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Monogamy relation is one of the essential properties of quantum entanglement, which characterizes the distribution
of entanglement in a multipartite system. By virtual of the unified-(q,s) entropy, we obtain some novel monogamy and
polygamy inequalities in general class of entanglement measures. For the multiqubit system, a class of tighter monogamy
relations are established in term of the α-th power of unified-(q,s) entanglement for α ≥ 1. We also obtain a class of
tighter polygamy relations in the β -th (0 ≤ β ≤ 1) power of unified-(q,s) entanglement of assistance. Applying these
results to specific quantum correlations, e.g., entanglement of formation, Renyi-q entanglement of assistance, and Tsallis-
q entanglement of assistance, we obtain the corresponding monogamy and polygamy relations. Typical examples are
presented for illustration. Furthermore, the complementary monogamy and polygamy relations are investigated for the
α-th (0 ≤ α ≤ 1) and β -th (β ≥ 1) powers of unified entropy, respectively, and the corresponding monogamy and polygamy
inequalities are obtained.
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1. Introduction
Quantum entanglement[1–8] plays an important role in

quantum information processing, which is considered as one
of the most significant resources of quantum communication.
It has been proved to be completely safe for any interior or
exterior eavesdropper. In the past decades, the bipartite entan-
glement system has been investigated extensively, and abun-
dant precious results are obtained. The usual monogamy
inequality[9,10] may write as ℰ(ρA|BC) ≥ ℰ(ρAB) + ℰ(ρAC),
where ρAB = trC(ρABC) and ρAC = trB(ρABC). The ℰ here
stands for one kind of entanglement measure, which is essen-
tially different from the classical correlation. The monogamy
relation indicates that the entanglement between subsystems
constraints each other. In Ref. [11], the authors found that the
monogamy relation may play an important role in quantum
key distribution security.

To understand more about the relations among quan-
tum entanglements of multipartite systems is crucial for
their application in quantum processing. The application of
monogamy relation performed in quantum information the-
ory may be helpful in this aim. The monogamy inequality,
which is also called CKW inequality,[9] was first proposed by
Coffman–Kundu–Wootters based on the concurrence of the
qubit system.[12] Later on, many other forms of monogamy
relations were established, including those for multiqubit and

high-dimensional systems.[13–22] Recently, in Refs. [23,24],
the authors gave an alternative definition of the monogamy re-
lation with no inequality employed.

Qualitatively, for a composite quantum system, the
monogamy inequality implies a trade-off relation of entangle-
ment among subsystems, i.e., the more two subsystems are
entangled the less this pair will interfere with the rest of others
within the system. Different from the CKW inequality fulfilled
by the concurrence, the assisted entanglement Ea

[25] satisfies
polygamy inequality Ea(ρA|BC) ≤ Ea(ρAB) +Ea(ρAC) for tri-
partite state ρABC, which is the dual property of the monogamy
relation in the multipartite system. For a three-qubit system,
reference [25] described a class of polygamy of bipartite en-
tanglement in term of tangle of assistance, which was later
generalized to the multipartite system based on different kinds
of assisted entanglements.[26–28] Generally, the entanglement
of assistance does not satisfy the usual monogamy relations.
In Refs. [16,20], the authors found special classes of quantum
states satisfying the monogamy relation for both concurrence
of assistance and negativity of assistance. It was found that
for the multiqubit system, the monogamy relations for the x-th
power of entanglement of formation and concurrence are satis-
fied for x≥

√
2 and x≥ 2, respectively.[20,21] Recently, various

monogamy and polygamy inequalities are obtained under the
non-negative power in the multipartite system.[17,18,20,22]
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In this paper, using the unified entropy,[29,30] we give new
monogamy and polygamy inequalities, which are tighter than
the existing ones in some classes of quantum states. Apply-
ing these results to the quantum correlations such as entangle-
ment of formation, Renyi-q entanglement of assistance, and
Tsallis-q entanglement of assistance, we then obtain the cor-
responding monogamy and polygamy relations. By using the
two-qubit entanglement of individual subsystems, a class of
tighter monogamy relations are established for multiqubit en-
tanglement, in term of the α-th power of unified-(q,s) entan-
glement for α ≥ 1. We present also a class of tighter polygamy
relations for the multiqubit entanglement, in term of the β -th
(0≤ β ≤ 1) power of unified-(q,s) entanglement of assistance.
The yet unknown complementary monogamy and polygamy
relations are investigated for the α-th (0 ≤ α ≤ 1) and β -th
(β ≥ 1) powers of unified entropy, respectively. Several illus-
trating examples are given.

2. Monogamy of multiqubit relations for unified
entropy
For any quantum state ρ ∈ℋ, its unified-(q,s) entropy is

defined as[29,30]

Sq,s(ρ) =
1

(1−q)s
((Trρq)s −1) , (1)

with q,s ≥ 0, q ̸= 1, and s ̸= 0.
For a bipartite pure state |ψ⟩AB ∈ ℋAB with its reduced

density matrix ρA = TrB|ψ⟩AB⟨ψ| onto subsystem A and each
q,s ≥ 0, its unified-(q,s) entanglement (UE) is defined as[27]

Eq,s(|ψ⟩AB) = Sq,s(ρA). (2)

For a bipartite mixed state ρAB ∈ ℋAB, we define its UE via
convex-roof extension

Eq,s(ρAB) = min
{pi,|ψi⟩AB}

∑
i

piEq,s(|ψi⟩AB) , (3)

where the minimum is taken over all possible pure state de-
compositions of ρAB = ∑i pi|ψi⟩AB⟨ψi| and ∑i pi = 1. Since
the UE in Eq. (3) is continuous with respect to the parameters
q and s, UE reduces to Renyi-q entanglement (RE)[31,32] as s
tends to 0, and converges to Tsallis-q entanglement (TE)[28,33]

when s tends to 1. With any nonnegative s, UE converges to
the entanglement of formation (EoF) as q tends to 1,

lim
q→1

Eq,s(ρAB) = Ef(ρAB). (4)

Therefore, UE is one of the most general classes of bipar-
tite entanglement measures, with RE, TE, and EoF as special
classes of UE.[27]

As a dual quantity to UE, unified-(q,s) entanglement of
assistance (UEoA) is defined as[34]

Ea
q,s(ρAB) = max

{pi,|ψi⟩AB}
∑

i
piEq,s(|ψi⟩AB) (5)

for each q,s ≥ 0, where the maximum is taken over all pos-
sible pure state decompositions of ρAB = ∑i pi|ψ⟩AB⟨ψ| and
∑i pi = 1.

Similarly, as UEoA in Eq. (5) is continuous for the param-
eters q and s, it assures that UEoA reduces to Renyi-q entan-
glement of assistance (REoA)[32] and Tsallis-q entanglement
of assistance (TEoA)[28] when s tends to 0 or 1, respectively.
For any nonnegative s, as q tends to 1, UEoA reduces to the
entanglement of assistance (EoA),[34]

lim
q→1

Ea
q,s(ρAB) = Ea(ρAB). (6)

By using UE in Eq. (3) to quantify the bipartite quantum
entanglement, the monogamy inequality is established in mul-
tiqubit systems; for any N-qubit state ρA1A2···AN and its two-
qubit reduced density matrices ρA1Ai with i = 2, ...,N, we have

Eq,s(ρA1|A2···AN )≥
N

∑
i=2

Eq,s(ρA1Ai) (7)

for q ≥ 2, 0 ≤ s ≤ 1, and qs ≤ 3.[27]

It is also shown that UEoA can be used to characterize the
polygamy of multiqubit entanglement as[34]

Ea
q,s(ρA1|A2···AN )≤

N

∑
i=2

Ea
q,s(ρA1Ai) (8)

for 1 ≤ q ≤ 2 and −q2 +4q−3 ≤ s ≤ 1. It is further improved
that, when q ≥ 2, 0 ≤ s ≤ 1, and qs ≤ 3,[18]

Eα
q,s(ρA|B1···BN−1)≥

N−1

∑
j=1

α
wH( j)Eα

q,s(ρAB j) (9)

for any multiqubit state ρA1A2···AN and α ≥ 1, where wH( j)
is the Hamming weight. For any non-negative integer j and
its binary expansion j = ∑

n−1
i=0 ji2i, with log2 j ≤ n and ji ∈

{0, 1}, i = 0,1, . . . ,n− 1, we can always define a unique bi-
nary vector j associated with j, j = ( j0, j1, . . . , jn−1). For the
binary vector j defined above, the Hamming weight wH( j) is
defined by the number of 1’s in { j0, j1, . . . , jn−1}. Thus, one
has wH( j)≤ log2 j ≤ j.

3. Tighter monogamy relations of multiqubit for
unified entropy
Monogamy of entanglement is an intriguing feature of

quantum entanglement, which characterizes the distributions
of quantum entanglement among multipartite quantum sys-
tems, and becomes one of the hot issues in the study of
quantum information theory in recent years. And the opti-
mized monogamy relations give rise to finer characterizations
of the entanglement distributions, which are tightly related
to the security of quantum cryptographic protocols based on
entanglement[11] (it limits the amount of correlations that an
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eavesdropper can have with the honest parties). Therefore,
obtaining tighter monogamy relations of entanglement is nec-
essary to understand the whole picture of quantum entangle-
ment. Here, in term of the α-th power of UE, we provide a
class of tighter monogamy relations for the multiqubit entan-
glement. First, we give two lemmas.

Lemma 1[22,35] For any real numbers x and t, 0 ≤ t ≤ 1,
x ∈ [1,∞), we have (1+ t)x ≥ 1+(2x −1)tx.

Proof Let f (x,y) = (1+y)x −yx with x ≥ 1, y ≥ 1. Then
∂ f/∂y = x[(1 + y)x−1 − yx−1] ≥ 0. Therefore, f (x,y) is an
increasing function of y, i.e., f (x,y) ≥ f (x,1) = 2x − 1. Set
y = 1/t, 0 < t ≤ 1, we obtain (1+ t)x ≥ 1+(2x −1)tx. When
t = 0, the inequality is trivial.

Lemma 2 For any 2⊗2⊗2 mixed state ρ ∈HA ⊗HB ⊗
HC, if Eq,s(ρAB)≥ Eq,s(ρAC), we have

Eα
q,s(ρA|BC)≥ Eα

q,s(ρAB)+(2α −1)Eα
q,s(ρAC) (10)

for α ≥ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Proof It has been shown that Eq,s(ρA|BC) ≥ Eq,s(ρAB)+

Eq,s(ρAC) for arbitrary 2⊗2⊗2 tripartite state ρABC.[27] Then,
if Eq,s(ρAB)≥ Eq,s(ρAC), we have

Eα
q,s(ρA|BC)

≥ (Eq,s(ρAB)+Eq,s(ρAC))
α

= Eα
q,s(ρAB)

(
1+

Eq,s(ρAC)

Eq,s(ρAB)

)α

≥ Eα
q,s(ρAB)

[
1+(2α −1)

(
Eq,s(ρAC)

Eq,s(ρAB)

)α]
= Eα

q,s(ρAB)+(2α −1)Eα
q,s(ρAC),

where the second inequality is due to Lemma 1.
In Lemma 2, without loss of generality, we have assumed

that Eq,s(ρAB) ≥ Eq,s(ρAC), since the subsystems A and B are
equivalent. Moreover, in the proof of Lemma 2, we have
assumed Eq,s(ρAB) > 0. If Eq,s(ρAB) = 0 and Eq,s(ρAB) ≥
Eq,s(ρAC), then Eq,s(ρAB) = Eq,s(ρAC) = 0. The lower bound
is trivially zero. For multipartite qubit systems, we have the
following theorem.

Theorem 1 For any multiqubit state ρAB1···BN−1 , if
Eq,s(ρABi) ≥ ∑

N−1
j=i+1 Eq,s(ρAB j) for every i = 1, . . . ,N − 2, we

have

Eα
q,s(ρA|B1B2···BN−1)

≥ Eα
q,s(ρAB1)+ · · ·+(2α −1)N−3Eα

q,s(ρABN−2)

+(2α −1)N−2Eα
q,s(ρABN−1) (11)

for α ≥ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Proof From the inequality in Lemma 1, we have

Eα
q,s(ρA|B1B2···BN−1)

≥ Eα
q,s(ρAB1)+(2α −1)

(
N−1

∑
j=2

Eq,s(ρAB j)

)α

≥ Eα
q,s(ρAB1)+(2α −1)Eα

q,s(ρAB2)

+(2α −1)2

(
N−1

∑
j=3

Eq,s(ρAB j)

)α

≥ ·· ·
≥ Eα

q,s(ρAB1)+(2α −1)Eα
q,s(ρAB2)+ · · ·

+(2α −1)N−2Eα
q,s(ρABN−1). (12)

Theorem 1 gives a new class of monogamy relations for multi-
qubit states, which includes inequality (7) as a special case. In-
equality (11) reduces to inequality (7) when α = 1. Recently,
another class of multiqubit monogamy inequalities in terms
of the α-th power of UE was provided.[18] For α ≥ 1, q ≥ 2,
0 ≤ s ≤ 1, qs ≤ 3 and any multiqubit state ρAB1···BN−1 , it was
found

Eα
q,s(ρA|B1···BN−1)≥

N−1

∑
j=1

α
j−1Eα

q,s(ρAB j) , (13)

with the constraint Eq,s(ρABi) ≥ ∑
N−1
j=i+1 Eq,s(ρAB j) for each

i = 1, . . . ,N − 2. As for 2α − 1 ≥ α with α ≥ 1, obviously,
our formula (11) in Theorem 1 gives a tighter monogamy rela-
tion with larger lower bounds than Eq. (13) given in Ref. [18].

. . . . .

α

.

.

.

.

.

y

Fig. 1. The y represents the lower bounds of UE of |ψ⟩ABC , which are
functions of α . The red solid line shows the values of UE of |ψ⟩ABC
in Example 1, the dashed line illustrates the lower bound in our calcu-
lation, the green dot-dashed line represents the lower bound given in
Ref. [18].

Example 1 Let us consider the three-qubit state |ψ⟩ABC

in the generalized Schmidt decomposition form

|ψ⟩ABC = λ0|000⟩+λ1 e iϕ |100⟩+λ2|101⟩
+λ3|110⟩+λ4|111⟩ , (14)

where λi ≥ 0, i = 0,1,2,3,4, and
4
∑

i=0
λ 2

i = 1. From the defini-

tion of UE in Eq. (3), when q = 2 and s tends to 1, we have

T2(|ψ⟩A|BC) = 1−Trρ2
A,

T2(ρAB) = min
{pi,|ψi⟩AB}

∑
i

piT2(|ψi⟩AB),

where the minimum is taken over all possible pure state de-
compositions of ρAB = ∑i pi|ψ⟩AB⟨ψ| with ∑i pi = 1 and ρA =

TrBC|ψ⟩ABC⟨ψ|, ρAB = TrC|ψ⟩ABC⟨ψ|. Then we get

T2(|ψ⟩A|BC) = 2λ
2
0 (λ

2
2 +λ

2
3 +λ

2
4 ),
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T2(ρAB) = 2λ
2
0 λ

2
2 , T2(ρAC) = 2λ

2
0 λ

2
3 .

Taking λ0 = λ1 = λ2 = λ3 = λ4 =
√

5/5, one can get

T2(|ψ⟩A|BC)
α =

(
6

25

)α

,

T2(ρAB)
α +αT2(ρAC)

α = (1+α)

(
2

25

)α

,

T2(ρAB)
α +(2α −1)T2(ρAC)

α = 2α

(
2

25

)α

.

Obviously, the new result is better than Eq. (13) for α ≥ 1, as
shown in Fig. 1.

Generally, conditions for inequalities (11) and (13) are
not always satisfied. In following, we give a universal
monogamy inequality.

Theorem 2 For any multiqubit state ρAB1···BN−1 , if
Eq,s(ρABi) ≥ ∑

N−1
k=i+1 Eq,s(ρABk) for i = 1,2, . . . ,m, and

Eq,s(ρAB j) ≤ ∑
N−1
k= j+1 Eq,s(ρAB j) for j = m + 1, . . . ,N − 2, ∀

1 ≤ m ≤ N −3, N ≥ 4, we have

Eα
q,s(ρA|B1B2···BN−1)

≥
m

∑
i=1

(2α −1)i−1Eα
q,s(ρABi)+(2α −1)m+1(Eα

q,s(ρABm+1)

+ · · ·+Eα
q,s(ρABN−2))+(2α −1)mEα

q,s(ρABN−1) (15)

for α ≥ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Proof From the inequality in Lemma 1, we have

Eα
q,s(ρA|B1B2···BN−1)

≥ Eα
q,s(ρAB1)+(2α −1)

(
N−1

∑
i=2

Eq,s(ρABi)

)α

≥ Eα
q,s(ρAB1)+(2α −1)Eα

q,s(ρAB2)

+(2α −1)2

(
N−1

∑
i=3

Eq,s(ρABi)

)α

≥ ·· ·
≥ Eα

q,s(ρAB1)+ · · ·+(2α −1)m−1Eα
q,s(ρABm)

+(2α −1)m

(
N−1

∑
i=m+1

Eq,s(ρABi)

)α

. (16)

Similarly, as Eq,s(ρAB j) ≤ ∑
N−1
k= j+1 Eq,s(ρAB j) for j = m +

1, . . . ,N −2, we get

Eα
q,s(ρA|Bm+1···BN−1)

≥ (2α −1)Eα
q,s(ρABm+1)+

(
N−1

∑
i=m+2

Eq,s(ρABi)

)α

≥ (2α −1)(Eα
q,s(ρABm+1)+ · · ·+Eα

q,s(ρABN−2))

+Eα
q,s(ρABN−1). (17)

Combining inequalities (16) and (17), we then have Theo-
rem 2.

In a special case, inequality (15) reduces to Eq. (7) of
Ref. [27] for α = 1. For α > 1, (2α − 1)m > αm, and all

1 ≤ m ≤ N − 3, formula (15) in Theorem 2 leads to a tighter
monogamy relation with larger lower bounds than Eqs. (9) and
(37) in Ref. [18]. Theorem 2 gives another monogamy relation
based on the entanglement measure UE. Comparing inequal-
ity (11) in Theorem 1 with inequality (15) in Theorem 2, one
may notice that inequality (11) is better than inequality (15).
However, we note that for those classes of states that do not
satisfy the conditions in Theorem 1, Theorem 2 is better.

Example 2 Consider the 4-qubit generlized W state

|W ⟩AB1B2B3 =
1
2
(|1000⟩+ |0100⟩+ |0010⟩+ |0001⟩). (18)

Suppose s tends to 1 and q = 2, we then have
T2(|W ⟩A|B1B2B3) = 3/8, T2(ρABi) = 1/8, i = 1,2,3, where
T2(ρAB) has the same definition in Example 1. It is easy to
see that T2(ρABi) does not satisfy the condition (11) of Theo-
rem 1 and inequality (13) from Ref. [18]. From inequality (15)
of Theorem 2, we have T2

α(|W ⟩A|B1B2B3)≥ (2α −1)(1/8)α , as
shown in Fig. 2.

    

.

.

.

.

α

y

Fig. 2. The y represents the lower bound of UE of |W ⟩AB1B2B3 , which
is a function of α . The red solid line denotes the UE of |W ⟩AB1B2B3 in
Example 2, and the blue dashed line represents the lower bound from
inequality (15) of Theorem 2.

In Ref. [20], the authors presented Eα

A|B1B2···BN−1
≥Eα

AB1
+

α√
2
Eα

AB2
+ · · ·+

(
α√

2

)N−2
Eα

ABN−1
for α ≥

√
2 with the con-

ditions CABi ≥ CA|Bi+1···BN−1 , i = 1,2, . . . ,N − 2 for N-qubit
states; in Ref. [21], the authors obtained Eα

A|B1B2···BN−1
≥

Eα

A|B1
+ Eα

A|B2
+ · · · + Eα

ABN−1
for α ≥

√
2. Because EoF

coincides with concurrence for any 2 ⊗ d-dimensional pure
state, we get Eα

A|B1B2···BN−1
≥ Eα

AB1
+ (2

α√
2 − 1)Eα

AB2
+ · · ·+(

2
α√

2 −1
)N−2

Eα
ABN−1

for α ≥
√

2 with the same conditions as

q tends to 1 in Theorem 1. As 2
α√

2 − 1 ≥ α/
√

2 ≥ 1 for α ≥√
2, obviously, our result is better than that in Refs. [20,21].

4. Tighter polygamy relations of multiqubit en-
tanglement
Different from the property of inequality (11) of Theorem

1, we now provide a class of polygamy relations in multiqubit
systems in terms of UEoA, which are tighter than the existing
ones. For preparation, we first give two lemmas.

Lemma 3 For any real numbers x and t, 0 ≤ t ≤ 1,
0 ≤ x ≤ 1, we have (1+ t)x ≤ 1+(2x −1)tx.
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Proof Let f (x,y) = (1+ y)x − yx with 0 ≤ x ≤ 1, y ≥ 1.
Then ∂ f/∂y = x[(1+ y)x−1 − yx−1] ≤ 0. Therefore, f (x,y) is
a decreasing function of y, i.e., f (x,y)≤ f (x,1) = 2x −1. Set
y = 1/t, 0 < t ≤ 1, we obtain (1+ t)x ≤ 1+(2x −1)tx. When
t = 0, the inequality is trivial.

Lemma 4 For any 2⊗2⊗2 mixed state ρ ∈HA ⊗HB ⊗
HC, if Ea

q,s(ρAB)≥ Ea
q,s(ρAC), we have

(Ea
q,s(ρA|BC))

β ≤ (Ea
q,s(ρAB))

β +(2β −1)(Ea
q,s(ρAC))

β (19)

for 0 ≤ β ≤ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Proof It has been shown that Ea

q,s(ρA|BC) ≤ Ea
q,s(ρAB)+

Ea
q,s(ρAC) for arbitrary 2⊗2⊗2 tripartite state ρABC.[34] Then,

if Ea
q,s(ρAB)≥ Ea

q,s(ρAC), we have

(Ea
q,s(ρA|BC))

β

≤ (Ea
q,s(ρAB)+Ea

q,s(ρAC))
β

= (Ea
q,s(ρAB))

β

(
1+

Ea
q,s(ρAC)

Ea
q,s(ρAB)

)β

≤ (Ea
q,s(ρAB))

β

1+(2β −1)

(
Ea

q,s(ρAC)

Ea
q,s(ρAB)

)β


= (Ea
q,s(ρAB))

β +(2β −1)(Ea
q,s(ρAC))

β ,

where the second inequality is due to Lemma 3. Here with-
out loss of generality, we have assumed that Ea

q,s(ρAB) ≥
Ea

q,s(ρAC). Moreover, if Ea
q,s(ρAB) = 0, we have Ea

q,s(ρAB) =

Ea
q,s(ρAC) = 0.

With preceding lemmas, we can then get the following
Theorem for multiqubit systems.

Theorem 3 For any multiqubit state ρAB1···BN−1 condi-
tioned with Ea

q,s(ρABi)≥∑
N−1
j=i+1 Ea

q,s(ρAB j) for i= 1, . . . ,N−2,
we have

(Ea
q,s(ρA|B1···BN−1))

β ≤
N−1

∑
j=1

(2β −1) j−1(Ea
q,s(ρAB j))

β (20)

for 0 ≤ β ≤ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Proof From the inequality in Lemma 3,

(Ea
q,s(ρA|B1···BN−1))

β

≤ (Ea
q,s(ρAB1))

β +(2β −1)

(
N−1

∑
j=2

Ea
q,s(ρAB j)

)β

≤ (Ea
q,s(ρAB1))

β +(2β −1)(Ea
q,s(ρAB2))

β

+(2β −1)2

(
N−1

∑
j=3

Ea
q,s(ρAB j)

)β

≤ ·· ·
≤ (Ea

q,s(ρAB1))
β +(2β −1)(Ea

q,s(ρAB2))
β + · · ·

+(2β −1)N−2(Ea
q,s(ρABN−1))

β .

Recently, another class of multiqubit polygamy inequali-
ties in terms of the β -th power of concurrence was found.[18]

That is, for 0 ≤ β ≤ 1, −q2 +4q−3 ≤ s ≤ 1, 1 ≤ q ≤ 2, and
any multiqubit state ρAB1···BN−1 ,

(Ea
q,s(ρA|B1···BN−1))

β ≤
N−1

∑
j=1

β
j−1(Ea

q,s(ρAB j))
β (21)

with constraint Ea
q,s(ρABi) ≥ ∑

N−1
j=i+1 Ea

q,s(ρAB j) for each i =
1, . . . ,N−2. Since 2β −1 ≤ β with 0 ≤ β ≤ 1, formula (20) in
Theorem 3 obviously yields a tighter polygamy relation with
stringent upper bounds than inequality (21) of Ref. [18].

Example 3 Let us consider again the three-qubit state
|ψ⟩ABC of Eq. (14). From the definition of UEoA in Eq. (5),
when q = 2 and s tends to 1, we have

T2(|ψ⟩A|BC) = 1−Trρ2
A,

T2(ρAB) = max
{pi,|ψi⟩AB}

∑
i

piT2(|ψi⟩AB),

where the maximum is taken over all possible pure state de-
compositions of ρAB = ∑i pi|ψ⟩AB⟨ψ|, ∑i pi = 1 and ρA =

TrBC|ψ⟩ABC⟨ψ|, ρAB = TrC|ψ⟩ABC⟨ψ|. Then we have

T a
2 (|ψ⟩A|BC) = 2λ

2
0 (λ

2
2 +λ

2
3 +λ

2
4 ),

T a
2 (ρAB) = 2λ

2
0 (λ

2
2 +λ

2
4 ),

T a
2 (ρAC) = 2λ

2
0 (λ

2
3 +λ

2
4 ).

Let λ0 = λ1 = λ2 = λ3 = λ4 =
√

5/5, one readily gets

T a
2 (|ψ⟩A|BC)

β =

(
6
25

)β

,

T a
2 (ρAB)

β +βT a
2 (ρAC)

β = (1+β )

(
4

25

)β

,

T a
2 (ρAB)

β +(2β −1)T a
2 (ρAC)

β = 2β

(
4

25

)β

.

It is obvious that the result in this work is better than inequal-
ity (21) of Ref. [18] when 0 ≤ β ≤ 1, see Fig. 3.

 . . . . .

.

.

.

.

.

y

β

Fig. 3. The y denotes the upper bound of the UEoA of |ψ⟩ABC , which
is a function of β . The red solid line represents the UEoA of |ψ⟩ABC
in Ref. (14), blue dashed line represents the upper bound of our result,
green dot-dashed line represents the upper bound given in Ref. [18].

Note that the conditions of (20) in Theorem 3 and (21)
in Ref. [18] are not generally satisfied. To get a widespread
result, we have the following observation.

Theorem 4 For any multiqubit state ρAB1···BN−1 ,
if Ea

q,s(ρABi) ≥ ∑
N−1
k=i+1 Ea

q,s(ρABk) for i = 1, . . . ,m, and

020305-5
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Ea
q,s(ρAB j) ≤ ∑

N−1
k= j+1 Ea

q,s(ρABk) for j = m + 1, . . . ,N − 2, ∀
1 ≤ m ≤ N −3, N ≥ 4, we have

(Ea
q,s(ρA|B1···BN−1))

β

≤
m

∑
i=1

(2β −1)i−1(Ea
q,s(ρABm))

β

+(2β −1)m+1((Ea
q,s(ρABm+1))

β + · · ·
+(Ea

q,s(ρABN−2))
β )

+(2β −1)m(Ea
q,s(ρABN−1))

β (22)

for 0 ≤ β ≤ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Proof From inequality (8) and Lemma 3, we have

(Ea
q,s(ρA|B1···BN−1))

β

≤ (Ea
q,s(ρAB1))

β +(2β −1)

(
N−1

∑
j=2

Ea
q,s(ρAB j)

)β

≤ (Ea
q,s(ρAB1))

β +(2β −1)(Ea
q,s(ρAB2))

β

+(2β −1)2

(
N−1

∑
j=3

Ea
q,s(ρAB j)

)β

≤ ·· ·
≤ (Ea

q,s(ρAB1))
β + · · ·+(2β −1)m−1(Ea

q,s(ρABm))
β

+(2β −1)m

(
N−1

∑
i=m+1

Ea
q,s(ρABi)

)β

. (23)

Similarly, as Ea
q,s(ρAB j) ≤ ∑

N−1
k= j+1 Ea

q,s(ρABk) for j = m +

1, . . . ,N −2, we can get(
N−1

∑
i=m+1

Ea
q,s(ρABi)

)β

≤ (2β −1)(Ea
q,s(ρABm+1))

β +

(
N−1

∑
i=m+2

Ea
q,s(ρABi)

)β

≤ (2β −1)((Ea
q,s(ρABm+1))

β + · · ·+(Ea
q,s(ρABN−2))

β )

+(Ea
q,s(ρABN−1))

β . (24)

Combining inequalities (23) and (24), we then obtain Theo-
rem 4.

Theorem 4 gives another monogamy relation based on the
entanglement measure UEoA. Comparing inequality (20) of
Theorem 3 with inequality (22) of Theorem 4, inequality (20)
is obviously tighter than inequality (22). Note that for those
classes of states not satisfying the conditions of inequality (20)
in Theorem 3 and inequality (21) in Ref. [18], the inequal-
ity (22) still holds.

Example 4 Consider the 4-qubit generlized W state

|W ⟩AB1B2B3 =
1
2
(|1000⟩+ |0100⟩+ |0010⟩+ |0001⟩). (25)

When s tends to 1 and q = 2, we have T a
2 (|W ⟩A|B1B2B3) = 3/8,

T a
2 (ρABi) = 1/8 for i = 1,2,3, where T a

2 (ρAB) has the same

definition in Example 3. It is easy to see that T a
2 (ρABi) does not

satisfy the conditions (20) in Theorem 3 and inequality (21) in
Ref. [18]. However, from inequality (22) of Theorem 4, we
have T a

2
β (|W ⟩A|B1B2B3)≤ (2β+1 −1)( 1

8 )
β , as shown in Fig. 4.

β

 . . . . .

.

.

.

.

.

.

.

y

Fig. 4. The y denotes the upper bound of UEoA of |W ⟩AB1B2B3 .
Solid (red) line is exactly the UEoA of |W ⟩AB1B2B3 , dashed (blue) line
represents the upper bound of T a

2 (|W ⟩A|B1B2B3 ) in inequality (22) for
0 ≤ β ≤ 1.

5. Complementary monogamy and polygamy
properties of multiqubit systems
In this section, we investigate monogamy and polygamy

relations of multiqubit states. General monogamy and
polygamy inequalities are given in the α-th (0 ≤ α ≤ 1) power
and the β -th (β ≥ 1) power of unified entropy, respectively,
which are complementary to the preceding two sections for
different regions of parameter chosen in α and β .[35,36]

Lemma 5 For any real numbers x and t, t ≥ 1, 0 ≤ x ≤ 1,
we have (1+ t)x ≥ 1+(2x −1)tx.

Proof Let f (x,y) = (1+y)x −yx with 0 ≤ x ≤ 1, 0 < y ≤
1. Then ∂ f/∂y = x[(1+ y)x−1 − yx−1]≤ 0. Therefore, f (x,y)
is a decreasing function of y, i.e., f (x,y) ≥ f (x,1) = 2x − 1.
Set y = 1/t, t ≥ 1, we obtain (1+ t)x ≥ 1+(2x −1)tx. When
t = 0, the inequality is trivial.

Lemma 6 For any 2⊗2⊗2 mixed state ρ ∈HA ⊗HB ⊗
HC, if Eq,s(ρAB)≤ Eq,s(ρAC), we have

Eα
q,s(ρA|BC)≥ Eα

q,s(ρAB)+(2α −1)Eα
q,s(ρAC) (26)

for 0 ≤ α ≤ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Taking the similar method in proving Theorem 2, we get

the following theorem.
Theorem 5 For any multiqubit state ρAB1···BN−1 ,

if Eq,s(ρABi) ≤ ∑
N−1
k=i+1 Eq,s(ρABk) for i = 1,2, . . . ,m, and

Eq,s(ρAB j) ≥ ∑
N−1
k= j+1 Eq,s(ρAB j) for j = m + 1, . . . ,N − 2, ∀

1 ≤ m ≤ N −3, N ≥ 4, we have

Eα
q,s(ρA|B1B2···BN−1)

≥
m

∑
i=1

(2α −1)i−1Eα
q,s(ρABi)+(2α −1)m+1(Eα

q,s(ρABm+1)

+ · · ·+Eα
q,s(ρABN−2))+(2α −1)mEα

q,s(ρABN−1) (27)

for 0 ≤ α ≤ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Theorem 5 provides a new monogamy relation based

on UE. For α = 1, (27) reduces to (7) as a special case.

020305-6



Chin. Phys. B Vol. 29, No. 2 (2020) 020305

For 0 < α < 1, inequality (27) in Theorem 5 gives a new
class of monogamy inequality, which is complementary to in-
equality (15) of Theorem 2 in different region of parameter
α . Theorem 5 assumes that Eq,s(ρABi) ≤ ∑

N−1
k=i+1 Eq,s(ρABk)

and Eq,s(ρAB j) ≥ ∑
N−1
k= j+1 Eq,s(ρAB j) are partially satisfied for

the 2⊗ 2⊗ ·· · ⊗ 2 mixed state ρ ∈ HA ⊗HB1 ⊗ ·· · ⊗HBN−1 .
If Eq,s(ρABi) ≤ ∑

N−1
k=i+1 Eq,s(ρABk) holds generally for i =

1,2, . . . ,N −2, then we have the following theorem.
Theorem 6 If Eq,s(ρABi) ≤ ∑

N−1
k=i+1 Eq,s(ρABk) for all i =

1,2, . . . ,N −2, then we have

Eα
q,s(ρA|B1B2···BN−1)

≥ Eα
q,s(ρAB1)+ · · ·+(2α −1)N−3Eα

q,s(ρABN−2)

+(2α −1)N−2Eα
q,s(ρABN−1), (28)

for 0 ≤ α ≤ 1, q ≥ 2, and 0 ≤ s ≤ 1, qs ≤ 3.
Example 5 Consider Eq. (14) again. From the definition

of UE, when q = 2 and s tends to 1, we have

T2(|ψ⟩A|BC) = 2λ
2
0 (λ

2
2 +λ

2
3 +λ

2
4 ),

T2(ρAB) = 2λ
2
0 λ

2
2 , T2(ρAC) = 2λ

2
0 λ

2
3 .

Set λ0 = λ1 = λ2 = λ3 = λ4 =
√

5/5, one gets

T2
α(|ψ⟩A|BC) =

(
6

25

)α

,

T2
α(ρAB)+(2α −1)T2

α(ρAC) = 2α

(
2

25

)α

,

as shown in Fig. 5.

α

y

 . . . . .

.

.

.

.

.

Fig. 5. The y denotes the lower bound of UE of |ψ⟩ABC , which is a func-
tion of α . The red solid line represents the UE of |ψ⟩ABC in inequal-
ity (14), blue dashed line represents the lower bound of inequality (28).

By improving an inequality and using the β -th (β ≥ 1)
power of UEoA, we obtain a new class of weighted polygamy
inequalities of multipartite entanglement in the multiqubit
quantum system.

Lemma 7 For any real numbers x and t, t ≥ 1, x ≥ 1, we
have (1+ t)x ≤ 1+(2x −1)tx.

Proof Let f (x,y) = (1+ y)x − yx with x ≥ 1, 0 < y ≤ 1,
∂ f/∂y = x[(1 + y)x−1 − yx−1] ≥ 0. Therefore, f (x,y) is an
increasing function of y, i.e., f (x,y) ≤ f (x,1) = 2x − 1. Set
y = 1/t, t ≥ 1. We obtain (1+ t)x ≤ 1+(2x − 1)tx. Notice
when t = 1, the inequality is true.

Lemma 8 For any 2⊗2⊗2 mixed state ρ ∈HA ⊗HB ⊗
HC, if Ea

q,s(ρAB)≤ Ea
q,s(ρAC), we have

(Ea
q,s(ρA|BC))

β ≤ (Ea
q,s(ρAB))

β +(2β −1)(Ea
q,s(ρAC))

β

for β ≥ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Using the similar method in Theorem 3, we have the fol-

lowing conclusion.
Theorem 7 For any multiqubit state ρAB1···BN−1 ,

if Ea
q,s(ρABi) ≤ ∑

N−1
k=i+1 Ea

q,s(ρABk) for i = 1,2, . . . ,m, and
Ea

q,s(ρAB j) ≥ ∑
N−1
k= j+1 Ea

q,s(ρAB j) for j = m + 1, . . . ,N − 2, ∀
1 ≤ m ≤ N −3, N ≥ 4, we have

(Ea
q,s(ρA|B1B2···BN−1))

β

≤
m

∑
i=1

(2β −1)i−1(Ea
q,s(ρABi))

β

+(2β −1)m+1
(
(Ea

q,s(ρABm+1))
β + · · ·+(Ea

q,s(ρABN−2))
β

)
+(2β −1)m(Ea

q,s(ρABN−1))
β (29)

for β ≥ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Theorem 7 gives a new polygamy relation based on UE

and inequality (29) may reduce to inequality (8) for β = 1.
For β > 1, inequality (29) in Theorem 7 presents a novel
class of polygamy inequality, which is complementary to in-
equality (20) in Theorem 3 in different region of parameter
β . Theorem 7 assumes that Ea

q,s(ρABi) ≤ ∑
N−1
k=i+1 Ea

q,s(ρABk)

and Ea
q,s(ρAB j) ≥ ∑

N−1
k= j+1 Ea

q,s(ρAB j) partially hold for the 2⊗
2 ⊗ ·· · ⊗ 2 mixed state ρ ∈ HA ⊗HB1 ⊗ ·· · ⊗HBN−1 . In
order Ea

q,s(ρABi) ≤ ∑
N−1
k=i+1 Ea

q,s(ρABk) to be general for i =
1,2, . . . ,N −2, we have the following theorem.

Theorem 8 If Ea
q,s(ρABi) ≤ ∑

N−1
k=i+1 Ea

q,s(ρABk) for all i =
1,2, . . . ,N −2, then we have

(Ea
q,s(ρA|B1···BN−1))

β ≤
N−1

∑
j=1

(2β −1) j−1(Ea
q,s(ρAB j))

β (30)

for β ≥ 1, −q2 +4q−3 ≤ s ≤ 1, and 1 ≤ q ≤ 2.
Example 6 Consider again the three-qubit state

|ψ⟩ABC (14). From the definition of UEoA, when q = 2 and
s tends to 1, we have

T a
2 (|ψ⟩A|BC) = 2λ

2
0 (λ

2
2 +λ

2
3 +λ

2
4 ),

T a
2 (ρAB) = 2λ

2
0 (λ

2
2 +λ

2
4 ),

T a
2 (ρAC) = 2λ

2
0 (λ

2
3 +λ

2
4 ).

Set λ0 = λ1 = λ2 = λ3 = λ4 =
√

5/5, one gets

T a
2

β (|ψ⟩A|BC) =

(
6
25

)β

,

T a
2

β (ρAB)
+(2β −1)T a

2
β (ρAC) = 2β

(
4

25

)β

,

as shown in Fig. 6.
Monogamy and polygamy of entanglement can restrict

the possible correlations between the authorized users and the
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eavesdroppers, thus tightening the security bounds in quantum
cryptography. The optimized monogamy and polygamy rela-
tions give rise to finer characterizations of the entanglement
distributions. The complementary monogamy and polygamy
relations may help to investigate the efficiency of entangle-
ment used in quantum cryptography and characterizations of
the entanglement distributions. These results may highlight
future works on the study of quantum key distribution based
on multipartite quantum entanglement distributions.

β

y

. . . . .

.

.

.

.

.

.

.

Fig. 6. The y denotes the upper bound of UEoA of |ψ⟩ABC , which is
a function of β . The red solid line represents the UEoA of |ψ⟩ABC in
inequality (14), blue dashed line represents the upper bound of inequal-
ity (30).

6. Conclusion
Entanglement monogamy and polygamy are two funda-

mental properties of multipartite entangled states. We pro-
vide in this work a characterization of multiqubit entanglement
constraints in terms of UE. Employing the two-qubit entangle-
ment of individual subsystems, a class of tighter monogamy
inequalities are established for multiqubit entanglement based
on the α-th (α ≥ 1) power of UE. We also provide a class of
tighter polygamy inequalities of multiqubit entanglement in
terms of the β -th (0 ≤ β ≤ 1) power of UEoA. Applying these
results to specific quantum correlations, such as entanglement
of formation, Renyi-q entanglement of assistance, and Tsallis-
q entanglement of assistance, we obtain the corresponding
tighter monogamy or polygamy relation for some classes of
quantum states. Moreover, we investigate the α-th (0≤α ≤ 1)
and β -th (β ≥ 1) power of monogamy and polygamy relations
based on the UE and UEoA. These monogamy and polygamy
relations are complementary to the existing ones in different

regions of parameters α and β . Last, it is worth mentioning
that the approach used in this work is applicable to the study of
monogamy and polygamy natures in other entanglement mea-
sures, such as entanglement of formation, Renyi-q entangle-
ment of assistance, and Tsallis-q entanglement of assistance,
or other high-dimensional quantum systems.
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