http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

Experimental demonstration of tight duality relation inthree-path interferometer

Zhi-Jin Ke(f] Z4§), Yu Meng(# W), Yi-Tao Wang(F###), Shang Yu(fir L), Wei Liu(xlff), Zhi-Peng Li(Z&
i), Hang Wang(¥£#it), Qiang Li(Z3#), Jin-Shi Xu(¥F4:iY), Jian-Shun Tang(J# /i), Chuan-Feng Li(Z4£ %),
Guang-Can Guo(ZJt:hl)

Citation:Chin. Phys. B . 2020, 29(5): 050307 . doi: 10.1088/1674-1056/ab7ea2

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Recast combination functions of coordinate and momentum operators into their ordered product
forms

Lei Wang(F-7), Xiang-Guo Meng(# £ ), Ji-Suo Wang( T 4k4)
Chin. Phys. B . 2020, 29(5): 050303 . doi: 10.1088/1674-1056/ab7dbd

Optical complex integration-transform for deriving complex fractional squeezing operator

Ke Zhang(ik£l), Cheng-Yu Fan(ji/& £), Hong-Yi Fan(7i it %)
Chin. Phys. B . 2020, 29(3): 030306 . doi: 10.1088/1674-1056/ab6dc9

Applicability of coupling strength estimation for linear chains of restricted access

He Feng(iZ##), Tian-Min Yan(j& K L), Yuhai Jiang(71 L i)
Chin. Phys. B . 2020, 29(3): 030305 . doi: 10.1088/1674-1056/ab6c43

Quantifying non-classical correlations under thermal effects in a double cavity optomechanical
system

Mohamed Amazioug, Larbi Jebli, Mostafa Nassik, Nabil Habiballah
Chin. Phys. B . 2020, 29(2): 020304 . doi: 10.1088/1674-1056/ab65b6

Optimal phase estimation with photon-number difference measurement using twin-Fock states
of light

J H Xu(#:1£E), 3 Z Wang(E 2 ), AX Chen(%4% =), Y Li(Z5), G R Jin(%:H)
Chin. Phys. B . 2019, 28(12): 120303 . doi: 10.1088/1674-1056/ab4e7f


http://cpb.iphy.ac.cn/EN/abstract/abstract75597.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract75596.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75596.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75410.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75439.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75353.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75353.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75064.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract75064.shtml

Chin. Phys. B Vol. 29, No. 5 (2020) 050307

Experimental demonstration of tight duality relation in
three-path interferometer”

Zhi-Jin Ke(F] 2 5%)!12, Yu Meng(#Fi)!2, Yi-Tao Wang(F#k35%)"2, Shang Yu(dr )2, Wei Liu(xf#5)!2,
Zhi-Peng Li(Z=&EM9)12, Hang Wang(FEf7)'2, Qiang Li(Z551)12, Jin-Shi Xu(¥F4:iH)12,
Jian-Shun Tang(f#&JI)!>, Chuan-Feng Li(Z54£%¢)12#, and Guang-Can Guo(¥ythln!2

1 CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026, China

2CAS Center For Excellence in Quantum Information and Quantum Physics, University of Science and Technology of China, Hefei 230026, China

(Received 22 February 2020; revised manuscript received 4 March 2020; accepted manuscript online 11 March 2020)

Bohr’s principle of complementarity has a long history and it is an important topic in quantum theory, among which
the famous example is the duality relation. The relation between visibility C and distinguishability D, C2 +D? < 1, has long
been recognized as the only representative of the duality relation. However, recent researches have shown that this inequality
is not good enough because it is not tight for multipath interferometers. Meanwhile, a tight bound for the multipath
interferometer has been put forward. Here we design and experimentally implement a three-path interferometer coupling
with path indicator states. The wave property of photons is characterized by /;-norm coherence measure, and the particle
property is based on distinguishability of the indicator states. The new duality relation of the three-path interferometer is
demonstrated in our experiment, which bounds the union of a right triangle and a part of elliptical area inside the quadrant
of a unit circle. Data analysis confirms that the new bound is tight for photons in three-path interferometers.

Keywords: duality relation, multi-path interferometer, principle of complementarity, foundations of quantum

mechanics
PACS: 03.65.—w, 42.50.Xa, 03.65.Ta, 42.50.Ex

1. Introduction

Wave—particle duality is the well-known example of
Bohr’s complementarity principle.!'?) The principle claims
that, a particle that goes through an interferometer can ex-
hibit either wave or particle properties. If one has the com-
plete knowledge that which path the particle takes, then it is
impossible to have any knowledge about the wave property,
vice versa. In general, the duality relation indicates that, an
increase knowledge of one property will result in a decrease in
the other, which has been studied experimentally.[>-%! In 1978,
Wooters and Zurek firstly investigated this intermediate case
in theory.”l In 1988, Greenberger and Yasin put forward an
inequality to express the trade off relation between these two
properties®!

cC+p*<, (1)

where C is the visibility of the interference pattern and D is
a measure of the path information, i.e., the path distinguisha-
bility or the which-path information. In 1996, Englert intro-
duced the “detectors” into the paths, whose status changes if
a particle passes through them, and he used the distinguisha-
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bility of the status of the detectors as a measure of the path
information,®! as shown in Fig. 2. To avoid ambiguity, we will
call Englert’s detector states as indicator states in our work, be-
cause they only indicate which path a photon takes, and never
detect or destroy the photon. The inequality given in Eq. (1)
has been experimentally verified by various quantum systems,

10.117 ¢o1d neutral

[14

such as nuclear magnetic resonance (NMR),|

(12,13 I and single

atoms, I superconducting quantum circuits,
photons in delayed-choice scheme.!>~18] In 2014, the theory
of quantum coherence as a resource was proposed along with
an /;-norm coherence measure.[!%201 Researchers found that
the coherence measure is a natural candidate to quantify the
wave-like property. Bera et al.!?!! firstly used the /;-norm co-
herence for wave property. Then Bagan er al. stepped fur-
ther. They derived the duality relation for the multipath inter-
ferometer, which made use of the /;-norm coherence measure
and the probability of successfully distinguishing the indica-
tor states by using minimum-error discrimination.??! Soon af-
ter, the result was demonstrated by Yuan et al.!?*! Finally, in

2018, they put forward the tightest form of the duality relation
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in multipath interferometer.*! Here is the tightest form

2
C+D-"=2 c-D
Tl <1, @)
) =

where n represents the number of paths of an interferometer.
When n = 2, i.e., for two-path interferometers, the inequality
will degrade to Eq. (1). Once n > 2, it bounds the area that
contains a part of an elliptical area and a right triangle area in
the first quadrant, as can be seen in Fig. 1. The center O of the
elliptical area is located at C =D = 2(';;721), and its semimajor
axis is parallel to line C + D = 1. Until now, this new duality

relation has not yet been verified in experiments.

< i1
SO %,

Fig. 1. Theoretical diagram of the tight new duality relation in multi-
path interferometers. C and D are the horizontal and vertical coordi-
nates, respectively. The black line is a quarter of a unit cycle, which is
described by Eq. (1) and used as a reference. The red line is a part of an
ellipse, whose center O and semiminor axis OB lie on the line C = D,
and semimajor axis OA is parallel to the line C + D = 1. This ellipse
is described by Eq. (2) when n = 6. The union of yellow and pink re-
gions reveals the area that the tight duality relation bounds in a six-path
interferometer.

In this paper, we experimentally demonstrate this new du-
ality relation based on the coherence measure. With the help
of a three-path Mach—Zehnder interferometer, we can fill in
the experimental gap in this fields. The states of photons are
encoded on the path basis, while the indicator states are en-
coded on the height degree of freedom, which is well-designed
to simplify the experiment. The wave property of the pho-
tons is characterized by the /;-norm coherence measure and
the particle property of the photons is characterized by the dis-
tinguishability of the indicator states. We use quantum states
with different coherence as the input states. The states with
maximal coherence lie on the bound that equation (2) de-
scribes. As for the states with non-maximal coherence, they
locate inside the bound. Based on the experimental data, we
can plot out the tight bound that the new theory predicts. Com-
paring with the line describe by Eq. (1), this new bound has a
more accurate description about the multi-path interferome-
ters.

2. Duality relation in three-path interferometer

Figure 2 is the schematic representation of a three-path
interferometer in our experiment. Let n = 3 in Eq. (2), we can

achieve

C+D-1} L(c=p
V3/2 32

where C represents the visibility and D represents the distin-

<1, 3)

guishablity. A photon that enters a three-path interferometer
will be in a superposition state |W) = (x]0) +x1|1) +x2]2)),
where x; (i € {0,1,2}) are the coefficients and the orthogo-
nal basis states |0), |1), and |2) correspond to path 0, path
1, and path 2 in the interferometer, respectively. Path indi-
cators are introduced into each path to obtain the path infor-
mation of the photons. At first, the path indicators are all in
the same initial state |Z), then if a photon passes through path
0, the indicator in path O will end in state [1g). The other
two possible statuses of the path indicators are |1;) and |15),
corresponding to the other two paths, respectively. Thus, if
the indicator is found to be, e.g., |11}, the photon is consid-
ered to travel through path 1, which is based on the minimum-
error discrimination method.!®! Note that, the photons interact
with the path indicator system, so they can be expressed as
1) = (x0/0) 10+ [1) 111} +x212)|m2) ). Here,

2 2

Ino) = sin6|oc)+§cos9|ﬁ>+§cos6m,
2 2

1) = %Cos@\d)+sin9|ﬁ>+%cos@\y},

) = ?oose\oo+§cose|ﬁ>+sinew>, 4)

where |@), |B), and |y) are three orthogonal bases of another
degree of freedom in the vertical directions (height) of the
original photon paths, and 6 € (35.3°,90.0°].

The critical feature of the indicator states is that, the over-
lap of any two of them is a constant when 6 is fixed, which
is one of the two necessary conditions for a state to reach the
bound in Eq. (2). The other one is that the state must has max-
imal coherence.

0 _f |0a 08 Oy

=

path indicator

tlle 18 1y

—>=BS1

2 20 283 2y

A o
Fig. 2. Schematic representation of a three-path interferometer with
path indicators. The status of the path indicators changes when a pho-
ton passes through them. BS1 is short for a three-port beam splitter and
BS2 is a nine-port beam splitter. The light paths are labeled as 0, 1, 2 af-
ter BS1, and the nine light paths are labeled as path ab (a € {0,1,2} and
be{a,p,y}) after the path indicators. The degree of freedom {¢t, 8,7}
will be traced out when we collect the experimental data, therefore only
three paths are displayed after the path indicators.

The |¥) describes the entanglement between the photons
and the indicator system, however, the duality relation is the
property of photons. Thus, we should trace out the indicator

050307-2



Chin. Phys. B Vol. 29, No. 5 (2020) 050307

system first to obtain the density matrix of the photons, which
is

P = Trindicator |'P 'P|

Y

i,j=0

(mjlmaldy Gl (9)

Then, the /;-norm coherence of the photons is calculated !
by
2

Y, pijl- (6)

§,j=0,i#]
Finally, we obtain the formula to calculate visibility C in
Eq. (3), that is

G, (p) =

€= 3G, (p) ™

given in Ref. [24].
The path information D of the photons is calculated based
on the discrimination ability of indicator states {|n;)}. For N
non-orthogonal quantum states {|7;)}, the discrimination abil-
ity is the average probability of successfully identifying the

states, that is

N=1
Py="Y pi(ni|Thmi), (®)

i=0
where p; is the occurring probability of state |1;), and {IT;} are
N positive operator-valued measures (POVMs) corresponding
to {|n;)}. Once Py is evaluated, we obtain the following for-
mula of D for the three-path interferometer in Eq. (3) accord-
ing to Refs. [24,25]:

1
D:;(Pd—3>. ©)

3. Experimental setup

The entire experimental setup is shown in Fig. 3. There
are two modules, a) state preparation and indicator state en-
coding module and b) measurement module. The single pho-
ton source is generated by the type-II spontaneous parametric
down-conversion (SPDC), with the counting rate about 10000
counts per second. The central wavelength is 440 nm.

a) state preparation and indicator state encoding module

(c) light beam array

(111 status 1: g tOp view
GIGICIYe

path 1
sllsf e ilElE
| | | | | | top view
| I
[2) (1) 10)

QWP [] Block

(b) measurement module

encoding system

side view ’—/\—‘
PBS BD1 BD2 .
BD3 BD4
top view
PBS
’ , BD1 HWP3 BD2 HV\(F‘S BDSHV}IP&? BD4
HWP1 HV\:IP2 \ r HWPS HWPQ: .
HWP4\ . Hwp1o, HWP12
HWP7 " 'Hwp13
. top view
0)(0) status 3: BD5 BD6
(1) =i12) ((1]=i(2)
[1)(1] (D+2) (2 OF
[2)(2]

top view

status 2: gpg BDG(‘O =i[1))(10)=i(1]) status 4: BD5

(10)+1)) ((0l+(1]) ©F

Bpg (-0
(10)+12)) (01+(2))

Fig. 3. Experimental setup. There are two parts of the setup, (a) state preparation and indicator state encoding module (with a 3D view,
a side view, and a top view) and (b) measurement module with its four statuses in top view. (c) Light beam array, the view comes from a
person who faces the light source at the end of (a). The nine paths will then enter the measurement module. The paths have two coordinates,
the horizontal one tells which interferometer arm a path belongs to, and the vertical one tells the layer information of a path. Each indicator
state is labeled with a pink rectangle box in (a) and with a blue rectangle box in (c). Measurement bases labeled in (b) are used to perform
tomography of each layer of the light beam array in (c). BD1 and BD2 are the correspondence of the first BS in Fig. 2, and BD5 and BD6
in measurement module can be seen as the correspondence of the second BS, which has nine light paths.

In the state preparation module, the input state is in hor-
izontal polarization (or H-polarization) after the polarization
beam splitter (PBS), denoted as [H).
polarization (V-polarization) is denoted as |V). After passing

Similarly, the vertical

the half-wave plate 2 (HWP2) with a certain rotation angle ¢,
the state of (cos @|H) +sin@|V)) is generated. The beam dis-
placer 1 (BD1) then causes the V-polarization component to
be transmitted directly and the H-polarization component to
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undergo a 4-mm lateral displacement. The H-polarization will
continue to go through HWP4 with rotation angle y. At the
output port of BD2, the state is sin ¢|0)y + cos ¢ siny|1)y +
cos ¢ cos ¥|2)g. Choosing suitable angle pairs (¢, ), we can
prepare both maximal and non-maximal coherent states. Note
that, the state is encoded on the path degree of freedom, and
the polarization degree of freedom is just used to manipulate
the path of the photons. For example, let the photon in H-
polarization, then it will travel to next path after passing a BD.

In the indicator state encoding module (BD3 and BD4),
the optical axes lie in the vertical plane, thus in turn the
V-polarization component will undergo a 4-mm vertical dis-
placement after passing a BD. The rotation angles of the
HWPs (from 5 to 13) in this module decide the 0 in the in-
dicator states in Eq. (4). Figure 3(c) shows the light beam
array at the end of this module. There will be nine light paths,
because there are originally three paths (arranged in the hori-
zontal direction, see the top view), then each path has another
three paths in the indicator system (arranged in the vertical di-
rection, see the side view), which then give a 3 by 3 light beam
array.

The measurement module is mainly consisted of an-
other two BDs (BD5 and BD6, only shown in the top view),
nine sets of QWP-HWP-PBS combinations (QWP stands for
quarter wave plate), and nine single-photon avalanche diodes
(SPADs). BD5 and BD6 combine any two horizontal paths in
the same row (orange box) in the light beam array shown in
Fig. 3(c). The measurement of each row is independent of the
others. The QWP-HWP-PBS combinations provide measure-
ment on polarization bases [H), | V), [H) +|V), and |H) —i|V).
Finally, the photons are collected into fibers and detected by
nine SPADs.

4. Evaluation of visibility and distinguishablity

Visibility C and distinguishablity D are calculated based
on photon counts from the SPADs. The photon counts of each
path in light beam array in Fig. 3(c) can be described as n,
(@ae{a,B,y}and b € {0,1,2}).

The density matrix of photons in the three-path interfer-
ometer is a 3 by 3 matrix. Given that the nine paths in our
experimental setup can be divided into three parts (see the
three orange rectangle boxes in Fig. 3(c)), so one feasible
way to reconstruct the density matrix p is to reconstruct each
part (Do, Pg, Py), respectively. Then combine them together as
p = (PapPa + PP + PyPy) (Pa> Pp, and py are the normal-
ization coefficients, see Appendix A for their values and the
derivation of p).

Firstly, we reconstruct py, that is to evaluate the nine ele-
ments in the following matrix:

Poo Por Po2

P1o P11 P12 . (10)
P20 P21 P22 /

The diagonal elements represent the proportion of photon
counts in o basis of the three paths (first row in Fig. 3(c)),
which can be directly acquired from the photon counts in each
path in unit time. According to the analysis, we can directly
obtain

N ot = N0 +Nal +Na2,
1 70) n 17%)

Poo=—=-, pi= al, pn = . 3adn

N tot N tot N tot

As for the other six elements in Eq. (10), they are gener-
ally complex numbers, thus we should both evaluate the real

and imaginary parts. Here we take the evaluation of py; as an

example,
n — Yoy +npyy)
Re(po1) = 0)-+11) nzt I\O) 1) 7
njoy—ijny — 3 (njoy + 1))
Im(ppr) = nZt t‘0> 5 (12)

where ny,sis represents the photon counts under a specific mea-
surement basis. The formulas are similar for the other ele-
ments in Eq. (10).

Unfortunately, it is impossible to directly measure on
the superposition bases in the path basis, i.e., |0) + |1) and
|0) —i|1). Therefore, we transform the path basis into the
That is, let photons in path 0 have H-
polarization and photons in path 1 have V-polarization, com-

polarization basis.

bine two paths as shown in status 2 in Fig. 3(b), then basis
|0) 4 |1) will be transformed into |H) + |V), and |0) —i|1) into
|[H) — 1| V). According to these settings, we can evaluate po; by
Eq. (12). Following a similar process, all elements in Eq. (10)
can be evaluated.

Then, we can evaluate pg and py with the same method.
Once the density matrix p is acquired, C is calculated accord-
ing to Eq. (7).

Now we turn to the evaluation of D. It is calculated ac-
cording to the minimum-error state discrimination. In our
experiment, there are three indicator states with their corre-
sponding POVMs ITy = |a) (e, ITy = | B} (B, and I, = |7) (7]
Then, each term in Eq. (8) is equal to each other, which is
(ni|IT;|n;) = sin®@ (i € {0,1,2}). Note that, sin@ is larger
than @ cos 8 for 6 € (35.3°,90.0°] in indicator states. There-
fore, this POVM actually gets the proportion of the maximum
output among three bases (o, 3,7) in an indicator state. Each
term of Py is calculated by

nj ot = N +nﬁ,~+nyi, i€ {0, 1,2},
ngo ngi

Py = , Fi=——, Po=
ng,tot n1 tot

13)

n2 tot

In our experimental setup, the photons have probability |x;|
to enter the i-th path of the interferometer, thus p; = |x;|?
(i€{0,1,2}) in Eq. (8). Finally, D is calculated using Eq. (9).
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5. Analysis of data

As analysis shown in Ref. [26], loss of photons inside
and outside the interferometers affects the results of duality
relation in an interferometer. There are several possible sys-
tematic errors in our setup. They possibly come from the state
preparation, indicator state encoding, difference in fiber cou-
pling efficiency, or difference in SPAD detection efficiency.
Therefore, we have calibration for our experimental setup be-
fore data collection. Firstly, we let the coupling efficiency of
all fibers between 60% to 62%. Given that the photon counts
of the nine light paths in Fig. 3(c) have accurate ratio once
the input states and 6 in the indicators states are determined.
Thus, we make sure that the ratio of photon counts from the
SPADs is around the correct ratio by adjusting the angles of the
HWPs (HWP2 to HWP13). We cannot achieve a ratio exactly
equal to the theory because of statistical errors. This method
compensates the systematic errors both inside and outside the
interferometer.

Based on the measurement described above, we can ob-
tain the C and D of various input states for different 0 of the
indicator states. We use three different input states as demon-
stration, one is the maximal coherent state, and the other two
are states with lower coherence.

In Fig. 4, the circle points are the experimental results of
maximal coherent state %(|0> +11) + |2)) with 6 from 35.3°
to 90.0°. AC (AD) is the standard deviation of C (D), repre-
sented by the blue horizontal (red vertical) error bars. Since
we have calibrated our setups, the errors are dominated by sta-
tistical errors.

When 6 = 35.3°, the data point (D) lies on (0.9956 +
0.0134, 0.0028 4= 0.0048), because now the three indicator
states in Eq. (4) are the same as each other. In other words,
they are indistinguishable, thus the photons have the minimum
in their particle property and achieve the maximum in their
wave property. With the angle increasing, the indicator states
become more and more distinguishable, thus the particle prop-
erty of the photons (D) increases while the wave property (C)
decreases. When 6 = 90.0°, the three indicator states are or-
thogonal to each other, thus we can discriminate them and de-
termine which path the photons take with certainty. Therefore,
the data point (7) lies on (0.0103 4 0.0063, 0.9938 + 0.0006),
where only particle property exists. The relation between C
and D here satisfies the definition of duality relation, because
the increase of one causes the decrease of the other, and vice
versa.

The triangle points are the experimental results of state
0.78]0) 4+ 0.38|1) + 0.50|2). The rhombus points are the re-
sults of state 0.88]0) +0.28|1) +0.38|2). They are both non-
maximal coherent states, but the states represented by triangle
have much coherence than those by thombus based on /;-norm
coherence measure. According to the location of these three

kinds of points, we can infer that, the less coherence in a state,
the closer the points will get to the origin.

Here is the analysis of why the bound provided by Eq. (3)
is tight. The orange solid line in Fig. 4 is the theoretical bound
of duality relation for a three-path interferometer provided by
Eq. (3). The experimental points of maximal coherent state (1)
to (9) all lie on this bound. Given that, we could not find states
with more coherence than the maximal coherent state, there-
fore, the states can only lie on the bound or inside the bound.
The black dash line is the quadrant of a unit circle, described
by Eq. (I1). The space between these two lines are unreach-
able, thus the bound provided by Eq. (1) is not tight based on
the experimental results from our setup.

1.00p e

0.75} \\
“ ot
(OMNN
AY
\\
4 @
Q os0f ¢ ORX
L 4
\
- \
¢ \
0.25¢ @n\
® max. coherent -
A® n}on-max coherent |
theory,
-—- unit Ic1rcle . o @l
0 0.25 0.50 0.75 1.00
C

Fig. 4. Experiment data. The orange solid line is the theoretical tight
bound of duality relation in a three-path interferometer, described by
Eq. (3). The circle points are the experimental results of the state with
maximal coherence. They lie on the theoretical bound and they move
along the bound when 6 in the indicator states {|n;)} varies. While the
triangle and rhombus points are the experimental results of two other
states without maximal coherence. The states represented by triangle
have much coherence than those represented by rhombus. We use /-
norm coherence measure to quantify all these states. The black dash
line is the quadrant described by Eq. (1), and it is used as a reference.

6. Conclusion

We have reported the results of the first experiment to
demonstrate the duality relation of a three-path interferometer.
The duality relation demonstrated here is tight because only
states with maximal coherence are able to reach the bound as
the theory predicts. While the states with lower coherence lo-
cate inside the bound. In our experiment, we encoded the in-
put state onto path basis and the indicator states onto height
basis, which significantly simplifies our experiment. With the
well-designed setup, it is convenient for us to achieve the good
interference visibility of any two paths on the same row of the
light beam array. Due to the high precision of our experiment,
we found good agreement with the theoretical predictions. Be-
cause the new bound demonstrated here is tight, it is possible
to design a new method to detect a state with maximal coher-
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ence in a multi-path interferometer according to the duality
relation.

Appendix A: Derivation of p in three-path inter-
ferometer

After a photon going through the indicator encoding sys-
tem, it has nine possible output ports shown in Fig. 3(c) in the
main text. The wave function of the composite system is

[¥) = (x0[0) [110) +x1[1) [m1) +x2(2) [m2)). (A1)
Then, the density matrix of the entire system is
Psys = [P)(¥] = Z xix |0 1:) (1, (A2)

i,j=0
Tracing out the indicator system, we obtain the density matrix
p of the photon

(mjlmali) (1. (A3)

p—le

i,j=0
Note that, the three indicator states are non-orthogonal to each
other, which are

2 2

[1n0) =sinO|ar) + %cos@ﬂ?) +§cos9|y>,
2 2

[n1) :%cos9|a> +sin6|B) + %cosem,

) =2 cosla) + L cos6|p) +sinbly).  (Ad)

where |a),|B),|y) are a set of orthogonal basis. Thus, we can
obtain

(Mino) = (Molm1)

:gcosesin9<a|a> + gCOSGSinmmm

+ 100526<)/|7/>. (AS)

2
The other seven elements of p have the similar structure.
From Eq. (AS) we can know, each element consists of
three parts, which come from the height degree of freedom
{a,B,7}, and these three parts correspond to three layers
(rows) of the light beam array shown in Fig. 3(c).
Based on these three parts, the density matrix can be re-

organized as

P = (PaP(aja) + PBP(BIB) T PPy ) (A6)

where pqq consists of all coefficients of (o|a) divided by

pain {(miin;)} (0 <4,/ <2). p(p|py and Py have the simi-
lar structure. pq, pg, and py are the normalization coefficients.

They are
1 1
o =|x0|*sin® 6 + |xl|2§cos2 0+ |x2\2§ cos? 6,
1 1
8 :|x0|2§ cos? 6 + |xi | sin® 6 + |x2\2§ cos’ 6,

1 1
py:|x0|2§c0529+\x1|2§cos20+|x2|2sin26. (AT)

Finally, we obtain the density matrix for the experimental
implementation in the main text

p = (PaPo+ PBPB + PyPy), (A8)

where o, 3,7 are short for (c|ct), (B|B), (V]Y)-

Therefore, each layer contains the partial but independent
information of the entire system, which corresponds to pq, Pg,
and py. In our experiment, we do tomography for each layer
and finally add them together to acquire the density matrix p.
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