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Two integrable generalizations of WKI and FL equations:
Positive and negative flows, and conservation laws”
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With the aid of Lenard recursion equations, an integrable hierarchy of nonlinear evolution equations associated with
a 2 x 2 matrix spectral problem is proposed, in which the first nontrivial member in the positive flows can be reduced to
a new generalization of the Wadati—Konno—Ichikawa (WKI) equation. Further, a new generalization of the Fokas—Lenells
(FL) equation is derived from the negative flows. Resorting to these two Lax pairs and Riccati-type equations, the infinite
conservation laws of these two corresponding equations are obtained.
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1. Introduction

Integrable nonlinear evolution equations have attracted
wide attention in mathematics and theoretical physics be-
cause they successfully describe and explain nonlinear phe-
nomena in natural science. A key feature of integrable non-
linear evolution equations is the fact that they can be ex-
pressed as the compatibility condition of two linear spectral
problems,!! i.e., a Lax pair, which plays a crucial role in the
inverse scattering transformation,>~*! Darboux and Bicklund

58] solutions, %101

transformation, | algebraic-geometrical
Riemann—Hilbert problem,!'’'?! rogue waves,!!*!4l Hamil-
tonian structure,[!>19 etc. Among many integrable systems,
the WKI model, proposed by Wadati, Konno, and Ichikawa,
could describe the nonlinear oscillation of elastic beams un-
der tension.!'”l Under the sense of Lax integrability, it is
discovered that the AKNS and WKI models are connected
through a generalized gauge transformation.!!'8! Some related
studies on the WKI system have been carried out, such as in-
tegrable extensions!!”2!! and explicit solutions via different

approaches. 22281

In this article, we propose an integrable hierarchy of non-
linear evolution equations, where the first nontrivial member
in the positive flows is a generalization of the WKI equation
and that in the negative flows is a generalized Fokas—Lenells
(FL) equation. Then we derive the infinite conservation laws
of these two equations respectively. In Section 2, we first in-
troduce a 2 x 2 matrix spectral problem, from which we derive
a novel hierarchy of integrable nonlinear evolution equations

with the aid of the zero-curvature equation. The first nontrivial
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member in the hierarchy is
(i), (i)
U, = = | ——— — ],
R I+uv) I+uv/,
1 (073% (074
= —_—— —_— —|— —_— s 1
K 2(v1+uv>xx (x/lﬂw)x M

where u and v are two potentials, and ¢ is a constant. By
choosing o = —2i, v = u*, ty =, then equation (1) is re-
duced to a new integrable generalization of the WKI equation,

iu, = (u ) + <2M ) )
AWV \VITER )

Based on the Lax pair and the Riccati-type equation, we obtain
the infinite conservation laws of Eq. (1). In Section 3, different
from the positive flow in Section 2, we propose a hierarchy of
negative flow equations associated with the 2 x 2 matrix spec-
tral problem. The first nontrivial member can be reduced to an
evolution equation with cubic nonlinearity

e = — (Jul*uy)  — 24 |u*uy — iue + 2u, 3)

which is a new generalization of the FL equation.!??3% Ac-
cordingly, we can derive the infinite many conservation laws
for the generalization of the FL equation.

2. A hierarchy of generalized WKI equations

In this section, we first introduce a 2 x 2 matrix spec-
tral problem

w=vv. u= (3 1), @

where u and v are two potentials, and A is a constant spectral
parameter. In order to derive a hierarchy of nonlinear evolu-
tion equations associated with spectral problem (4), we solve
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the stationary zero curvature equation

‘/x_ [U7V] :07 (5)
([ A(14+A)a (1+A)(c+Aua)
'V—(z@+xm) A1+ A)a )7 ©
where
a= Zajﬁ,ij, b= ijlij, C:Zleij, (7
>0 >0 >0

and coefficients a;, bj, c¢; are functions to be determined.
Equation (5) is equivalent to
ex+A(ua)y —2Ac+2Aua =0,
by+A(va)y+2Ab—2Ava=0,
a;—ub+ve=0,
which can be rewrite into the following Lenard recursion equa-
tion:

KGj=JGj, j=0, JGo=0, ®)

with G = (a;,bj,c;)T, j >0, and the two operators K, J de-
fined as

0 04 —2u—0du 0 2
K=[0290d 0|, J=| 2v—0dv =20]. (9
d —uv d —uv
From JGy = 0, it is easy to calculate that
(24 1 1
ag NiET 0 = Vo — 50Vvdo, o uag -+ 5 7udo,

(10)
where ¢ is an arbitrary constant. Using the recursion rela-
tion (8), we can derive a sequence G';, j > 1, with a series
of integration constants o,/ > 0. For example, set j = 0 in
Eq. (8), we can obtain

w=-% it (i) i ()
T T w I+uv 1+uv I+uv/,

v u (04]
+ + )
1+uv(\/1+uv)x] v14+uv

1 1 1 1
by :val—i (Val)x_ibo,m ] = ual—i—i (ua1>x+§C0,x- (11)

Let y satisfy the spectral problem (4) and the following
auxiliary problem:

Vi = v, (12)

with each entry Vis.m) = V;;(a™, pm cm)y,

v, = V™y,

a<m> = Z ajlm_j, b(m) = Z bjlm_j, c(m) = Z cj/'Lm_j.
j=0 j=0 Jj=0
(13)

Then the compatibility condition of Egs. (4) and (12) yields
the zero-curvature equation

U, — v 4 [U, V<'">} —0, (14)

which is equivalent to a hierarchy of nonlinear evolution equa-
tions

(g, Vi) T = X, m >0, (15)

where the vector fields X,, = P(KG,,) = P(JGy41), P is
the projective map P : (Y, 7%, ¥)T — (y',7%)T. The first
nontrivial member in the hierarchy for m = 0 is just the non-
linear equation (1) that can be reduced to a generalization of
the WKI equation (2).[17]

3. Infinite many conversation laws

In what follows, we shall derive the infinite sequences
of conversation laws for the generalization of the WKI equa-
tion (2). Define p = (In y ). From the spectral problem (4), it
is easy to see that p satisfies the following Riccati-type equa-
tion:

upy +up? —up + Ay —u*v) — A%u(l+uwv) =0.  (16)

Let A = {~!. By inserting the ansatz
p=Y pit” (a7
=

into Eq. (16) and comparing the coefficients of { with the
same power, we obtain py, P2, and the recursion formulas for
pj,Jj =3 as follows:

p1 =14ud™y,

pr=ud 'v—u(d )2 -20"1),

upjc—uxPitu Y, pupa=0, j>3. (18
Lmne 1

On the other hand, denote 6 = (Iny ),, and from the auxiliary
spectral problem (12), we have

m)  m)
0 = 2a"™ 4 amp -2 1P

u u

19)

For m = 0, expanding 0 into the following series of { ({ =
A7h):

0= i 6;¢, (20)
j=1

we can gain the expressions of 6; immediately from Eqgs. (18)-
(20)

Vituw  [2\V1+w/, V1+uy ’
C .
0;=""pjtaopj-1, j=2. @1

Since (Inyy);,x = (Inyy),,,, we obtain
p[o = GX7 (22)

in which the coefficients p; and 6; in the expansions of p and
0 are called conservation densities and currents, respectively.
Specially, when j = 1, the first conservation law is as follows:

(), = {5 ()

Opu —1
Gy
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4. Negative flows

In this section, we shall derive the nonlinear evolution
equations of the negative flows associated with the matrix
spectral problem (4). In the field of integrable systems, the
nonlinear evolution equations of negative flows have impor-
tant significance in physics and mathematics, such as the
Camassa—Holm equation, the Degasperis—Procesi equation,
and the Vakhnenko equation. In order to obtain the negative
flows, we consider the spectral problem

v.=Uy, U= <,& (H_ﬁ)”"> ) (24)
in which we transform the potentials # and v in the matrix
spectral problem (4) into the potentials u, and vy. To solve the
stationary zero curvature equation Vi — [U, V] =0, we set

B (14+2A)a A7 '14+2)[(1+2A)ua—c] 25)
b+ (14+2A)va —(1+A)a ’
where
a= Zajlij, b= ijlij, c= chlij- (26)
<0 j<0 <0

Through direct calculations, we can obtain the Lenard recur-
sion equation

K\S;=J1S;.1, j<—-1, K8 =0, 27)

where S; = (aj,bj,cj)T,j <0, and the two operators K, J;
are defined as

—du, 0 0 du, 0 2
—dvy =@ 0 |, Ji=|dv, 2 0
0 —uy —Vv 0 —uy —vy

From recursion relation (27), we obtain a sequence S;, in

K= . (28)

which the first three members are as follows:

ao=Po, bo=—Povy, co= Poux, (29)
a_1 =2Bouv+ Py,

by = Bo[—vs+2(v—uvvy)] = Bivy,

c—1 = Bo [ux + 2(u+ uvuy )] + Bruy, (30)

a_,=2p [uv+28_1vx8_1 (1 + uvuy)
—20" w0 (v — uvvx)] +2B1uv + B,
by =—via_s—vea_1—20 'b_,
coo=ua—o+ua_+29 ey, 3D
where 007! = 9719 = 1, and By, B, B, are arbitrary con-
stants.

Let y satisfy the spectral problem (24) and the auxiliary
problem

v =™, L ()

v, =Vy, f

with each entry Vl.§7"> = V,‘j(a(’”),b(’”),c(*”)),
0 ) 0 )
a(—n) _ Z ajl—n—j, b(—n) _ Z bj)L_n_j,

j=n j=n

R S el (33)

j=—n
Then the compatibility condition of Egs. (24) and (32) yields
a hierarchy of negative flow nonlinear evolution equations

(g v ) =PJ1S_,=PK|S_,1, n>0. (34)

When n = 1, from hierarchy (34), we obtain a new interesting
nonlinear evolution equation

Uy, = 2P0 [(uxtev)x + 2uviy + iy + 2u] + Bi (e + 2uy),
Var_, = 20 [(veuv)x — 2uvvy — vy +2v] + Bi (Ve — 2vy).  (35)

Letx — —ix, o = —i/2,B1 =0,v =u*,t_; =1, equation (35)
can reduce to the novel integrable generalization of the FL
equation (3).

Next, we shall give the infinite sequences of conversa-
tion laws for equation (35). Similar to the above calculation
method, defining p = (Iny), and 6 = (Iny; ), |, we find that
p and O satisfy the following two expressions:

pxux—uxprrpzuer?L(fu)%vx+uxx)—7tz(u§vx+ux) =0, (36)

0= (ao - ;O> pA2+ <a—1 +ap— Cul> pA~!

+a_1p+f7°w+c;1. (37)
Let A = {~!. By inserting the ansatz
p= Y pd 6=Y 00 69

j=-1 j=-1
into the above two expressions and comparing the coefficients
of ¢ with the same power, we obtain two sequences of con-

served quantities as follows:

Uxx (”xvx)x _M;zgvx""uxx
1=y 14+ uyvy, =—- - )
p-1 o PO T (T woy) 2w/ i,

j=0, (39)

UxPjx — UxxPj + Uy Z PmpPn =0,

m-+n=j
—1<mn<j+1

with
0_1 = (2Bouv+ B1) /1 + uyvy,

2 2

90 :ﬁo <_upl +2uvp0+l+zuv+ 1) +ﬁlp0+ﬁla
Uy Uy
2u

01 = Bo (_up0+2uvp1 + 1) +Bip1,

2
0, = Bo (—uupj1+2uvpj> +pipj, j=2. (40)

5. Conclusion

In this paper, we propose a hierarchy of nonlinear evolu-
tion equations associated with a 2 x 2 matrix spectral problem,
the integrability of which is guaranteed by the zero-curvature
equation. The first nontrivial member in the positive flows
can be reduced to a new generalization of the WKI equation,
and a new generalization of the FL equation is derived from

050201-3



Chin. Phys. B Vol. 29, No. 5 (2020) 050201

the negative flows. These two new nonlinear evolution equa-
tions closely related to the WKI and FL models have the po-
tential applications in physics. On the one hand, these nonlin-
ear evolution equations can enrich the existing integrable mod-
els and possibly describe new nonlinear phenomena. On the
other hand, researchers paid more attention to the integrable
nonlinear evolution equations of the positive flows than to the
negative flows. Recently, however, there has been an inter-
est in studying the integrable nonlinear evolution equations
of negative flows, such as the Camassa—Holm equation, the
Degasperis—Procesi equation, the Vakhnenko equation, etc.
Moreover, the infinite conservation laws of these two new non-
linear evolution equations are obtained by using the Riccati-
type equations. It remains an open question whether these two
new equations have solitons, breathers, rogue waves, rogue
periodic waves, and other properties, which will be left to a
future discussion.
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