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Efficient tensor decomposition method for noncircular source
in colocated coprime MIMO radar”
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An effective method via tensor decomposition is proposed to deal with the joint direction-of-departure (DOD) and
direction-of-arrival (DOA) estimation of noncircular sources in colocated coprime MIMO radar. By decomposing the
transmitter and receiver into two sparse subarrays, noncircular property of source can be used to construct new extended
received signal model for two sparse subarrays. The new received model can double the virtual array aperture due to
the elliptic covariance of imping sources is nonzero. To further exploit the multidimensional structure of the noncircular
received model, we stack the subarray output and its conjugation according to mode-1 unfolding and mode-2 unfolding
of a third-order tensor, respectively. Thus, the corresponding extended tensor model consisted of noncircular information
for DOA and DOD can be obtained. Then, the higher-order singular value decomposition technique is utilized to estimate
the accurate signal subspace and angular parameter can be automatically paired via the rotational invariance relationship.
Specifically, the ambiguous angle can be eliminated and the true targets can be achieved with the aid of the coprime property.
Furthermore, a closed-form expression for the deterministic CRB under the NC sources scenario is also derived. Simulation
results verify the superiority of the proposed estimator.

Keywords: colocated coprime MIMO radar, noncircular signal, tensor decomposition, DOD and DOA esti-

mation
PACS: 43.60.Jn, 43.60.Cg, 84.40.Xb

1. Introduction

In recent years, the issue of angle parameter estimation
in multiple-input multiple-output (MIMO) radar has become
a hot research topic due to its broad applications in wire-
less communications, radar, sonar and navigation.!!'-! MIMO
radar together with waveform diversity can exhibit higher res-
olution, better parameter identifiability, greater flexibility in
the beampattern design, and more degrees of freedom (DOFs)
over the conventional phased-array radar associated with co-
herent waveform. According to the deployment of transmit
array and receive array, MIMO radar is generally categorised
into statistical MIMO radar and colocated MIMO radar.!-8]
Furthermore, the colocated MIMO radar can be divided into
bistatic and monostatic MIMO radar. For bistatic MIMO radar
system, the direction-of-departure (DOD) and direction-of-
arrival (DOA) are different, while the DOD and DOA are the
same for monostatic MIMO radar because the transmitter and
receiver are closely enough. In this work, our task is to in-
vestigate the DOD and DOA estimation for locating multiples
targets in the bistatic MIMO radar system.

In order to determine DOD and DOA estimations in
bistatic MIMO radar, many excellent methods have been pro-
posed. In Refs. [9] and [10], peak searching methods are pro-
posed to estimate the DOD and DOA, which demand high
computational complexity. In order to avoid the downside of
the peak searching methods, a polynomial root finding algo-

DOI: 10.1088/1674-1056/ab8 16

rithm with automatical angular pairing is proposed in Ref. [11]
for jointly estimating of DOD and DOA. In Ref. [12], the ro-
tational invariance technique is proposed for angle parameter
estimation in bistatic MIMO radar. Furthermore, a modified
ESPRIT algorithm in Ref. [13] is presented to avoid the an-
gle pairing process. In Ref. [14], by using the temporal un-
correlated characteristic of the spatial colored noise, a spe-
cial fourth-order tensor structure is constructed to suppress
the effect of colored noise in bistatic MIMO radar system. In
Ref. [15], a beamspace-based technique by focusing transmit-
ted energy within the desired spatial sector is proposed to im-
prove the DOD and DOA estimation performance. The Sig-
moid transform method is investigated to improve the joint
DOD and DOA estimation performance for wideband bistatic
MIMO radar system in the condition of impulsive noise envi-
ronment in Ref. [16]. In order to deal with the antennas fail-
ure problem in bistatic MIMO radar, image entropy and low
rank block hankel structured matrix completion method is pro-
posed to recover the successive missing data.!'”! In Ref. [18],
by exploting the multidimensional structure inherented in the
received data, the PARAFAC techqnique is adopted to achieve
accuracy angle estimation in the presence of gain-phase error
for bistatic MIMO radar.

Howeyver, all the methods mentioned above assume that
both the transmit and receive arrays in bistatic MIMO radar
are uniform linear array with half-wavelength spacing. To fur-
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ther improve the number of degrees of freedom (DOFs) and
estimated resolution, it is necessary to design sparse transmit
and receive arrays in MIMO radar. In Ref. [19], a new nested
array configuration in transmit and receive side is proposed to
enhance the number of DOFs of difference coarray of the sum
coarray (DCSC). In Ref. [20], a coprime MIMO radar is de-
signed to deal with the DOAs estimation of mixed coherent
and uncorrelated sources, where the transmit array and receive
array are the first sparse subarray and the second sparse subar-
ray of a generalized coprime array, respectively. In Ref. [21],
symmetric coprime array MIMO radar configuration is used to
extend the maximum consecutive lags in the differece coarray
domain of symmetric sum coarray after vectorizing the sam-
ple covariance matrix. But, the designed coprime or nested ar-
ray configurations in Refs. [19-21] mainly improve the DOA
estimation performance for monostatic MIMO radar. Differ-
ent from the monostatic MIMO radar, the DOD and DOA in
bistatic MIMO radar are different, causing more angle param-
eters to be estimated. In order to make full use of the advan-
tages of coprime/nested array in bistatic MIMO radar, consec-
tive difference coarray corresponding to DOD and DOA are
achieved by extracting specified covariance matrix elements
in Ref. [22]. Although the sparse array configurations used in
Refs. [19-22] can improve the angle estimation accuracy, the
methods to estimate the DOD and DOA mainly focus on the
difference coarray of the nested array or coprime array. Ac-
cording to Refs. [23-25], there exist two subararys both for
nested array and coprime array. As analyzed in Refs. [26-28],
high resolution angle parameter estimation can be obtained
by exploiting the results of the two sparse subarrays in co-
prime array. Thus, we can improve the DOD and DOA esti-
mation perforamce for bistatic coprime MIMO radar by di-
viding the coprime array in transmit and receive side into
two uniform sparse linear subarrays. In Ref. [29], a partial
spectral search (PSS) method is proposed to realize the two-
dimensional (2D) DOA estimation for coprime plannar arrays
(CPA), but, a tremendous computational burden is inevitable
due to the 2D partial spectrum peak searching process. In or-
der to alleviate the computation complexity, a computation-
ally efficient one-dimensional (1D) PSS method via reduced
dimensional transform in Ref. [30] is conducted to 2D DOA
estimation for CPA. In Ref. [31], a parallel factor (PARAFAC)
model is constrcuted by using the multidimensional structure
inherent in the received data of each subarray and the conver-
gence speed of the proposed PARAFAC algorithm is fast via
propagator method (PM) as the initialization of the angle es-
timation. The proposed methods in Refs. [29-31] can also be
applied to joint DOD and DOA estimations in bistatic coprime
MIMO radar becasue the received signal model in CPA is sim-
ilar with the model in bistatic coprime MIMO radar. However,
all the mentioned algorithms in Refs. [29-31] ignore the non-

circular characteristic of the imping sources when estimate the
angle parameter for CPA. It is well known that the angle es-
timaiton accuracy and resolved sources can be significant im-
proved by using noncircular characteristic of the noncircular
signals.!3?! In this paper, we improve the DOD and DOA es-
timation performance for bistatic coprime MIMO radar with
the aid of the noncircular characteristic. By combining the
noncircular characteristic and bistatic coprime MIMO radar,
two new extend three-order tensor models corresponding to
DOD and DOA can be constructed by exploiting the multidi-
mensional inherent structure. And, high accuracy novel signal
subspace matrices can be obtained by using the multi-SVD
method. Then, the rotational invaraince technique can be used
and the estimated DODs and DOAs are automatically paired.
Furthermore, all the DODs and DOAs can be achieved by util-
ising the linear relationship between the true and ambiguous
angle parameter and the true estimated DODs and DOAs can
be obtained by using the coprime property. The effectiveness
and superiority of the proposed algorithm are verified by nu-
merical simulation in Section 5.

The main contributions of this work can be summarized
below.

(i) Two new three order tensor signal models correspond-
ing to DOD and DOA are constructed, which can make full
use of the noncircular characteristic inherent in the impinging
sources.

(i) Accurate signal subspace matrices are obtained by
performing multi-SVD on new three-order tensor signal mod-
els and automatically paired estimated DODs and DOAs are
identified by using the rotational invaraince technique. Fur-
thermore, accuracy estimated true DODs and DOAs can be
obtained by eliminating the ambiguous angles with the help of
the coprime property.

(iii)) The proposed method can avoid spectrum peak
searching processing compared with the PSS method and ex-
tend the array aperture compared with the PARAFAC method
by using the noncircualr characteristic.

The rest of this paper is organized as follows. In Sec-
tion 2, system model is addressed. In Section 3, we describe
the proposed tensor-based method for DOD and DOA estima-
tions. In Section 4, the performance analysis about compu-
tational complexity, identified targets, and CRB is discussed.
In Section 5, the performance of the proposed method is eval-
uated through extensive simulations and Section 6 concludes
the paper.

Notations: Throughout this paper, scalars, vectors, and
matrices are denoted by lowercase letters, boldface lowercase
letters, and boldface uppercase letters, respectively. The su-
perscripts *, T, and H denote the complex conjugate, the trans-
pose, and the complex conjugate transpose, respectively. The
Moore—Penrose pseudoinverse is denoted by the superscript
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dagger . The symbols ®, ©, and & denote the Kronecker
product, Kronecker—Rao operation, and Hadamard product,
respectively. The diag(-) or D,, denotes a diagonal matrix.
Additionally, 0 and I denote the zero matrix and identity ma-
trix with appropriate dimension.

2. System model

Consider a bistatic MIMO radar system with M transmit
array and N receive array to locate K targets in the 2D detec-
tion area. As illustrated in Fig. 1, the transmitter and receiver
are omnidirectional coprime linear arrays and both of them can
be separated into two undersampled uniform linear subarrays.
= Nl, and M2 = Ng.
Both for the transmit array and receive array, the first subarray

In this paper, we consider M = N, M,

contains M, sensors with adjacent interval being M;d, while
the second subarray contains M) sensors with adjacent inter-
val being M,d, where the unit inter-element spacing d is set to
A /2, and A denotes the wavelength. The element positions of
the corresponding transmit and receive array can be denoted

as
P={Mmdl0<m <M} U{Momd|0 <m<M;}. (1)
!) 'i é é subarray 1 3\:1
Vi Fa-M,d—> subarray 2
Fig. 1. Illustration of the transmit (receive) array of a bistatic coprime

MIMO radar system.

The transmitter utilizes the M arrays to emit different
narrowband orthogonal noncircular signals, which have the
identifical bandwidth and center frequency. Assume there
are K narrowband far-field uncorrelated sources with (6, ¢),
k=1,2,...,K, where 6 and ¢, denotes the DOD and DOA
of the k-th sources, respectively. Thus, the signal model in the
receiving end can be expressed as

Z Bib(or)a

1, e imdn sin(9)

16U +W (1), 2)

where b(¢y) = € CVN* s

the steering vector corresponding to DOA and a(6;) =
[] , efjnd,l sin(@k), o ejﬂ.'d,M sin(ek)]"[‘

elmdry Sin(¢k)]T
€ CMx1 s the steering vec-
tor corresponding to DOD. f; denotes the reflection coeffi-
cients of K targets; U is the emitted orthogonal noncircular
waveforms; W denotes the additive Gaussian white noise. By
exploiting the orthogonality between the transmit and receive
waveforms, the received data after the matched filtering oper-
ation can be written as

Z Bib(dx)a™ (6 UUM + W (1) U™
K
=Y Beelesor(t)b(@r)a” (6) + W (1)

= B(9)AAT(0) + W (1), 3)
where

A = diag[ B e¥'s01 (1), B2eV2502(1), ..., Bx e/ VK 50k (1)]

denotes the noncircular baseband signal corresponding to the
k-th target, Wy and so(¢) denote noncircular phase and the real
part of the noncircular signal.

,b(9K)],
A(G):[a(el)aa(92)7-~ a(6k)]

denote the receive and transmit steering matrices, respectively.
By vectorizing X (¢) in Eq. (3), the output of the matched fil-
tering can be rewritten as

y(t) = (A(0) © B(9))s(1) + (1), Q)

where

s(t) = diag(A)
= [BreVis01(t), B2e2502(1), ..

n(t) = vec(W (1)) denotes the additive Gaussian white noise

- Bre!Esox (1)),

vector with covariance matrix 62Iyyxi. By collecting all

snapshots together, the received data becomes

Y =(A(6)oB(¢9))S+N
A0 Di(B(¢)
_|ae)p .< O gon -
A(6)Dy(B(9))

where D), denotes a diagonal matrix that uses the n-th row
of the matrix; S = =Sj denotes the multiple snapshots non-
= diag(e!¥1,el¥2 ... el¥), and

Sy denotes the real part of S. In order to exploit the non-

circular baseband signal, =

circularity characteristic, we extend the array output by stack-
ing the received data and its conjugation as follows:

Yoo = JY*}

= AncSO + N7 (6)

where J € RYN*MN denotes the permutation matrix with ones
on its anti-diagonal and zeros elsewhere; A, € C?MN*K de-
notes the extended joint steering matrix, which has the follow-
ing form:

k=1 054304-3
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A(6)ED,(B(9))
A(6)EDy(B(9))
o _[A©®eBO)=E ] _|  A0)ZDy(B(©)
= | J(A(0) 0 B(9)E) | ~ | J1(A*(6)Dy(B(9))E")
J1(A*(6)Dy(B(9)")E")
J1(A*(8) Dy(B(9))E"))
A(6)ED(B(9)) A(0)ED\(B(9))
A(6)ED,(B(9)) A(0)ZDy(B(9))
_ (0)EDy(B(9)) | _ (6)EDy(B(9))
(A(6)¥D(B(¢9))P=)) (A(0)PP=,)D,(B(¢))
(A(0)ZDy(B(9))8=))| | (A(6)#®Z,)Ds(B(9))
(A(O)EDy(B(9))851)] | (A(6)F®E,)Dy(B(9))
[ (A=) B(9) -
(A(0)F®E,) 0 B(9)]
where
U — diag[ejn'drM sin(91)7 ejnd,Msin(Gz), o ejmlrMsin(GK)],
b — diag[ej”d’N Si“(¢1)7 eI TdiN Si“(@z)7 ..., el Si“(‘PK)]7 = = diag[ej"’K, elVk-1 ej‘/’l].

From Eq. (7), we can find that the non-circularity characteristics can extend the steering matrix corresponding to DOD. Here, we
also demonstrate that the non-circularity characteristics can extend the steering matrix corresponding to DOA.

For matrices A € CM*K, B ¢ CN*K and K € RMNXMN using the commutative relationship of Kronecker—Rao operation,
we can obtained that A® B = K (B ® A). Therefore, we can find that there exists a transform relationship between the extend
joint steering matrix for DOA and DOD as follows:

5 _{K } M _{ K(A(6)® B(9)= ]_{K<A<e>@3<¢»s
e JKJ| 7T |JKJJ(A(0)oB(9)E)"| ~ |J(KA(6)©B(9)=)
B(0)ED;(A(6))
B(¢9)=ED,(A(9))
_ { K(A(0)© B(9))5 ] _ [ (B(9)® A(6))E } | B(9)=Dw(A)
J(KA(0)0B(0)5)"| ~ |J(B(9) o A0)Z)"| = | Ji(B(9) Di(A(8))E")
J1(B()" D>(A(8))"E7)
|71 ((B(¢)" Du(A(8))*E"))
B(0)ED;(A(6)) B(0)ZD;(A(6))
B(0)ED,(A(6)) B(0)ZDy(A(6))
| Bw=DuAa®) | _| B(9)=Dy(A®)
(B(0)8D;(A(0))Z1) | ~ | (B(9)8¥E,)Di(A(6))
(B(9)BD>(A(0)8)Z)) | | (B(9)0WZ,)Dy(A(6))
(B(0)BDy(A(0)®)Z1)]  |(B(9)8UE,)Dy(A(6))]

[ (B(¢)E)© A(6) (8)
(B(9)BWE) 0 A(0)]°
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where T' = diag[K', J K J| denotes a nonsingular commuta-  where
tive matrix. Thus, the extend received signal model corre- _
sponding to DOD and DOA by using the first sparse subarray Ape = [ (A (9):)9 Bi(9), ] , (11)
of the coprime MIMO radar can be represented as the follow- (A1(0)#18151) © B (9)
ing expressions B (¢)=Z)© A(6
B _| ®O=:eae ]
: (B1(9)219151)© A1(0)
}/]nc:AnclSO+Nl7 )
YVZnC :BnclSO+N27 (10) and
|
o, = diag{ejan(Mrl)sin(el)’ ejan(Mrl)sin(ez)’m’ejan(Mrl)sin(e,()}’
&, — diag [ejan (Mr=1)sin(91) oimhi(Mo=1)sin(ga)  ojmMy (Mz—l)sinwk)} :

A1 = [a1(91),a1(92)7...,al(BK)} S (CMZXK,

and By = [b1(¢1),b1(¢2),...,b1(9x)] € CM2*K is the steering
matrix according to the i-th subarray of coprime array both
in transmit and receive side. The direction steering vectors
a1 (6y) and b (6y) satisfy

. . . . T
a (6k) — |:1’ e_]7L'M| sm(Bk)7 o e_]7L'M| (szl)sm(ek)} . (13)

bi(6) = [1, ™ Sin((bk)’.“)ej”M] (Mrl)sin(‘ﬁk)r. (14)

According to Egs. (13) and (14), the ambiguous elimina-
tion problem needs to be considered due to that the adjacent
interval of the first subarrays is larger than half wavelength.
And, it is obvious that the extend received data model of the
second subarray for DOD and DOA has the similar form as
Egs. (9) and (10). Therefore, in the following section, we only
derive the solution for first subarray in detail. The solution for
the second subarray can be delt with in the same way and the
corresponding process is omitted in this paper.

3. The proposed method
3.1. Tensor definitions

Firstly, some tensor basics are introduced to better under-
stand the multidimensional structure and the detailed introduc-
tion about the concept and operations of tensor can be found
in Refs. [33,34].

Definition 1 (Matrix unfolding) For the N-th order ten-
sor X € Ch>>xIv ijts mode-n unfolding can be indicated by
(X)) € Chx U Inhix(x+li1) wwhere the (i1, 2, .. ., iy )-th

element of A’ maps to the (i, j)-th element of [X],), where

N

j=1+ Y (k=1
k=1,k+#n

with Jy =[T*2! 1

m=1,mz#n"1M"
Definition 2 (Mode-n tensor-matrix product) The

mode-n product of an N-order tensor X € Ch>2X*Iv and

a matrix A € C’*! is denoted by
V=X x, Ac (C11~-~><I,l,1 XI XLy xIy

with
1)1
Vit i1 jis1+in =

iy X1 xin Ly -
=1

in=
The mode product satisfies the following properties:
XXmAX, B=Xx,Bx,;, A (m=#n),
XXuAxyB=Xx,(BA),
[X x1Aj X2 Ay X... xNAN](n) =
A [An1® @ Ay@ A1 @ © A, ] (17)

5)
(16)

Definition 3 (Multi-SVD) Multilinear SVD of an N-
order tensor X € CV*2X "IN can be denoted as X = G X
U x, U, x3--- Xy Uy, where U, is the unitary matrix of the
n-mode singular vectors satisfies X, =U, 3, V,(n=1,...,N).
G denotes the core tensor which fulfills

G=Xx U xo Ul x;5--- xy U,

(18)

According to Definition 1, the received data model in
Egs. (9) and (10) can be constructed as two new three-order
tensors. In order to utilize the noncircular characteristic, we
firstly stack the received data and it conjugate accoding to
mode-1 unfolding and mode-2 unfolding of a three order ten-
sor. Then, we rearrange two new extended three-order ten-
sors by concatening the unfolding data along the mode-1 and
mode-2, respectively.

3.2. Tensor-based noncircular signal subspace estimation

Accodring to Eqgs. (9) and (10), the two new tensor mod-
els can be defined as follows:

ync :Anc X38T+ch7
Y =B s ST+ ™,

(19)
(20)
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where
A" = [Ancl(:y 1) Us Ancl(:az) U3 -- 'Ancl(:aK)]
c CZMZXM2><K, (21)
B = [Bnc] (:7 1) L3 Byel (:32) L3 -+ Bl (:aK)]
c CZMZ ><M2><K’ (22)

where LI denotes the concatenation of along the 3rd mode of
A" or B", respectively. From Eq. (19), we can find that the
noncircular property can double the number of elements corre-
sponding to DOD. According to Definition 3, the multi-SVD
of V"¢ can be expressed as

y“C:S“CxlU‘l‘C XQUSC X3U§C, 23)

where U7° (i = 1,2,3) is the left singular vectors of the i-mode
matrix unfolding of V", and S"® denotes the corresponding
core tensor. Then, the signal subspace tensor can be denoted
as

UM = 8™ x; U % UBS (24)

)

where U} contains the column vectors of U7¢ corresponding
to the K largest singular values;

SEE =" x1 (UR)" %2 (UF) x5 (UR)T

stands for the signal component of S"°. By substituting S7°
into Eq. (24) yields

U =" < U WUT)] xa [USWU5)1] x5 (US)T. (25)

Thus, the extend signal subspace matrix U° correspond-
ing to DOD can be obtained

Uz = el
= [(UEUR)") © UEUE)")Yin V). 26)

As U§° and Ay span the same column space, there is a
non-singular matrix H that satisfies

U™ = Ay H. Q27)

Define two selection matrix as follows:

10
an — ®H ,
o1 !
(28)
10
an — ®H ,
27| T
where
Hy = [Imy—1 Opty—1)x1] @ 1Insy (29)
Ha = [0y—1)x1 Inty—1] @1ng,. (30)

Thus, by utilizing the rotational invariance property in-
herented in Ap.;, we can obtain

Hrzchncl = H?CAHCIWHC

S HYUH ' = H\UH '@,

& H 'O H = (HFU*) HFU™

& W, = (HFU™)THY U™, 31)
where

W, = diag [eJﬂ'Ml sm(Ol)’ el 51n(92)7 e el sm(OK)]

)

¥, = H'W,.H. By performing eigenvalue decomposition
on ¥,., we can obtain

Ui = H '"AeH, (32)

where Ay, = diag[Ag,,Aq,,...,Ag,] denotes the eigenvalue
matrix. Finally, the estimated DOD ; can be expressed as

arg(4g,)
M

ék = arcsin (
1

), k=1,2,....K.  (33)

Then, in order to estimate the DOA (ﬁk, k=1,2,...,K,we
perform the multi-SVD on j)nc

YV =8" 01 %, 05 x30%, (34)

where U ?C (i=1,2,3) is the left singular vectors of the i-mode
matrix unfolding of 5J“°, and 8" denotes the corresponding
core tensor. Then, the signal subspace tensor can be denoted
as

Z:{ECZSEC Xlljrll? X2U;§7 (35)
where U}, contains the column vectors of U;* corresponding
to the K largest singular values;

S =V X1 (U15) %2 (039))" %3 (T35)"

stands for the signal component of S"°. By substituting S’?C
into Eq. (35) yields

U =" = [0 (079)"] 2 [05(050)"] 3 (O50)". (36)

Thus, the extend signal subspace matrix U ?C correspond-
ing to DOD can be obtained

= [05(015)") @ (025(03) ) Yane (U3,)" 37
Due to that U, and U™ span the same column space, thus
Uy =TU™. (38)

Insertation U = Ay, H into Eq. (38), we can obtain
U =TAnH =B, H. (39)

According to the selection matrices in Eq. (28), the rota-
tional relationship for DOA can be constructed as

HIZICBncl = HIIICBncl (I)nc
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SHYUH ' =HF U H '@,
o H '@, H = (H*U) HYT)*
& Bine = (HYU) HYU, (40)
where
B, = diag [ejan sin(91)_giTMisin(g) | oimM) sin(%)} ,
b,.=H '&,H.

From Egs. (31), (32), and (40), we can find that the eigenvec-
tors corresponding to DOD and DOA are the same, thus, the
estimated DODs and DOAs are automatically paired. Thus,
the estimated @, can be obtained as

isnc :I;Idslnci:lilv (41)

where ®,. = diag[Ag,, gy, .-, Agc] denotes the eigenvalue
matrix corresponding to @,.. Thus, the estimated DOA qSk
can be expressed as
&k:arcsin<argﬁ§$?’<)), k=1,2,...K. (42
It is easily to show that by using the non-circular charac-
teristic of the imping sources, the virtual aperture of coprime
MIMO radar can be enhanced and the extend tensor model
corresponding to DOD and DOA can make full use of the
multidimensional structure information inherented in the re-
ceived data. From Egs. (33) and (42), the ambiguous DODs
and DOAs exist due to inter-element spacing is larger than half
wavelength. Thus, in the following analyses, we will demon-
strate that all the ambiguous angles can be located and the true
angle can be estimated with the aid of the coprime property.

3.3. Ambiguity elimination

Assume that the DOD and DOA of a single noncircular
target are (6, ¢), the phase differences for DOD and DOA in
the coprime MIMO radar can be respectively denoted as

{ Ag = mod(mM;sin(8),27), 43)

Ay = mod(mtM;sin(¢),2m).
Due to the phase periodicity of complex exponential func-

tion is 27, thus the phase differences for DOD and DOA can
be redenoted as

{Ag + 2kom = TM;sin(0), @)

A¢ + 2k¢7’£ = tM; Sin((P),
where kg and kg are integers. Since

9,(P € [—7'[/2,71'/2],
ko € [—M;/2— Ag /27, M;/2 — Ag /27|,
k¢ S [—M,'/Z—A¢/27’C,M,'/2—A¢/27'C].

So, the phase relationship between the actual and ambiguous
can be denoted as

sin(0) —sin(6,) = 21(/([9 ,
2k
sin(9) —sin(ga) = 7. (45)

where 6, and ¢, denote the ambiguous DOD and DOA, re-
spectively. For coprime MIMO radar, the inter-element spac-
ing of the first sparse subarray and the second sparse subarray
satisfy the coprime property, thus the actual DOD and DOA
can be obtained. According to Eq. (45), the phase relationship
between the actual and ambiguous for the first subarray and
the second subarray can be further denoted as

sin(0) —sin(6,) = %,
1
2k
sin(9) = sin(ga1) =
sin(8) — sin(8,0) = %
2k¢22 (46)
sin(@) —sin(@qz) = M

Then, by using the coprime property, the true DOD and
DOA satisfy

ko1 _ ko2
M, My’

ko1 _ ko2

= and
M, M,

(47

As M and M, satisfies the coprime property, {kg1,kg2}
and {kg1,kg2} are unique that satisfy Eq. (46), except for
kg1 = kg2 = 0 and kg1 = kg2 = 0. Thus, the estimated ac-
tual DOD and DOA corresponding to the theoretical DOD and
DOA can be obtained by finding the common angle. But, due
to the effect of noise, the estimated true DOD and DOA by the
first subarray and the second subarray cannot be perfect con-
cidences. Thus, the estimated actual DOD and DOA can be
obtained by using the method in Ref. [30].

After (sin(6,1),sin(@,1)),
(sin(B,2),sin(¢,2)) for the first subarray and the second sub-
array, the finally true DOD and DOA can be denoted as

6 = arcsin (sm(@al) —; sm(eaz)) )

) (Sin((i)al) +sin(¢a2)> )

obtaining the estimated

¢ = arcsin 2 (48)
And, for K targets, the actual DODs and DOAs with
(6k, ¢x) for k=1,2,...,K can be achieved by using the above
mentioned ambiguity elimination process.
In order to make our proposed method more comprehen-
sive, the main steps of our scheme for angle estimation in co-
prime MIMO radar is summarized in Algorithm 1.
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Algorithm 1 Summary of the proposed method

Input: array received data Yy, Y2, for the ﬁNrst subarray of the coprime MIMO radar
Output: unambiguous estimated true DODs 6, and DOAs ¢, fork=1,2,...,K

Step 1 Construct two new extend three-order tensor for noncircular sources according to Eqs. (19) and (20).

Step 2 Perform multi-SVD on Y™ and }"™ to get UM and U ¥ (i=1,2,3) via Egs. (23) and (34).

Step 3 Construct the extend signal subspace matrix U2 for DOD and U ?C for DOA according to Eqgs. (26) and (37).

Step 4 Obtain ¥, and @, by using the rotational invariance relationship according to Egs. (31) and (40) with the help of
selection matrix H'° and H;° in Eq. (28).

Step 5 Calculate the automatically paired DODs 6, = arcsin(arg(Aq,)/7M;) and DOAs ¢ = arcsin(arg(Ay, )/7M;) for
k=1,2,...,K according to Egs. (33) and (42) due to the utilization of the same eigenvector matrix.

Step 6 Repeat Step 1 to Step 5 to obtain the automatically paired DODs and DOAs by using the second sparse subarray received
data of the coprime MIMO radar.

Step 7 Calculate all the ambiguous DODs and DOAs via Eq. (46) for the first subarray and the second subarray in the coprime
MIMO radar and search for the nearest ones by using the coprime property.

Step 8 Obtain the unambiguous true DODs 8 = arcsin(sin(8,;1) + sin(6,2)/2) and DOAs

O = arcsin(sin(@ur1 ) + sin(Pu2)/2) according to Eq. (48).

4. Performance analysis
4.1. Complexity analysis

For coprime MIMO radar, the computational complexity of the proposed method mainly contains multi-SVD for extend
three-order noncircular tensors J™¢ and 37nc, computes the signal subspace matrices U I;c and U7}°, and constructs the rotational
invariance relationship for DOD and DOA. Thus, the total computational complexity of the proposed method is (’)(16(M12 +
M3)LK + 10(M? + M3)K + 16(M® + MS) + 8(M} + M3y)L + 8(M; (My — 1) + M3 (M, — 1)K + 12K* (M (M> — 1) + My (M —
1))+4K 3). The computational loads of RD PSS method in Ref. [30], PARAFAC method in Ref. [31], and ESPRIT method are
also summarized for comparison in Table 1. And, /; ({ = 1,2) denotes the times of the partial search with (0,2/M;) (i = 1,2); &
denotes the interation times of the PARAFAC algorithm.

Table 1. Comparison of the complexity.

Method Complexity

RD PSS O((M} +M3)L+MP +MS + LM; (M2 —K+1)+ 1M} (M} —K +1))

PARAFAC  O(k(6K> +3KL(M? +M3) +3K? (M? + M2 +2(M; +M,)L)))

ESPRIT O(L(M} +M3) +MS +MS +2K? (My (M) — 1) + My (My — 1)) +2K* (M + M, —2) + 12K3)

Proposed  O((16(M? +M32)LK + 10(M? +M2)K + 16(M? + MS) + 8(M} +M3)L+8(M; (M; — 1)
+M3(Mz — 1)K + 12K? (Mo (M — 1) +M; (M — 1)) +4K3))

In order to provide an intuitive computational complexity ~ angle estimation performance, which can be verified in Sec-

comparison, the complexity versus different arrays and snap-  tion 5.

shots are demonstrated in Fig. 2 and Fig. 3. In Fig. 2, the Bl ESPRIT

number of the second sparse subarray increases from 3 to 9 [ RD PSS
Il proposed

with a step of 2 and the first sparse subarray is fixed at 4. In Il PARAFAC

Fig. 3, the number of snapshots ranges from 100 to 1000 with a
step of 100 and the first sparse subarray and the second sparse
subarray is 4 and 5, respectively. Both in Fig. 2 and Fig. 3,
the partial search interval used in the RD PSS method is set
to 0.01 and the interation times of the PARAFAC algorithm is
200. As shown in Fig. 2 and Fig. 3, the computational load

of the proposed method is relatively high among all the meth-

ods due to the multi-SVD operation. But it can provide better Fig. 2. Comparison of the computational complexity with different M.
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10° T T T
-~ ESPRIT
RD PSS
-4~ proposed
10% f == PARAFAC

107 K

100 </’<":d
500 700

Snapshots

900

Fig. 3. Comparison of the computational complexity with different snap-
shots.

4.2, Identified targets

According to Eqs. (24) and (35), the maximum number of
sources that can be resolved by using the proposed method is
min(M; — 1,M, — 1). Although, the multi-SVD method can-
not improve the degrees of freedom, the estimated signal sub-
space matrices in Eqs. (26) and (37) by exploiting the multi-
dimensional structure inherent in the received signal can re-

subspace-based methods. Thus, the proposed method with the
aid of the noncircular property mainly focus on the improve-
ment in estimation accuracy.

4.3. CRB

In order to provide a benchmark for parameter estima-
tion performance, we derive the closed-form expression of the
deterministic CRB for noncircular sources in bistatic coprime
MIMO radar. Firstly, we stack all the array output of the first
sparse subarray and the second sparse subarray as follows:

(49)

- A -
Y;um = |:Anc;:| SO +NnC7
nc

where Apc; and A denote the extend noncircular steering
matrix corresponding to the first and second subarrays in co-
prime MIMO radar, respectively. And, A, has the similar
form as the A.;, which can be expressed as

(50)

Amz:[ (4:(6)2) © Ba(9) ]

(A2(0)P P, E1) © Ba(9)

strain the effect of noise effectively compared with traditional‘ where
U, = diag[ej”Ml (Mz—l)Sin(91)’ eimM) (Mz—l)Sin(92)’ o eI (Mz—l)SiH(9k)]’
&, = diag[ej”Ml (Mz—l)Siﬂ(ipl)’ el (Mz—l)Siﬂ(ipz)’ e ejﬂMZ(Ml_l)SinwK)]’

Ay = [az(el ), a2(92), R ag(GK)] S CcM XK, and B, =
[b2(01),b2(92), ..., b2 (9 )] € CM1*K is the steering matrix ac-
cording to the second subarray of coprime array in both trans-
mit and receive side. The direction steering vectors a,(6y) and
b2 (6 ) satisfy

az(ek) _ [1’ e—jﬂ:Mz sin((-)k)’ s e—jﬂ:Mz(Ml—l)sin(Gk)}T’ (51)

by(6;) = [1, e 1™M2sin(00) o imM(Mi=1)sin(00 T (52)

The estimated parameters can be written as the vector

form
0:[917927“'591(]7 (53)
¢: [¢la¢2)"'7¢K]-
Define the total steering matrix as follows:
(A1(6)E) o Bi(¢)
Ancl (A1(0)¥19151)© Bi(¢)
Asum = = 54
{Ancz} (42(6)2) © Ba(9) oY
(A2(0)¥ P, 51) © Ba(9) |
[ JA(0)
00
aAsum _ 20
00 JdA;>(0)

a0

20

<8A1(9) (05, +A1(9)@151> ©Bi(¢)

<8A2(9) (0)P, P, = + A2(9)¢251> © Ba1(9)

|
According to Ref. [35], the CRB matrix can be repre-

sented by

2

(o) -1
CRBy. = - {Re[ngﬂjmesum EBRSS]} . (55

de-
notes the project matrix; Ry denotes the signal covariance

1 _ H —1 4AH
where HAsum = IZM§+2M12 - Asum(AsumASum) Agim

matrix, which can be expressed as

Rss = (56)

S()S(I){/L S()S(I)-[/L
SoSg[/L S()S(I)-[/L

and Dym = [0 Awum/00 9Aum/d¢]| denotes the partial
derivative matrix corresponding to DODs and DOAs, the de-
tailed expression for [8Asum/86 8Asum/8¢] can be de-

noted as follows:
ZE0Bi(9)

, (57)
0By (9)
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— A1(0)5 0 ‘9Ba‘d()¢) ]
A _ (Al(e)wl‘?f;‘sl) ©B1(0) + (A1 (0)1 8, E) 0 ‘”Zld@ .
I A (0)5 0 aB&ii()q)) )
_<A2(G)%?¢?51> © B1(9) + (A2(0)¥n P, 51) © 3%"))_

Thus, the closed-form expression about the deterministic
CRB for noncircular sources in coprime MIMO radar is ob-
tained.

5. Simulation results

In this section, several simulations are carried out to eval-
uate the effectiveness and superiority of the proposed method.
And, the state-of-the-art RD PSS algorithm, PARAFAC algo-
rithm, ESPRIT algorithm, and CRB in Eq. (55) are used to
compare with the proposed method. In the following sim-
ulation, the coprime bistatic MIMO radar is equiped with
M = M| + M, — 1 arrays both in transmitter and receiver,
where the number of sensors of the first subarrays is M, with
inter-element interval being M; and the number of sensors
of the second subarrays is M; with inter-element interval be-
ing M>. For fair comparison, a narrowband bistatic MIMO
radar system with M transmit antennas and M receive arrays
is also considered, both transmit and receive arrays are half-
wavelength inter-element spacing ULAs. Unless explicitly
stated, the partial search interval used in the RD PSS method
for coprime MIMO radar is set to 0.01 and the iteration times
of the PARAFAC algorithm is 200 in the simulations. The av-
erage root mean square error is defined as follows to measure
the estimation performance

i
RMSE\/I;IZ<|]éi6]|2+||¢~>i¢||2), (59)
i=1
where I denotes the number of the independent Monte Carlo
trails. 6; and ; denote the estimated angular parameters for
0 and ¢ in the i-th trial, respectively. And, the RMSE curves
presented in the following simulation are obtained by using
I = 500 independent trials.

In the first experiment, a coprime bistatic MIMO radar
system with 8 transmit antennas and 8 receive arrays is con-
sidered, where M; = 4 and M, = 5 both in transmitter and
receiver. Assume two equi-powered uncorrelated narrowband
noncircular sources located at (8;,¢;) = (10°,20°), (62,¢») =
(30°,40°), and noncircular phase {y};_, = [5°,10°]. A total
of 100 snapshots are used and SNR is set to 0 dB to demon-
strate the spatial spectrum estimation performance of the pro-
posed algorithm. The simulation results in Figs. 4(a)—4(d) are
obtained with the aid of 100 Monte Carlo trials, where the

asterisks with different colors denote the estimated results by
different methods and the black circles denote the true angles.
As illuminated in Figs. 4(a)-4(d), it can be seen that the es-
timated DODs and DOAs by utilizing the proposed method
are well located and the proposed method can provide a better
estimation performance compared with other three methods.
Furthermore, in order to make the proposed method more con-
vincing, we also demonstrate the estimated performance under
the condition of the maximum number of sources that can be
resolved by using the proposed method. According to the anal-
ysis in Subsection 4.2, the maximum number of sources that
can be resolved is 3 for M| = 4 and M, = 5 both in trans-
mitter and receiver. In Fig. 4(e), three equi-powered uncor-
related narrowband noncircular sources located at (0;,¢;) =
(10°,30°), (62, ¢2) = (30°,40°), and (63, ¢3) = (50°,65°). In
Fig. 4(f), three equi-powered uncorrelated narrowband non-
circular sources located at (0y,¢;) = (45°,10°), (62,¢2) =
(35°,30°), and (63,¢3) = (55°,50°). In both Figs. 4(e) and
4(f), the noncircular phase are set to {l//k},i:1 =[5°,10°,15°].
From Figs. 4(e) and 4(f), we can find that the proposed method
can provide a better estimated performance under the condi-
tion of the maximum resolved number of sources and the an-
gular parameters are automatically paired.

In the second simulation, the RMSE performance as a
function of SNR and snapshots for coprime multiple-input
multiple-output radar is considered. Other simulation param-
eters are same as the first simulation. In Fig. 5(a), the SNR
increases from 0 dB to 10 dB with a step of 1 dB and the
snapshots is fixed at 100. It is clear that the proposed method
by using the noncircular property can provide a high estima-
tion precision from high noise region to low noise region. In
Fig. 5(b), the number of snapshots increases from 80 to 1000
with a step of 40 and the SNR is 0 dB for all snapshots. From
Fig. 5(b), it can be seen that the angle estimation performance
of the proposed algorithm is remarkably enhanced with the
number of the snapshots increases and the proposed method
still work well when the available snapshots is relatively lim-
ited. And, as illuminated in Fig. 5, the coprime transmit and
receive array in multiple-input multiple-output radar can en-
large the virtual array aperture. Therefore, the larger inter-
element spacing array will provide a higher estimation perfor-
mance compared with that of half-wavelength spacing bistatic
multiple-input multiple-output radar. Moreover, it can be ob-
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served that the noncircular property can further enhance the
virtual array aperture to improve the estimation performance.
So, the proposed method can exhibit excellent performance for
different snapshots and SNRs.

In the third simulation, the RMSE performance compar-
ison versus different numbers of transmit and receive arrays
in bistatic coprime MIMO radar is investigated. Two types of
coprime MIMO radar with (M,,M,) = (4,5) and (M;,M,) =
(3,4) are adopted. The number of imping sources, the range of

snapshots, and SNR are the same as those as the second simu-
lation. As shown in Fig. 6, we can find that the estimated per-
formance for all methods increase with the number of transmit
and receive arrays increasing. And, the proposed method are
superior to other methods in the condition of different types of
transmit and receive arrays for coprime MIMO radar, which
demonstrate that the constructed tensor-based noncircular sig-

nal model is efficient to improve the estimation performance.

35 35 - 35
(@) o b) o © e
30 ° 30 ° 30 °
. o
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Fig. 4. Scatter comparison of different methods with snapshots = 100 and SNR = 0 dB. (a) Scatter plot of the ESPRIT method. (b) Scatter plot of the RD
PSS method.(c) Scatter plot of the PARAFAC method.(d) Scatter plot of the proposed method. (e) Scatter plot of the proposed method for three targets. (f)

Scatter plot of the proposed method for three targets.

10° T T T T T T T T T

=—©~ ESPRIT with ULA =0— ESPRIT with CPA
—¢~ HOSVD with ULA —4— proposed with CPA
—f PARAFAC with ULA —g~ PARAFAC with CPA
—0— RDMUSIC with ULA + RD PSS with CPA
—%- CRB with ULA —#— NCCRB with CPA

RMSE/(°)

SNR
Fig. 5. RMSE performance versus SNR and snapshots: (a) RMSE versus SNR with snapshots = 100 and (b) RMSE versus snapshots with SNR = 0 dB.

In the last experiment, we compare the angular super-
resolution capabilities of the above mentioned algorithms.
Two closely targets are considered, the DOD and DOA of the
first target are (0, ¢;) = (10°,20°) and the DOD and DOA of
the second target are (62, ¢2) = (10°+A,20° + A), where A

100 pr T T T T T T T T

=©~ ESPRIT with ULA —6— ESPRIT with CPA
—- HOSVD with ULA —4&— proposed with CPA
=~ PARAFAC with ULA —g— PARAFAC with CPA
—Q— RDMUSIC with ULA  —§~ RD PSS with CPA
-4~ CRB with ULA —%— NCCRB with CPA

500
Snapshots

varies from 1° to 10° with a step size 1°.

In Figs. 7(a) and 7(b), the SNR is set to be 0 dB, while
the number of snapshots are fixed at 100 and 200, respectively.
The noncircular phase are the same as the first simulation. As

shown in Fig. 7, all methods perform well when the angular
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interval is large. when angular interval A < 3°, the RMSE
performance of other three mentioned methods are very poor.
But, the proposed method can still guarantee satisfied perfor-
mance for closely-spaced targets. For a more intuitive com-
parison, the spatial spectrum estimations for coprime MIMO
radar are also provided when the angular separation is small.
Consider two closely spaced targets with DODs and DOAs
(61,01) = (10°,20°) and (6, ¢2) = (12°,22°), respectively. In
Fig. 8, the SNR and snapshots are set to be 0 dB and 100, re-

10t T T T T T T T T T 10! T T T T T T T T
—©- ESPRIT,, with CPA =8~ ESPRIT,, with CPA —©- ESPRIT,, with CPIZ - ESPRFTAB with CP/Z
e proposed‘d,I with CPA  —g= proposed, with CPA —¢- proposed,, Wl(‘h- CP —4— proposed ; with CP.
—8- PARAFAC,, with CPA =8~ PARAFAC,, with CPA —f- PARAFAC,, with CPA —g— PARAFACJ.s with CPA
—0-RD PSS,, with CPA  —H—RD PSS, with CPA ~0-RD PSS, with CPA 9= RD PSS, with CPA
—#- NCCRB,, with CPA  —#—=NCCRB,, with CPA —%- NCCRB,, with CPA ~ —#%=NCCRB, with CPA
10° | . 10° .
> <
< ~
=) 2
n 0
E ~.°"Gh E
b~ < “e-g_
10 4o G, e |
p -‘4~-<__\6\ §=“O—-

spectively. Other simulation parameters are the same as Fig. 7.

As illuminated in Fig. 8, the scattergram simulation results are
obtained with the aid of 100 Monte Carlo trials. It is clear that
spatial spectrum estimation of the two closely spaced sources

by using the proposed method is relatively more concentrated

compared with that of other methods in Figs. 8(a)-8(c). Thus,

the simulation results in Figs. 7 and 8 demonstrate that the es-

timation performance for closely spaced targets by using pro-

posed method is the best.

500
Snapshots

Fig. 6. RMSE performance versus different numbers of sensors: (a) RMSE versus SNR with snapshots = 100 and (b) RMSE versus snapshots with SNR = 0 dB.
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Fig. 7. RMSE versus different angle separations with 2 targets: (a) RMSE versus angle separations with snapshots fixed at 100 and the SNR is set to be
0 dB; (b) RMSE versus angle separations with snapshots fixed at 200 and the SNR is set to be 0 dB.
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Fig. 8. Scatter comparison of different methods for two closely sources imping from (6;,¢;) = (10°,20°) and (6,,¢,) = (12°,22°) with snapshots = 100
and SNR = 0 dB. (a) Scatter plot of the ESPRIT method, (b) scatter plot of the RD PSS method, (c) scatter plot of the PARAFAC method, and (d) scatter
plot of the proposed method.
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6. Conclusion

In this paper, an efficient tensor-based estimator has been
proposed to deal with the angle parameter estimation of non-
circular source in bistatic coprime MIMO radar. In the pro-
posed method, two extended three-order tensor models are
constructed by using the noncircular property of the output
data. Due to the utilization of the multidimensional structure,
the estimated signal subspace matrix exhibits better accuracy
by suppressing the effect of the noise. Thereafter, the esti-
mated ambiguous DODs and DOAs can be deterimined via
rotational invariance criterion and the angle parameters are au-
tomatically paired without extra pairing process. Moreover,
the ambiguous angle parameters can be eliminated with the
aid of coprime property. And, the closed-form expression of
the deterministic CRB for noncircular sources in bistatic co-
prime MIMO radar is also derived to measure the parameter
estimation performance. Theoretical analyses and numerical
simulations are carried out to demonstrate that the proposed
tensor-based noncircular signal model exhibits excellent esti-
mation performance for coprime MIMO radar compared with
other state-of-art methods. In the near future, we will focus on
the flexible sparse array design to further improve the angu-
lar parameter estimation performance for bistatic MIMO radar
system.
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