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We investigate the quantum dynamical behaviors of bosons in a diamond chain with weak magnetic flux (WMF),
including Landau–Zener tunnelling, Bloch oscillations, localization phenomenon, and collapses-revivals phenomena. We
observed that collapses-revivals phenomena can occur in diamond chain with WMF and cannot exist in the strong magnetic
flux case as the previous study (Chang N N and Xue J K, 2018, Chin. Phys. B 27 105203). Induced by WMF, the energy
band for the system varies from gapless to gapped structure. The position of the extrema of probability amplitude for ground
state can also be altered by WMF within a single diamond plaquette. As a consequence, the transitions between different
dynamical behaviors of bosons in diamond chain can be manipulated by WMF, depending on its initial configurations.

Keywords: collapses-revivals phenomena, Bloch oscillations, Landau–Zener tunneling, localization phe-
nomenon, flat band

PACS: 03.75.Lm, 05.30.Jp, 03.75.Mn, 67.85.Hj DOI: 10.1088/1674-1056/ab6087

1. Introduction

The experimental realization of cold atoms success-
fully accelerates certain typical quantum phenomena occur-
ring in various optical lattices,[1–4] including Landau–Zener
tunnelling, Bloch oscillations, localization phenomenon, and
collapses-revivals phenomena, which are strongly associated
with the energy structure of the system. Degenerate en-
ergy levels can be split and the gap between different energy
bands can be opened by a perturbation embeded in a diamond
chain,[5–9] such as synthetic gauge field, which provides a new
potential for ultracold atom to simulate intriguing quantum
phenomena in traditional condensed matter physics.[10–13] Op-
tical lattice is a key platform to investigate the quantum behav-
iors by twisted bilayer graphene model,[14] Haldane model,[15]

Kane–Mele model,[16] and Hofstadter butterfly model.[17–19]

As is known, particles exhibit Bloch oscillations in an
optical lattice (periodic potential field). However, with the
gapped energy levels, the Landau–Zener effect illustrates the
tunnelling of particles among distinct bands for the system,
which is based on the energy bias of three levels in dia-
mond chain.[20–25] Flat band is a special case of the en-
ergy band structure for the system, which can be character-
ized by the compact localized states (CLSs),[6,26–29] i.e., the
eigenstates for the system, whose dynamical behavior ex-
hibits nonzero amplitudes on certain lattice sites with a fi-

nite number.[5,6,27,28] This occurs due to destructive interfer-
ence of geometric phases and has been observed recently in
double-well potential,[30] Lieb photonic lattices,[31,32] kagome
lattice,[29,33] diamond chain,[6,26,34] and sawtooth lattices.[35]

We consider a diamond chain subjected to a WMF, in
which the transitions among various quantum phenomena are
investigated by the characteristics of the ground states of the
system. Induced by the WMF, the gap between different en-
ergy bands of the system varies from zero (gapless) to nonzero
(gapped). Note that there exists a flat band. Furthermore, the
position of the extrema of complex amplitude for the ground
state can be affected by WMF. With various initial configu-
rations of bosons, the tunnelling dynamics exhibits collapses-
revivals phenomena, Landau–Zener tunnelling, Bloch oscil-
lations, and localization phenomenon in diamond chain with
WMF. Consequently, the transitions among various quantum
phenomena both depend on WMF and the initial configura-
tions of bosons in the diamond chain.

The paper is structured as follows. Section 2 introduces
the tight-binding model in diamond chain and describes the
computational method. The energy band structure and the
characteristics of the ground state for the system are given in
Section 3. Section 4 demonstrates the dynamiccal behaviors
of bosons with various initial configurations. Finally, we give
our conclusions in Section 5.
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2. Tight-binding model
The Hamiltonian of bosons in a diamond chain (as shown

in Fig. 1) is

Ĥ =
N

∑
n=1

εn(â†
nân + b̂†

nb̂n + ĉ†
nĉn)+

ε

2
b̂†

nb̂n

− [(b̂†
nân + ĉ†

nb̂n)e iφ − b̂†
n−1ĉn− â†

nb̂n−1 + c.c.], (1)

where â†
n, b̂†

n, ĉ†
n are the creation operators while ân, b̂n, and ĉn

are the annihilation operators, respectively. The particle num-
ber operator on a unit cell, M̂n = â†

nân + b̂†
nb̂n + ĉ†

nĉn satisfies

the normalization condition
N
∑

n=1
(|an|2 + |bn|2 + |cn|2) = 1.

The evolutional equations of an, bn, and cn are,

i
dan

dt
= εnan− e−iφ bn−bn−1,

i
dbn

dt
= ε(n+

1
2
)bn− e iφ an− e−iφ cn− cn+1−an+1,

i
dcn

dt
= εncn− e iφ bn−bn−1, (2)

obtained from the Heisenberg equations of motion, i dân/dt =
[ân,H], i db̂n/dt = [b̂n,H], and i dĉn/dt = [ĉn,H], where we
have taken h̄ = 1.

an

bn

cn

Fig. 1. The sketch of the diamond chain considered in Eq. (1) includes a,
b, and c chains, which are characterized by the blue, red, and green dotted
circles, respectively. There holds the horizontal tilting ε and the artificial
magnetic field B with the magnetic flux φ in a single plaquette (gray arrow),
which is perpendicular to diamond chain plane. Note that gray rectangle
defines the n-th unit cell.

3. Properties of the system
When ε = 0, the eigenmodes of Eq. (1) are obtained using

Fourier transform,

an =
1

2π

∫
π

−π

ak e ikndk,

bn =
1

2π

∫
π

−π

bk e ikndk,

cn =
1

2π

∫
π

−π

ck e ikndk,

i.e.,

iȧk = Hkak, iḃk = Hkbk, iċk = Hkck, (3)

where

Hk =

 0 −(e−iφ + e−ik) 0
−(e iφ + e ik) 0 −(e−iφ + e ik)

0 −(e iφ + e−ik) 0

 . (4)

3.1. Spectrum

We obtain the energy spectrum λ (k)

λ (k)3 +4(1+ cosφ cosk)λ (k) = 0, (5)

resulting in three bands

λflat ≡ 0, (6)

λ± =±2
√
−1− cosφ cosk, (7)

as shown in Fig. 2. The two dispersive energy bands touch the
flat band at the edge of the Brillouin zone (k =±π), where we
see a conical dispersion. The flat band is denoted by the yellow
plane. Due to spatial inversion symmetry, the two dispersive
energy bands are symmetric about the flat band.

2

1

0

-1

-2

−2π
−π

0

π

2π 0

π

2π

φk

λ
↼k
↽

2.8

1.4

0

−1.4

−2.8

Fig. 2. Energy band λ (k) versus wave number k for diverse magnetic flux
φ . Note that the horizontal tilting ε = 0.

The wave functions for the eigenstates are

{ψga,ψgb,ψgc}

= {[1+ cos(k+φ)]/[1+ cos(k−φ)],0,−1}, (8)

{ψa,ψb,ψc}±
= {1,±

√
2
√

2+ cos(k−φ)+ cos(k+φ),1}, (9)

for the flat and dispersive bands respectively and are shown in
Fig. 3, in Subsection 3.2.

3.2. Evolution

To characterize the evolution of the ground state, we de-
fine the total amplitude in a unit cell as pg = |ψga|2 + |ψgb|2 +
|ψgc|2.

It can be seen in Fig. 3(a) that the maximum pg, for the
positive branch of dispersive energy band, occurs around the
center of Brillouin zone k = 0 while the minimum is around its
boundary k =±π with magnetic flux φ = 0. This can also be
inferred from Eq. (10). However, with the increase of φ , the
positions of the extrema for pgs vary in the Brillouin zone. For
the case of φ = π , the maximum occurs around the boundary
k =±π while the minimum lies around the center k = 0 of the

010306-2



Chin. Phys. B Vol. 29, No. 1 (2020) 010306

Brillouin zone. The results are further amplified by the corre-
sponding evolution of |ag|2, |bg|2, and |cg|2 with nonzero φ in
Fig. 3(a1), 3(b1), and 3(c1), respectively. Note that the results

with φ = 2π are the same as those with φ = 0. The properties
of the negative dispersive band are similar to the positive one,
as shown in Figs. 3(c), 3(c1), 3(c2), and 3(c3), respectively.

2π

π

0
2π

π

0
2π

π

0
2π

π

−π
0

φ

−2π 0 π−π−2π 0 π −π−2π 0 π

pg

|ψga|2

|ψgb|2

|ψgc|2

(a) (b) (c)

(a1) (b1) (c1)

(a2) (b2) (c2)

(a3) (b3) (c3)

k

Fig. 3. The evolution of the ground wave functions in the plane composed of k–φ . Note that panels (a), (b), and (c) are for the total probability
amplitudes pg within each unit cell, which are by the superposition of probability amplitudes |ψga|2, |ψgb|2, and |ψgc|2 at a, b as well as c sites
in diamond chain, respectively.

The scenario for the flat bands is entirely different as seen

in Fig. 3(b), with the corresponding components as shown in

Figs. 3(b1), 3(b2), and 3(b3). The positions of the extrema

of pg change with φ . For φ = π/2, the maximum value ex-

ists around k = π/2 while the minimum value lies around

k =−π/2, as shown in Fig. 3(b), 3(b1), 3(b2), and 3(b3).

4. Dynamical behaviors

In the last section, we considered the spectrum for ε = 0

and varying magnetic flux φ . Now, we consider the dynami-

cal evolution of bosons with different initial configurations as

shown in Fig. 4, motivated by the experimental realizations in

optical lattices. Setting ε = 0.05, the dynamical evolution is

described by the evolution of pn(t) = |an|2 + |bn|2 + |cn|2 for

each unit cell (the gray region in Fig. 1). It should be noted

that the wave packet center is at the 0th site at t = 0.

(a) (b) (c) (d) (e) (f) (g)

an

bn

cn

Fig. 4. Initial configurations of bosons in diamond chain. The circles filled
with pink (yellow) represent the wave packet e−n2/2σ2

(−e−n2/2σ2
) and the

empty circles represent 0. For example, {an,bn,cn} = (1,0,−1)e−n2/2σ2
in

panel (a). Note that σ ≡ 10.

4.1. The case in CLS

Figure 5 illustrates the effect of WMF on the tunneling

dynamics for bosons with the initial distribution as its eigen-

state {an,bn,cn}= 1√
2
{1,0,−1}e−n2/2σ2

(see Fig. 4(a)). Due

to destructive interference and the local symmetries of the net-

work, bosons are localized around certain sites in diamond

chain.[26] The corresponding dynamical behaviors in individ-

ual chains are illustrated by |an(t)|2 (uuper point in Fig. 4(a)),

|bn(t)|2 (middle point in Fig. 4(a)), and |cn(t)|2 (lower point in

Fig. 4(a)) of Ref. [5].

An external perturbation, such as an magnetic field, can

open the energy gap and change the position of the extreme

value for the wave function in the ground state for the sys-

tem. A small φ (φ = 0.01) can result in tiny band gaps and

bosons localized around the 0th site can maintain its compact

localized state for a while (from t = 0–400 in Fig. 5(b)). Due

to destructive interference, bosons begin to oscillate along the

direction of the lattice sites in the three chains (from t = 400–

4000), which is demonstrated by pn(t) in Fig. 5(b), the cor-

responding |an(t)|2 in Appendix A, see Fig. A3(a1), |bn(t)|2

in Fig. A3(a2), and |cn(t)|2 in Fig. A3(a3) of Appendix A, re-

spectively. The existence of bosons in b chain (see Fig. A3(a2)

implies the occurrence of the tunnelling among various chains,

i.e., Landau–Zener tunnelling. As time goes on, we find that,
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the oscillations disappear gradually (from t = 4000–4400). In-

duced by WMF, collapses-revivals phenomena occur in dia-

mond chain, which takes a long time and can be verified by

the total time–space evolution of bosons as well as the single

chain.

100

0

-100

0 600 1200

0 600 1200

Time

Time

S
it
e
s

1.0

1.0

0.5

0.5

0

0

(a)

φ=0.01 φ=0.1

φ=0.2 φ=0.4

φ=0

(b) (c)

(d) (e)

0 600 1200

100

0

-100

S
it
e
s

100

0

-100

S
it
e
s

Pn↼t↽

Pn↼t↽

Fig. 5. The effect of WMF on the tunneling dynamics for bosons initially
configured as Fig. 4(a).

When φ = 0.1, Bloch oscillations with four period har-
vest absolutely from collapses-revivals phenomena, accompa-
nying few localized bosons around the 0-th site in Fig. 5(c)
(the evolutions in single chain are in Figs. A3(b1), A3(b2),
and A3(b3)). Note that Landau–Zener tunnelling still happens

among three chains. Figure 5(d) indicates that Bloch oscilla-
tions become entirely periodic when φ=0.2 and the exchange
number of bosons among three chains is also nonzero, which
is illustrated in Figs. A3(c1), A3(c2), and A3(c3), respectively.
Providing φ = 0.4, bosons are localized around the 0-th site
again while Bloch oscillations vanish as the initial configura-
tion is as shown in Fig. 5(e), which is further demonstrated by
the single evolutions in Figs. A3(d1), A3(d2), and A3(d3), re-
spectively. Note that bosons are still in the corresponding ini-
tial configuration, indicating zero exchange of bosons among
the three chains.

Due to interference phenomenon, collapses-revivals phe-
nomena harvest from localization phenomena partly by the
means of Landau–Zener tunnelling when the initial configu-
ration is in the eigenstate. In the presence of WMF, collapses-
revivals phenomena, Landau–Zener tunneling, Bloch oscilla-
tions, and localization phenomena can always counteract and
are complementary with each other in diamond chains.

4.2. The case not in CLS

Figure 6 illustrates the effect of WMF on the dynamical
behavior of bosons, which are initially distributed as Fig. 4(b)
(bosons only exist in b chain at t = 0). With φ = 0, Bloch oscil-
lations existed in the three chains from the−150th to the 150th
site, whose analytical expression for the oscillation period T0

is as Eq. (11) and figure A1 in Appendix A demonstrates the
dependencies between T0 and k. Note that the analytical T0

almost matches with the numerical results, which can also be
inferred from Fig. A2 in Appendix A.

Time

φ=0.01 φ=0.1 φ=0.2 φ=0.4

S
it
e
s

100

0

-100

100

0

-100

100

0

-100

100

0

-100

0 250 500 0 250 500 0 250 500 0 250 500

1.0

0.5

0

1.0

0.5

0

1.0

0.5

0

1.0

0.5

0

cn↼t↽2

bn↼t↽2

an↼t↽2

Pn↼t↽

(a1)

(a2)

(a3)

(b1)

(b2)

(b3)

(c1)

(c2)

(c3)

(d1)

(a) (b) (c) (d)

(d2)

(d3)

Fig. 6. The same as Fig. 5, but the initial configuration as Fig. 4(b) is not the eigenstate for the system.
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With the increase of WMF, we find that, the mode for

Bloch oscillations varies from only one frequency to multi-

ple frequencies and the tunneling process becomes intricate.

When φ = 0.1, all bosons tunneling bidirectionally along the

left and the right direction, which are named as the negative

and the positive direction. Resulted from the symmetry of the

oscillations in both directions, here we just consider the oscil-

lations in the positive direction. Figure 6(b) shows that bosons

existing in the 75-th site are separated to tripartite parts, some

continue the original path until the 150-th site, some tunnel-

ing in the 75-th unit cell (tunneling happens among a, b, and

c chains) and the rest bosons return to the 0-th site, induced

by the energy gap opened by the WMF. Bosons will gather

at the 75-th sites later, which will experience a similar pro-

cess as before (divided to three parts) and they all arrive the

0-th site eventually. This dynamical process repeats as the

progress in time, as shown in Figs. 6(b1), 6(b2), and (b3),

respectively. With the further intensifying φ (φ = 0.2), the

tunneling dynamics is analogous to that in Fig. 6(a) with the

range of sites for Bloch oscillations shrinking by a half except

for the bosons staying at the 75-th site (see Figs. 6(c), 6(c1),

6(c2), and 6(c3), respectively), whose energy bands are in mi-

crogap. When φ = 0.4, the tunneling dynamics is the same as

that in Fig. 6(a) except for the halved range of site for Bloch

oscillations in Figs. 6(d), 6(d1), 6(d2), and 6(d3), respectively.
When bosons are not distributed as the eigenstate ini-

tially, WMF may open tiny band gaps between the energy lev-

els of the system, resulting in various dynamical behaviors of

bosons in diamond chain, i.e., collapses–revivals phenomena,

Landau–Zener tunneling, Bloch oscillations, and localization

phenomenon.
The similar dynamical phenomena can also be observed

by the time–space evolution of bosons with configurations as

shown in Figs. 4(c), 4(d), and 4(e) and in Figs. A4, A5, and A6.

Note that the dynamical process of bosons with initial config-

urations as Figs. 4(f) and 4(g) are similar to those in Figs. 4(d)

and 4(e), but in the opposite lattice direction.

5. Conclusion

Considering a diamond chain subjected to weak magnetic

flux, the characteristics of the ground states and the energy

band structure have been investigated for the system. We ob-

served that transitions between different quantum phenomena

depend on the weak magnetic flux and the initial configura-

tions of bosons. This work can be extended to two dimensions

with interactions, which will be intriguing and may reveal in-

teresting physics.
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Appendix A: Supporting materials
A1. The expression of tunneling period for oscillations

There holds the analytical expression of tunneling period

for oscillations,

T (0) =
2π

min{∆λ}
=

π√
1+ cosk cosφ

, (A1)

where ∆λ represents the energy gap.

600

400

200

0
0 π 2π

k

φ=0

φ=0.01

φ=0.1

φ=0.2

φ=0.4

T
0

600

400

200

0
3.0 3.1 3.2 3.3

Fig. A1. The oscillation period T0 for k with various φ . Note that the orange
dotted line is k = π .

We find that the oscillation period T0 closes to infinity

at k = π (see the orange dotted line illustrated in Fig. A1),

which implies that bosons will not tunnelling among differ-

ent lattices, i.e., they are localized around the lattices initially

configured (see Fig. 5(a)).

2π

π

0

−π

−π
−2π

−2π 0 π 2π

φ

k

T0

2T102

1T102

0.9T102

0.5T102

0

Fig. A2. The oscillation period T0 in the plane of k–φ , which matches
well with Fig. A1. Note that the orange dotted line is k = π .
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A2. Dynamical behaviors
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Fig. A3. The dynamical evolution of bosons with initially configuration as shown in Fig. 4(a).
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Fig. A4. The same as Fig. 6, but for the initial configuration as shown in Fig. 4(c).
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Fig. A5. The same as Fig. 6, but for the initial configuration as shown in Fig. 4(d).
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Fig. A6. The same as Fig. 6, but for the initial configuration as shown in Fig. 4(e).
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