under the condition of periodic boundary. (c), (d) is calculated by H under the condition of open boundary. Parameters are
set as N = 30 and y = 0.4. The other parameters are the same as those in Fig. 2.

5. Disorder induced phase transition in cylindri-
cal samples

In this section, we investigate the disorder-induced phase

transition in cylindrical samples to further illustrate that NGM

is also applicable to other non-Hermitian Hamiltonians. Fol-
lowing the study,*®! we use another Hamiltonian

He = (ke+i7) 0c+ (ky +i7) 0y
+ [m—cos (ky +1y) —cos (k, +17)] ;. @)
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Since the open boundary condition only holds in one direction,
one can take the replacement k, — l}y — 17, and the effective
Hamiltonian can be expressed as!3°]

Heerr = (ke +17)0x +ky 0y
+[m —cos(ky + i) — cos(ky))] ;. (8)

The phase boundary is predicated in the previous study!3¢]
m=1+e*. 9)

First, the Chern number diagram evolving with m and v is
shown in Fig. 5(a), where the phase boundary obtained by nu-
merical data follows the theoretical prediction m = 1 + e*?
(marked by solid red lines). The two sides of the red line cor-
respond to the topological state and trivial state, respectively,
and the quantized characteristics of the Chern number are ob-
served. The region separated by the two solid red lines in the
figure corresponds to the gapless phase, which is also in con-
sistent with our numerical results (i.e., in the region, the Chern

i

Fig. 5. (a) Chern number versus W and m of cylindrical samples, in
which the red solid line is the phase boundary obtained by analytical re-
sults. (b) Chern number versus disorder strength W and m with y = 0.4.
The other parameters are the same as those in Fig. 2.

number is neither quantized nor zero).

0.6

0.4

0.2

1.6 2.0 2.4 2.8

m

Then, we investigate the topological phase transition with
the disorder. By setting ¥ = 0.4, the evolution of the Chern
number is calculated. For a clean sample, the system has three

different phases: when m < 1+ e =94

, the system is topolog-
ical nontrivial; when m > 1+ ¢%4, the system is topological
trivial; and when 14 e~ %4 < m < 1 + €4, the system is gap-
less. With the increase of the disorder strength, the topolog-
ical region with a quantized Chern number gradually extends
to the gapless area. This specific Chern number evolution cor-
responds to a transition from the gapless phase to the topologi-
cal Anderson insulator. Similarly, the gapless region gradually
expands towards the normal insulator region with increasing
disorder strength, which leads to the transition from the trivial
phase to the gapless one. Besides, the area of the gapless phase
is so vast that the topological nontrivial insulator state caused
by disorder cannot extend to the insulator region. Thus, there
exists no disorder-induced phase transition from a trivial state
to a topological state in this case.

To better understand the influence of the non-Hermitian
intensity on the topological phase transition, we set W =3
and calculate the evolution of the Chern number by changing
Y and m. The main results are shown in Fig. 6. Figure 6(a)
is related to the cylindrical sample, where the solid red line
is the phase boundary (m = 1+ e*7) for the clean sample.
The solid blue line separating the regions with a quantized and
un-quantized Chern number in the figure is obtained by shift-
ing the solid red line m = 1+ e~ 7 about 0.2 along the m-axis.
We have already known that the clean sample is in a gapless
phase (the region between the solid red lines in Fig. 6(a)) when
I+e 7V <m< 1+ e" The left side of the solid red line is
in a nontrivial topological phase, while the right side is in a
trivial insulator phase. Hence, when m > 1+ e?, the phase
transition between the normal insulator and topological An-
derson insulator corresponds to the region with a quantized
Chern number. While the normal insulator phase to the gap-
less phase corresponds to the part with an un-quantized Chern
number, and the remaining area corresponds to the normal in-
sulator phase (blue zone) without a phase transition. Further-
more, only topological insulator exists under this disordered
strength when m < 1+ e~ 7. For 1+ eV <m< 1+ e?, the
clean sample is in the gapless phase initially, but the Chern
number becomes quantized by applying the disorder. The sys-
tem undergoes a phase transition from the gapless phase to a
topological insulator. Therefore, when the disorder strength
changes from W = 0 to W = 3, the following phase transitions
should happen: (1) the normal insulator phase to the gapless
phase, (2) the normal insulator phase to the topological Ander-
son insulator phase, and (3) the gapless phase to the topolog-
ical Anderson insulator phase. In contrast, for the case of the
square sample (see Fig. 6(b)), only one kind of phase transi-
tion exists, which is from the normal insulator to the topolog-
ical insulator. Furthermore, it seems that the non-Hermitian
intensity, ¥, has less influence on the topological Anderson
transition for square samples. Oppositely, the phase transition
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in cylindrical samples is sensitive to 7.

0.6 1.050
0.7875
0.4
< 0.5250
0.2
0.2625
0 0
1.5 2.0 2.5 3.0
m
0.6 F < 1.070
(b)
0.8025
0.4+
& 0.5350
0.2
0.2675
o 0
1.5 2.0 2.5 3.0
m

Fig. 6. Chern number versus y and m with disorder strength W = 3. (a) is
calculated by cylindrical samples. The solid red line is the phase boundary
of the clean cylindrical sample, and the solid blue line roughly separates
the regions with a quantized and un-quantized Chern number. (b) is calcu-
lated by the square sample, and the solid red line is the phase boundary of
the clean sample. The other parameters are the same as those in Fig. 2.

6. Discussion and conclusion

A recent paper of Song et al.!%’! also showed that the
Chern number obtained in real space could be greater than
one or less than zero, which is very similar to our results (see
Fig. 3(a) in the grey area or Fig. 3(a) in the black area). For
disordered Hermitian systems, the Chern number must be an
integer. Thus, this strange Chern number evolution could be
the feature of the non-Hermitian systems or just related to
the inaccuracy of the numerical methods. In our viewpoint,
we suspect the singular value of the Chern number is due to
the fact that the equation P, =Y, 5y bne”}" could be inaccu-
rate in non-Hermitian systems. Thus, it leads to the reduc-
tion of the accuracy of the Chern number. In order to make
P, =Y, ez b,,eii‘” much reliable and the results more accu-
rate, a large sample size is needed. In addition, the TAI phase
in non-Hermitian systems is model-independent, and the exis-
tence of the TAI phase shows the interaction of disorder com-
bined with non-Hermitian features. Similar results can also be
obtained in other models after considering the self-energy in-
duced by disorder. Furthermore, non-Hermitian samples may
show different phase diagrams for different geometric struc-
tures. Therefore, the effect of disorder could be sensitive to the

boundary conditions, which is unique for the non-Hermitian
systems.

In summary, we investigate the applicability of NGM
in the two-dimensional non-Hermitian system. By applying
NGM, we study the disorder-induced phase transition in the
two-dimensional non-Hermitian system, including both the
situations of the square sample and the cylindrical sample.
In the square sample, we find a disorder-induced direct phase
transition from normal insulator to topological Anderson in-
sulator. For the cylindrical sample, the system mainly has
the following three phase transitions: (1) the normal insula-
tor phase to the gapless phase, (2) the normal insulator phase
to the topological Anderson insulator phase, and (3) the gap-
less phase to the topological Anderson insulator phase. We
notice that a very recent paper proposed a method that can be
used to investigate the topological index under the condition of
open boundary!®”! (a comparison of the methods in this paper
and Ref. [67] is presented in appendix A). Besides, the topo-
logical Anderson transition in one-dimensional systems is also
reported. (08
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Appendix A

In this appendix, we will compare the similarities and dif-
ferences between the NGM and the real-space Chern number
method applied in Ref. [67]. In our previous paper,>! a brief
review of NGM has been given, and the Chern number in real

space can be rewritten as!46:47-54.35.64.65]

C= Y (.l P[—i[x1., P, —ixa. P . ),

(A1)
N? n,o

where P is the projection operator of the occupied states on
the basis of real space and |n,a) is the real space coordi-
nates for orbit ot. We notice that the real-space Chern num-
ber method applied in Ref. [67] is also based on NGM ex-
cept that the summation of |n, &) is not for all the sites. To
deeply understand the differences, we plot the Chern number
Ch = Yo —2ni{n,a|P[—ilx,P],—i[x2,P]]|n, o) for each site
Y« |n,c) in Fig. Al.

Figure Al(a) shows C, for each site n with Yy = 0 and
m = 1.5. It is obvious that C, is one under the periodic bound-
ary (Y = 0) condition, and the average Chern number is one.
While for the open boundary condition, the Chern number is
smaller than one for some sites, and these sites are close to the
sample’s edge. The distribution of the Chern number for each
site follows the same behavior (see Fig. Al(a)) when ¥y = 0.4.
We also present a typical plot of C, versus (Nx, Ny) under the
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open boundary condition in Fig. A1(b), and it also manifests
that C,, is smaller than one for sites near the edge. We believe
the calculation of the Chern number in this paper and Ref. [67]
could be the same until this step. Then, we considered all
the sites in our calculation, and the average Chern number is
smaller than one under the open boundary condition. While in
Ref. [67], they only considered several sites that are far from
the edge (as shown in Fig. A1(b) in the red dashed box), and
the Chern number for these sites is still one. Therefore, the
average Chern number is very close to the quantized one even
under the open boundary conditions.

(a)
J ..
—=— =0 periodic boundary
or —— =0 open boundary

—+— v=0.4 open boundary

1 1 1 1

0 300 600 900

n

30
(b)
20
= 1 1
10
A
1I0 . I

20 30
N,

x

Fig. A1. Chern number C, =Y., —27i(n, a|P[—i[x{,P],—i[x2, P]]|n, &) for
each site Yo |1, &) with m = 1.5 and N = 30. The Hamiltonian is shown in
Eq. (1). (a) The plot of C, versus n with n = Ny + (N, — 1)N. Ny and N, are
in the range [1,N]. (b) C, versus (Ny, Ny) for the curve shown in (a) with
Y = 0.4 under the open boundary condition. The other parameters are the
same as those in Fig. 2.

In summary, since the number of eigenstates is constant,
the contribution of the bulk states decreases when edge states
emerge. If one carefully select the bulk sites, the influences of
the edge states can be eliminated, and the final Chern number
will be much close to the quantized value.
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