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Based on adiabatic approximation theory, in this paper we study the asymmetric stochastic resonance system with
time-delayed feedback driven by non-Gaussian colored noise. The analytical expressions of the mean first-passage time
(MFPT) and output signal-to-noise ratio (SNR) are derived by using a path integral approach, unified colored-noise approx-
imation (UCNA), and small delay approximation. The effects of time-delayed feedback and non-Gaussian colored noise
on the output SNR are analyzed. Moreover, three types of asymmetric potential function characteristics are thoroughly
discussed. And they are well-depth asymmetry (DASR), well-width asymmetry (WASR), and synchronous action of well-
depth and well-width asymmetry (DWASR), respectively. The conclusion of this paper is that the time-delayed feedback
can suppress SR, however, the non-Gaussian noise deviation parameter has the opposite effect. Moreover, the correlation
time plays a significant role in improving SNR, and the SNR of asymmetric stochastic resonance is higher than that of
symmetric stochastic resonance. Our experiments demonstrate that the appropriate parameters can make the asymmetric
stochastic resonance perform better to detect weak signals than the symmetric stochastic resonance, in which no matter
whether these signals have low frequency or high frequency, accompanied by strong or weak noise.

Keywords: asymmetric stochastic resonance, time-delayed feedback, non-Gaussian colored noise,weak signal
detection
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1. Introduction
Weak signal detection is a cutting-edged methodology

in which the modern electronics and information-processing
methods are used to detect weak signals in strong background
noise environment.[1–5] Since the 1940s, weak signal detec-
tion has been widely used in relevant theoretical researches
and practical applications. As a new method different from
the previous weak signal detection, the stochastic resonance
(SR) has made great progress since the quaternary global me-
teorological glaciers was studied by Benzi et al. in 1981.[6]

The SR studies mainly focus on bistable stochastic resonance
but also including monostable stochastic resonance[7–9] and
tristable stochastic resonance.[10–12] The SR of this paper is
referred to as the bistable stochastic resonance.

The previous studies of SR were generally based on the
symmetric potential function,[13–15] but there were few stud-
ies based on asymmetric potential functions, and most of them
are asymmetric systems in real natural systems. So studying
asymmetric systems is another key point in the development of
SR theory. The traditional SR theory is mainly applied to the
researches of the symmetric potential function. And then, Wio
and Bouzat[16] extended the adiabatic approximation theory to
the asymmetric potential function. In the adiabatic approxi-
mation theory, a transition between two wells is the reciprocal
of the MFPT. Subsequently, some researchers studied the ef-
fect of asymmetry on the SR generated under multiplicative

noise. Li[17] found that the asymmetry is negatively correlated
with SR. Owing to the fact that different physical systems are
affected by different noise sources and Gaussian white noise
does not exist in nature, it is especially necessary to study the
SR driven by different noises. Fuentes et al.[18] investigated
the effect of non-Gaussian colored noise on SR phenomenon.
The path integral approach[19–23] and the UCNA[24] are used
to convert the non-Gaussian colored noise into Gaussian white
noise, thus obtaining a Fokker–Planck equation and an out-
put SNR analytical expression. Wang et al.[25] discussed in
detail the effect of the correlation between two multiplicative
noises and an additive noise on the MFPT and found that it
possesses rich transition phenomena. Dybiech and Nowak[26]

studied the generic double-well potential model perturbed by
the alpha-stable Lévy-type noises. To freely adjust the width
and depth of the barrier, Liu and Cao[27] designed a piecewise
potential function to analyze the effect of the asymmetry of the
well on the SNR in the background of non-Gaussian colored
noise.

Since time lags are widespread in nature, the study of
SR with time-delayed feedback conforms to the developing
trend.[28–34] Shi et al.[28] derived the expression of the steady-
state probability density function (SPD) and SNR of SR with
time-delayed feedback, suggesting that the delay time and
feedback strength of the time-delayed term can enhance the
SNR. Introducing time-delayed terms into the potential func-
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tion can reduce the SNR, but the degradation reaction has
the opposite effect.[29] According to the time-delayed feed-
back and Gaussian white noise, Tang et al.[30] proposed an
asymmetric SR detection method. This method overcomes
the shortcomings of the traditional SR, which has a long con-
vergence time and tends to easily fall into local optimization.
Therefore, the detection of weak fault features is improved.
Liu and Wang[31] discussed the effects of additive white Gaus-
sian noise and time-delayed feedback on the SR under three
asymmetric potential functions. Tan et al.[32] investigated the
effects of additive colored noise and time-delayed feedback
on two asymmetric systems. For asymmetric systems, they
analyzed the effects of noise and time-delayed feedback on
SR performance in detail, respectively. However, the effect of
asymmetric SR under the combination of non-Gaussian col-
ored noise and time-delayed feedback can be further studied.

In this paper, we study an SR with time-delayed feedback
in the context of non-Gaussian colored noise. The rest of this
paper is organized as follows. In Section 2, we introduce the
potential function model of the system, and on this basis, de-
rive the output SNR expression of the system. Meanwhile, we
analyze in detail the effects of non-Gaussian colored noise and
time-delayed feedback on the three asymmetric potential func-
tions. In Section 3, we introduce particle swarm optimization
and gives some experiments to detect low-frequency and high-
frequency weak signals that are submerged by non-Gaussian
colored noise. Finally, some conclusions are drawn from the
present study in Section 4.

2. Asymmetric bistable stochastic resonance
2.1. Asymmetric bistable potential function

The classical bistable stochastic resonance (CSR) model
can be represented by the Langevin equation

dx
dt

=− dUi (x)
dt

+Acos(2π f t)+Γ (t) , (1)

where Ui (x) is the bistable potential function, A and f are
the amplitude and frequency of the periodic signal, respec-
tively, and Γ (t) is the noise. In order to study the relation-
ship between asymmetric structure and SR, the asymmetry
factor α (α > 0) is introduced to construct the bistable poten-
tial function[27,31,32] as follows:

Ui (x) =


−a

2
x2 +

b
4

x4, x > 0,

−a
2

Aix2 +
b
4

Bix4, x < 0,
(2)

where a and b are the system parameters and a, b > 0. When
i= 1,2,3, as shown in Fig. 1, the potential function Ui (x) is di-
vided into three cases: the barrier height and the well spacing
of the right potential well are ∆U+ = a2/4b and ∆L+ =

√
a/b,

respectively, independent of the asymmetry factor. However,
the left potential well is different. Figure 1(a) shows the DASR
U1 (x) with A1 = B1 = α , and the barrier height of the left po-
tential well is αa2/4b and increases as α increases, when a
and b are both set to be fixed values. The well spacing is

√
a/b

and keeps unchanged. Figure 1(b) shows the WASR U2 (x) of
A2 = 1/α2,B2 = 1/α4. Contrary to U1 (x), the barrier height
of the left potential well

(
a2/4b

)
of U2 (x) does not change

with α , but the well spacing
(
α
√

a/b
)

rises. Figure 1(c)
shows the DWASR U3 (x) of A3 = 1, B3 = 1/α2. Combin-
ing the above two cases, the barrier height α2a2/4b and the
well spacing α

√
a/b of the left potential well of U3 (x) de-

crease with the decrease of α . The potential function can sys-
tematically investigate the asymmetric SR through the above
analysis.
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Fig. 1. Three kinds of asymmetric bistable potential functions with different asymmetric factors where a = b = 1: (a) DASR, (b) WASR, (c) DWASR.

2.2. SNR of asymmetric bistable system

Based on the asymmetric bistable potential function of
the previous section, adding the non-Gaussian colored noise
and time-delayed terms, the Langevin equation can be written

as follows:

dx
dt

= − dUi (x)
dt

+ kx(t−σ)+Acos(ωt)

+g(x)Γ (t) , (3)
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where k and σ are the time-delay strength and delay time of
the time-delayed term, Γ (t) represents the non-Gaussian col-
ored noise with the following statistical properties:[35]

〈Γ (t)〉 = 0, (4)

〈
Γ

2 (t)
〉
=


2D

τ (5−3q)
, q ∈

(
−∞,

5
3

)
,

∞, q ∈
[

5
3
,3
)
,

(5)

dΓ (t)
dt

= −1
τ

d
dΓ

ϒq (Γ )+
1
τ

η (t) , (6)

ϒq (Γ ) =
D

τ (q−1)
ln
[

1+
τ

D
(q−1)

Γ 2

2

]
. (7)

The parameter τ denotes the correlation time of the non-
Gaussian noise and q is a measure of deviation of the non-
Gaussian noise Γ (t) from the Gaussian distribution. When
parameter q 6= 1, Γ (t) is the non-Gaussian noise. Otherwise,
the Γ (t) becomes the Gaussian colored noise with the cor-
relation time τ and the noise intensity D. If τ = 0, Γ (t)
is reduced to white noise, η (t) is the Gaussian white noise
(〈η (t)〉= 0,〈η (t)η (t ′)〉= 2Dδ (t− t ′)), and D is the noise
intensity. The path integral approach[19,35] is used to convert
the non-Gaussian colored noise Γ (t) into a Gaussian colored
noise with effective noise correlation time τ0 and effective
noise intensity D0 when |q−1| � 1,

τ0 =
2(2−q)
5−3q

τ, (8)

D0 =

[
2(2−q)
5−3q

]2

D. (9)

Γ (t) can be written as

dΓ (t)
dt

=−Γ

τ0
+

1
τ0

η0 (t) , (10)

where η0 (t) is the Gaussian white noise with 〈η0 (t)〉= 0 and
〈η0 (t)η0 (t ′)〉= 2D0δ (t− t ′).

Applying the UCNA[24] to Eq. (3), the Gaussian col-
ored noise can be approximated by the Gaussian white
noise Γ0 (t)(〈Γ0 (t)Γ0 (t ′)〉= 2δ (t)). Assuming g(x) = 1 and
x(t−σ) = xσ , equation (3 ) can be ameliorated as

dx
dt

= h(x,xσ )+ f (x)Γ0 (t) , (11)

h(x,xσ ) =
−U ′i (x)+ kx(t−σ)+Acos(ωt)

Q(x,τ0)
, (12)

f (x) =
√

D0

Q(x,τ0)
, (13)

Q(x,τ0) =

{
1− τ0

(
a−3bx2 + k

)
, x > 0,

1− τ0
(
aAi−3bBix2 + k

)
, x < 0.

(14)

The non-Gaussian noise in Eq. (3) has been simplified
into Gaussian white noise with Markov property in Eq. (11).

Next, the one-dimensional Markovian process is obtained by
using the small delay approximation as follows:[36,37]

dx
dt

= H (x)+F (x)Γ0 (t) , (15)

H (x) = h(x,xσ ) I (x,σ) , (16)

F (x) = f (x) I (x,σ) , (17)

I (x,σ) =


1− kσ

1− τ0 (a−3bx2 + k)
, x > 0,

1− kσ

1− τ0 (aAi−3bBix2 + k)
, x < 0.

(18)

We obtain the Fokker–Planck equation, writing it as

∂P(x, t)
∂ t

=− ∂

∂ t
[L(x)P(x, t)]

+
∂ 2

∂x2 [M (x)P(x, t)] , (19)

L(x) = H (x)+F (x)F ′ (x) , (20)

M (x) = F2 (x) , (21)

where L(x) is the drift coefficient and M(x) is the diffusion
coefficient. So, the analytical expression of the SPD is

Pst (x) =
N

M (x)
exp [−ψ (x)] , (22)

where N is the normalization factor, ψ (x) denotes the general
potential function of the asymmetric bistable system which is
expressed as

ψ (x) = −
∫ L(x)

M (x)
dx,

=



z1

4D0
+

z2

6D0τ0
− z3

18bD0τ2
0

−Acos(ωt)
D0

(z4 + z5)− z6, x > 0,

j1
4D0

+
j2

6D0τ0
− j3

18bBiD0τ2
0

−Acos(ωt)
D0

( j4 + j5)− j6, x < 0,

(23)

where z1–z6 and j1– j6 can be consulted in Appendix A.
After analysis, the MFPT[19] is obtained as follows:

MFPT± =
2π√∣∣U ′′i (X±)U ′′i (X0)

∣∣ exp(ψ (X0)−ψ (X±)) , (24)

where MFPT represents the average time for the SR system to
transform between two states under the action of noise. In the
bistable system, the transition rates W± (t) are inversely related
to the MFPT

W± (t) =
1

MFPT±
. (25)

Using the adiabatic approximation theory, we expand
transition rates W± (t) up to the first order of Acos(ωt){

W+ (t) = µ1−λ1Acos(ωt)+o(t) ,
W− (t) = µ2 +λ2Acos(ωt)+o(t) ,

(26)
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where

µ1 = W+ (t) |Acos(ωt)=0

=
a√
2π

exp{c1− c2 + c3 + c4} , (27)

λ1 = − dW+ (t)
d [Acos(ωt)]

∣∣∣
Acos(ωt)=0

=
a(3q−5)2 (c5 + c6)

4
√

2πD(q−2)2 exp{c1− c2 + c3 + c4} , (28)

µ2 = W− (t) |Acos(ωt)=0

=
a
√

Ai√
2π

exp{e1− e2 + e3 + e4} , (29)

λ2 = − dW− (t)
d [Acos(ωt)]

∣∣∣
Acos(ωt)=0

=
a
√

Ai (3q−5)2 (e5 + e6)

4
√

2πD(q−2)2 exp{e1− e2 + e3 + e4} , (30)

where c1–c6 and e1–e6 are listed in Appendix A.
Therefore, the output SNR of the asymmetric SR with

non-Gaussian colored noise and time-delayed feedback can be
deduced as follows:

SNR =
πA2 (µ1λ2 +µ2λ1)

2

4µ1µ2 (µ1 +µ2)
. (31)

2.3. Effect of asymmetric SR with time-delayed feedback
subjected to non-Gaussian colored noise

To analyze and compare the effects of non-Gaussian col-
ored noise and time-delay terms on the SNR between the
asymmetric SR system and symmetric SR system, the system
parameters a = b = 1, and A = 0.5 are selected.

Figures 2–4 show the SNR diagrams of DASR, WASR,
and DWASR, respectively, where each panel (a) shows a
two-dimensional graph, and each panel (b) displays a three-
dimensional graph. In this case, the asymmetry factor α is
a independent variable, and the SNR is a dependent variable.
These three graphs have the similar change trends. When the
other parameters are fixed, the SNR first increases then de-
creases with the rise of D, and a resonance peak appears. This
is the classical feature of SR, indicating that the model can
generate SR. In Figs. 2–4(b), the vertex has a maximal SNR,
where the value of α is less than 1, which indicates that the
performance of the asymmetric SR is superior to that of the
symmetric SR. In addition, as the asymmetry factor α be-
comes larger, the optimal noise intensity corresponding to the
SNR peak also gradually increases, which means that more
noise energy is required to make particle transit between two
wells when the well depth is deepened or widened.
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Figures 5 and 6 describe the effect of non-Gaussian col-
ored noise on the SNR of DASR, WASR, and DWASR.

The relationship between the SNR and the non-Gaussian
noise deviation parameter q is shown in Fig. 5. It is easy to see
that the maximum of the SNR is all taken from q = 1. When q
is 1, the noise has a Gaussian distribution. Therefore, it is con-
sidered that the closer to the Gaussian distribution the noise
is, the more favorable for the occurrence of SR it is. That is,
the Gaussian noise is best. However, the SNR peaks increase
slowly with the value of q rising, which proves that it has a
small effect on the SNR.

We draw the three-dimensional plots for the SNR which
is induced by the correlation time τ in Fig. 6. When τ = 0,
the noise is white noise. It is worth mentioning that there is

an optimal value of τ that is not 1 to optimize SR effects in
Fig. 6. Therefore, colored noise is more conducive to the oc-
currence of SR than white noise. When τ gradually increases
to the optimal value, the SNR peak suddenly rises rapidly and
then decreases as τ continues to increase. Comparing with the
DWASR, the speeds of decline in the DASR and the WASR
are relatively slow. The maximal SNR in Fig. 6(b) is signifi-
cantly less than that in Figs. 6(a) and 6(c), but it is much higher
than that in other figures. The result reveals the truth that the
value of the correlation time τ plays a key role in improving
the SNR and exciting the SR effect.

Like the non-Gaussian colored noise, we explore the rela-
tionship between time-delayed terms and the SNR of DASR,
WASR, and DWASR in Figs. 7 and 8.
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Figure 7 displays the action of feedback strength k on the
SNR in the case that other system parameters are fixed. It can
be discovered clearly that there is a maximum of the SNR at
k = 0, and the increase of feedback strength k causes the SNR
peak to decrease rapidly. In other words, there is a negative
correlation between the feedback strength k and the SR effect.

But beyond that, the feedback strength k represents the degree
of dependence of the current state of the system on the past
state. The larger the value of k, the stronger the dependency
is. These further proves that the enhanced dependency of the
SR system on the past state can result in a significant reduction
of the resonant peak for the SNR.
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Figure 8 shows the SNR–D curves of DASR, WASR, and
DWASR at different delay time σ values. Unlike the previous
three figures, figures 8(a)–8(c) each have two peaks. Hence,
the delay time σ and the SNR are not simple monotonic re-
lationships. There are multiple peaks in the influence of the
delay time on the SNR, but the optimal σ values correspond-
ing to the maximal SNR all approach to 1. It means that when
the time-delayed term is present, the existence of the best σ

value makes SR effects the best.

3. SR phenomenon of asymmetric bistable sys-
tem

3.1. Particle swarm optimization

The inventors of particle swarm optimization algorithm
are James Kennedy and Russell Eberhart.[19] This algorithm is
developed to imitate the foraging behavior of a flock of birds.
The main idea of the algorithm is to use the information shared
by individuals in the swarm to obtain an optimal solution.

Particles are used to simulate birds. Each particle can be
regarded as an individual searching bird in the search space.
The current position of the particle is a candidate solution for
the optimization problem. In the meantime, the flight path

of the search agent is the individual’s search process. There
are only two attributes of particles: speed and position. The
former represents the speed of movement, and the latter repre-
sents the direction of movement. The optimal solution found
by the particle is the locally best. The globally best is the op-
timal value among individual optimal solutions. The updating
of speed and position is the main idea of particle swarm algo-
rithm, which can be expressed as

V i+1
u = wV i

u +R1r1(X i
pu−X i

u)+R2r2(X i
g−X i

u),

X i+1
u = X i

u +V i
u, (32)

where X i
pu
(
X i

g
)

is the individual (global) optimal position, w
is the inertia coefficient, R1 and R2 are the acceleration fac-
tors, and r1 and r2 are the uniform random numbers generator
between 0 and 1.

The algorithm stops when evolution algebra reaches the
number of iterations, then returns the final optimal value and
the optimal position.

3.2. Weak signal detection of asymmetric bistable system

To analyze the performance of three asymmetric bistable
SR systems and prove the superiority of asymmetric systems,
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the CSR is chosen for comparison. The steps of weak signal
detection are given below.

(i) Signal pre-processing: Set the noise intensity and add
noise into the weak signal.

(ii) Frequency scale transformation: Since SR is limited
by a small frequency parameter, a frequency scale transfor-
mation method is required to achieve SR of high frequency
periodic signals.

(iii) Use the particle swarm optimization: Determine the
optimal system parameters to maximize SNR by using the par-
ticle swarm optimization algorithm.

(iv) Post-processing: Obtain the output signal by using
the optimal system parameters and fourth-order Runge–Kutta
method. Acquire its waveform and spectrum by Fourier trans-
form and extract weak fault characteristics from the spectrum.

Figure 9 shows the algorithm flowchart.
Figure 10 shows the original cosine signal with a fre-

quency of 0.01, and the noise intensity D of the non-Gaussian
colored noise is 3. Figures 10(a) and 10(b) are the original sig-
nal without non-Gaussian colored noise, the noise signal with
non-Gaussian colored noise, and their spectra. It can be seen
that the original signal is difficult to observe under the influ-
ence of noise. The input SNR is −38.2194 dB. Figures 10(c)–
10(f) are the output signals and their spectra processed by

CSR, DASR, WASR, and DWASR. The optimal parameters
of CSR are a = 1 and b = 1, and the SNR is −24.0892 dB.

No

Yes

start

signal pre processing

frequency scale transformation

particle swarm optimization

fourth order Runge-Kutta

acquire waveform and spectrum

extract weak fault characteristics

end

The system parameters 

are optimal?

Fig. 9. Flow chart of weak signal detection.
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Fig. 10. (a) Original cosine signal and spectrum, (b) noise-added signal and its spectrum, and (c)–(f) output signal with spectra processed by
CSR, DASR, WASR, and DWASR, respectively, when f = 0.01 and D = 3.
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The spectrum of the noise-added signal after CSR process-
ing is shown in Fig. 10(c). Meanwhile, the output signal and
its spectrum are shown in Figs. 10(d)–10(f). The optimal pa-
rameters of the three asymmetric stochastic resonance systems
are obtained by the particle swarm optimization algorithm,
so that the output SNRs of DASR with (a,b) = (0.38,0.14),
WASR with (a,b) = (0.85,0.24), and DWASR with (a,b) =
(0.8,0.19) are−12.1904 dB,−15.3832 dB,−13.8027 dB, re-
spectively. The result shows that the three asymmetric sys-
tems and the CSR can effectively detect the original signal,
where the DASR is the best, the DWASR is the second, and
the WASR is the worst. However, they are superior to the
CSR, which proves the accuracy of the previous analysis of
the asymmetry ratio parameter.

In order to verify the universality of the asymmetric
system and the capability for detecting weak signals un-
der strong noise background, a signal with a frequency

of 400 Hz and a noise intensity D of 8 is taken as
the input signal. The output signal obtained by process-
ing the input signal through the SR system is shown in
Fig. 11. The parameters are set to be as follows: (a,b) =
(1,1) in the CSR, (a,b,α) = (0.4992,0.0268,0.8077) in the
DASR, (a,b,α) = (0.2368,0.0184,0.8007) in the WASR, and
(a,b,α) = (0.542,0.0267,0.8424) in the DWASR. Subse-
quently, the noise-added signals processed by the CSR, DASR,
WASR, and DWASR are shown in Figs. 11(c)–11(f). Output
SNRs of different types of SR are listed in Table 1. The analy-
sis result is similar to the scenario Fig. 10. Even if the charac-
teristics of the high frequency periodic signal are more difficult
to observe due to the increase of the noise intensity, they are
still detected after the processing of the SR system. As the
results show, the asymmetric SR system can effectively detect
the high frequency signal with strong noise, and is better than
the symmetric SR system.
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Fig. 11. (a) Original cosine signal and spectrum, (b) noise-added signal and its spectrum, and (c)–(f) output signal with spectra processed by
CSR, DASR, WASR, and DWASR, respectively, when f = 400 and D = 8.

Table 1. Performance of different methods in processing kinds of noise-added signals.

Noise-added signal Input SNR/dB
Output SNR/dB

CSR DASR WASR DWASR

f = 0.01 and D = 3 −38.2194 −24.0892 −12.1904 −15.3832 −13.8027

f = 400 and D = 8 −45.4287 −26.4984 −11.703 −19.6365 −14.5029
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4. Conclusions
In nature, the time lag is widespread, and the noise is col-

ored. Therefore, it is of great significance to study the asym-
metric SR under the influence of the time-delayed feedback
and the non-Gaussian colored noise. The output SNR of the
model is calculated and the effects of the time-delayed feed-
back and the non-Gaussian colored noise on the asymmetric
SR are analyzed. The results show that the asymmetric SR is
superior to that of the symmetric SR. Under the action of the
non-Gaussian colored noise, the best performance of SR is de-
rived from the Gaussian-distributed noise while different val-
ues of the non-Gaussian noise deviation parameter have little
effect on performance. At the same time, in comparison with
the white noise, the colored noise is meaningful and plays a
crucial role in motivating the SR phenomenon. On the con-
trary, the time-delayed term reduces the resonant peak for the
SNR rapidly and weakens the SR effect. When the time lag
exists, there is an optimal delay time σ approaching to 1 to
maximize the performance of the SR. From the spectrum anal-
yses of three asymmetric systems, we can find that the best SR
is the DASR, the second best SR is the DWASR, and the worst
SR is the WASR. At the same time, the asymmetric system
performance is better than the symmetric systems. It is worth
mentioning that under the background of the strong noise, the
three asymmetric SR systems can effectively detect the weak
signals, including high-frequency signals.

Appendix A
In the general potential function ψ (x), some lengthy co-

efficients are listed as follows:

z1 = 2b2
τ0x6 +(1−4aτ0 + k (1−4τ0))bx4,

z2 = 3aτ0 (aτ0− kσ +2kτ0−1)

+k2 (
σ

2−3στ0 +3τ
2
0
)

x2,

z3 = k2
σ

2 (1− kσ +2kτ0 +2aτ0)

× ln
(
3bτ0x2−aτ0− kσ − kτ0 +1

)
,

z4 = x
(
1+bτ0x2 + kσ − τ0 (a+ k)

)
,

z5 =



k2σ2atan
(√

3bτ0x√
Cb

)
√

3bτ0Cb
, Cb > 0,

k2σ2 ln
(

3bτ0x−
√
−3bτ0Cb

3bτ0x+
√
−3bτ0Cb

)
2
√
−3bτ0Cb

, Cb < 0,

Cb = 1− kσ − kτ0−aτ0,

z6 = ln

∣∣∣∣∣∣∣∣
√

D0

(
1+

kσ

τ0 (a−3bx2 + k)−1

)
τ0 (a−3bx2 + k)−1

∣∣∣∣∣∣∣∣ ,

j1 = 2b2B2
i τ0x6 +(1−4aAiτ0 + k (1−4τ0))bBix4,

j2 = 3aAiτ0 (aAiτ0− kσ +2kτ0−1)

+k2 (
σ

2−3στ0 +3τ
2
0
)

x2,

j3 = k2
σ

2 (1− kσ +2kτ0 +2aAiτ0)

× ln
(
3bBiτ0x2−aAiτ0− kσ − kτ0 +1

)
,

j4 = x
(
1+bBiτ0x2 + kσ − τ0 (aAi + k)

)
,

j5 =



k2σ2atan

(√
3bBiτ0x√

Cd

)
√

3bBiτ0Cd
, Cd > 0,

k2σ2 ln
(

3bBiτ0x−
√
−3bBiτ0Cd

3bBiτ0x+
√
−3bBiτ0Cd

)
2
√
−3bBiτ0Cd

, Cd < 0,

Cd = 1− kσ − kτ0−aAiτ0,

j6 = ln

∣∣∣∣∣∣∣∣
√

D0

(
1+

kσ

τ0 (aAi−3bBix2 + k)−1

)
τ0 (aAi−3bBix2 + k)−1

∣∣∣∣∣∣∣∣ .

The coefficients c1–c6 and e1–e6 derived from the transi-

tion rates W± (t) are expressed as follows:

c1 =
a3τ (3q−5)
4Db(q−2)

+
a2 (3q−5)2 (1+ kσ)

16Db(q−2)2

+
8a2τ (3q−5)(2−q)(a+ k)

16Db(q−2)2 ,

c2 =
a(3q−5)

48Db(q−2)3 Ce,

Ce = −3τ
2 (2a+ k)2 (q−2)2

+6τ (3q−5)(q−2)(k+a(kσ +1))

−k2 (3q(σ − τ)−5σ +6τ)2 ,

c3 = k2
σ

2 (3q−5)4 (1− kσ)Cf

+4τk2
σ

2 (3q−5)4 (a+ k)(q−2)Cf,

Cf =

ln
(

(3q−5)(1− kσ)+2τ (2−q)(a+ k)
2τ (2a− k)(q−2)+(1− kσ)(3q−5)

)
288Dbτ2 (q−2)4 ,

c4 =

ln


∣∣∣∣∣∣∣∣
Cg

(
kσ

Ch
+1
)

Ch

(
kσ

Cg
−1
)
∣∣∣∣∣∣∣∣
4

4(3q−5)2 ,

Cg =
τ (2q−4)(2a− k)

3q−5
+1,

Ch =
τ (a+ k)(2q−4)

3q−5
−1,

c5 =

√
a
b

(
(3q−5)2 (1+ kσ)

4D(q−2)2 − kτ (3q−5)
2D(q−2)

)
,
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c6 =



k2σ2atan

(√
Ck√
Cj

)
√

CkCj
, Cj > 0,

k2σ2 ln

Ck

√
a
b
−
√
−CkCj

Ck

√
a
b
+
√
−CkCj


2
√
−CkCj

, Cj < 0,

Cj = 1− τ (a+ k)(2q−4)
3q−5

− kσ ,

Ck =
3bτ (2q−4)

3q−5
,

e1 =
a2A2

i (3q−5)2 (1+ kσ)

16DbBi (q−2)2

+
a2A2

i τ (3q−5)(aAi−2τ (aAi + k))
4DbBi (q−2)

,

e2 =
aAi (3q−5)

48DbBi (q−2)3 Cm,

Cm = −3τ
2 (2aAi + k)2 (q−2)2

+6τ (3q−5)(q−2)(k+aAi (kσ +1))

−k2 (3q(σ − τ)−5σ +6τ)2 ,

e3 = k2
σ

2 (3q−5)4 (1− kσ)Cn

+4τk2
σ

2 (3q−5)4 (aAi + k)(q−2)Cn,

Cn =

ln
(

(3q−5)(1− kσ)+2τ (2−q)(aAi + k)
2τ (2aAi− k)(q−2)+(1− kσ)(3q−5)

)
288DbBiτ2 (q−2)4 ,

e4 =

ln


∣∣∣∣∣∣∣∣
Co

(
kσ

Cp
+1
)

Cp

(
kσ

Co
−1
)
∣∣∣∣∣∣∣∣
4

4(3q−5)2 ,

Co =
τ (2q−4)(2aAi− k)

3q−5
+1,

Cp =
τ (aAi + k)(2q−4)

3q−5
−1,

e5 =

√
aAi

bBi

(
(3q−5)(1+ kσ)+2kτ (2−q)

3q−5

)
,

e6 =



k2σ2atan

( √
Cr√
Cq

)
√

CrCq
, Cq > 0,

k2σ2 ln

Cr

√
aAi

bBi
−
√
−CrCq

Cr

√
aAi

bBi
+
√
−CrCq


2
√
−CrCq

, Cq < 0,

Cq = 1− τ (aAi + k)(2q−4)
3q−5

− kσ ,

Cr =
3bBiτ (2q−4)

3q−5
.
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