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TOPICAL REVIEW — Strong field atomic and molecular physics
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The interaction of an atom with an intense laser field provides an important approach to explore the ultrafast electron
dynamics and extract the information of the atomic and molecular structures with unprecedented attosecond temporal and
angstrom spatial resolution. To well understand the strong field atomic processes, numerous theoretical methods have
been developed, including solving the time-dependent Schrodinger equation (TDSE), classical and semiclassical trajectory
method, quantum S-matrix theory within the strong-field approximation, efc. Recently, an alternative and complementary
quantum approach, called Bohmian trajectory theory, has been successfully used in the strong-field atomic physics and an
exciting progress has been achieved in the study of strong-field phenomena. In this paper, we provide an overview of the
Bohmian trajectory method and its perspective on two strong field atomic processes, i.e., atomic and molecular ionization

and high-order harmonic generation, respectively.
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1. Introduction

When interacting with an intense laser field, atoms and
molecules may absorb many more photons than required for
ionization. This very highly nonlinear process is known as
above-threshold ionization (ATI) and has attracted consid-
erable attention since the early work of Agostini and co-
workers.!! If the released electron revisits the parent ion in
the presence of the laser field,>3! various additional highly
nonlinear phenomena, such as high-order ATI (HATI),*!
high-order harmonic generation (HHG),>~7! and nonsequen-
tial double ionization (NSDI),!®!!l are found in experiment.
The study of these nonlinear strong-field phenomena has
For example, the HHG has been
taken as a tabletop coherent extreme ultraviolet source!!?! and
as a source of attosecond pulses,!'*! both the HHG and ATI
have been employed as an important technique to explore

achieved great progress.

the atomic and molecular structures and the subfemtosecond
dynamics,!'"*-11 and the NSDI has created the opportunity for
the study of strong-field electron—electron correlation. 17191
To well understand the underlying physics in these
highly nonlinear strong-field phenomena, numerous theoret-
ical methods have been developed. The most commonly used
methods are the solution of the time-dependent Schrodinger
equation (TDSE),?%2!l classical and semiclassical trajectory
method,?>>3] quantum S-matrix theory within the strong-
field approximation (SFA),[?°311 ¢tc. The numerical solu-
tion of TDSE can accurately reproduce the experimental re-

sults and thus, it has been taken as a benchmark to evaluate

DOI: 10.1088/1674-1056/ab5c0f

the data in experiments and the calculations of other theories
and models.?>3% The classical and semiclassical trajectory
method describes the electron dynamics in terms of the classi-
cal trajectory and thus, can provide clear physical insight into
the strong-field phenomena of interest.3’~#°1 The quantum S-
matrix theory within SFA is derived from the transition ampli-
tude in quantum mechanics with suitable approximation!2%->7!
and can provide a clear description of the quantum effects rel-
evant to the strong-field atomic processes, e.g., the channel-

41-451 However, the solution of TDSE does not

closing effect.!
have the concept of particle trajectory, leading to that it is rela-
tively difficult to extract the needed physical information from
the TDSE simulations, while the theoretical models include
several approximations, e.g., the neglecting of the quantum co-
herence and wave-packet dispersion in the classical and semi-
classical trajectory method and of the ionic Coulomb effect
and the excited states in the quantum S-matrix theory within
SFA, resulting in that in some cases the experimental obser-
vation cannot be well reproduced by these theoretical models,
frustrating a comprehensive understanding of the underlying
physics behind the strong-field atomic phenomena. Therefore,
in the strong-field atomic physics, both the TDSE and theoret-
ical models are usually used together to confirm and explain
the experimental observation. Although considerable success
has been achieved over the past three decades, due to the lim-
itation of these methods, the underlying mechanism of many
strong-field phenomena is still under debate, for example, the
below-threshold harmonic generation,*~*#! the population of
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the Rydberg states, 433! and so on.

To partly overcome the limitation of these theoretical
methods, an alternative approach, called Bohmian mechanics,
has been successfully used in the strong-field atomic physics
recently. Bohmian mechanics,?*3! first proposed by Louis
de Broglie and then further developed by David Bohm, is
a complementary quantum approach, which describes quan-
Different
from the traditional theoretical methods, Bohmian mechanics

tum phenomena in terms of point-like particle.

cannot only offer a trajectory-based explanation of the quan-
tum phenomena, but also accurately reproduce the experimen-
tal measurement. Since first developed in 1952, Bohmian
mechanics has been successfully used in a broad range of
fields (see, e.g., the related booksP®>° and a recent re-
view in Ref. [60]), including ultracold atom physics, !} nona-

diabatic molecular dynamics,[%?! nanoelectronic physics, ]

[64

beyond spinless nonrelativistic scenarios,®*! and the quan-

y.165-67] Recently, Bohmian mechanics has been

tum cosmolog
adopted in the strong-field atomic physics to study the highly
nonlinear phenomena and explore the ultrafast ionization
dynamics.[%%! For example, it provides a clear physical picture
for the complex tunneling ionization dynamics in the classi-
cally forbidden region and strongly supports the use of the
classical trajectory to describe the motion of an ionized elec-
tron in the classical or semiclassical trajectory methods. More-
over, by using a single Bohmian trajectory, the HHG spectrum
can be qualitatively well reproduced, facilitating to a great ex-
tent the understanding of the harmonic generation.

Below is the outline of this review paper. In Section 2,
we briefly introduce Bohmian trajectory formalism. In Sec-
tion 3, we discuss the Bohmian trajectory perspective on the
ionization of atoms and molecules. In Section 4, we discuss
the Bohmian trajectory perspective on HHG. Conclusions and
perspectives are given in Section 5.

2. Quantum trajectory formalism in Bohmian
mechanics

Bohmian mechanics?4>7]

is exactly derived from a sub-
tle transformation of the Schrodinger equation (atomic units

are used throughout, unless stated otherwise)

v = |3 vea,.

where W(r,t) is the potential and y(r,t) is the time-
dependent electronic wavefunction. For the interaction of
atoms and molecules with the strong laser field, the potential

is given by
W(r,t)=V(r,t)—r-E(r), 2)

where V (r,1) is the Coulomb potential and E(r) is the electric
field of the laser field. First of all, the electronic wavefunction

is written in the polar form
y(r,t) =R(r,t)eS, 3)

where R and § are real functions. Secondly, inserting Eq. (3)
into Eq. (1) leads to two coupled differential equations

s (vs)? B
E‘*‘T*‘W(TJH'Q("“J)—O, 4
ap _

W‘*‘V'(PV)—O’ (5)

where p(r,r) = R2(r,1) = |y(r,1)]

and v(r,t) = VS(r,t) is the velocity of the electron. Equa-

is the probability density

tion (5) is well known as the continuity equation and equa-
tion (4) is named as the quantum Hamilton—Jacobi equation
in Bohmian mechanics. In comparison with the classical

Hamilton—Jacobi equation, there is an extra term in Eq. (4):

1 V2R(r,1)

o(r,t) = T2 R(rp)

(6)
which is called as the quantum potential in Bohmian mechan-
ics and determines the quantum behavior of the electron.

According to Egs. (4) and (5), a Bohm—Newton equation
of motion can be obtained

d*r/de*> = —V W (r,1)+Q(r,1)]. (7

If the quantum potential Q — 0, the Bohm—Newton equation
will reduce to the standard Newton equation and hence, the
corresponding dynamics of the electron can be described with
the classical mechanics. In practice, it is not easy to solve such
second order differential equation with the quantum potential.
Instead, the Bohmian trajectory can be equivalently obtained
by solving a much simpler equation of motion>+->7]

dr/dt = VS(r,1), 8)

in which the time-dependent phase S(r,t) of the wavefunction
is usually obtained by numerically solving the TDSE. The ini-
tial position of the Bohmian trajectory is selected according to
the distribution function |w/(r,0)|? of the electronic probabil-
ity density.

In comparison with the classical trajectory, there are some
special features for the Bohmian trajectory: >4-37.60]

(i) The quantum potential Q(x,?) is responsible for the
quantum behavior of the Bohmian trajectory.

(i) The quantum potential is nonlocal, resulting in that
the different Bohmian trajectories influence each other.

(iii)) Non-crossing rule: Two Bohmian trajectories can
never pass through the same point on configuration space at
the same time due to the single-valuedness of the momentum

field [see Eq. (8)].
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3. Bohmian trajectory perspective on the ioniza-
tion of atoms and molecules

Ionization is a fundamental process for atoms and
molecules in the strong laser field and is the basis to in-
vestigate the highly nonlinear strong-field phenomena, e.g.,
ATI, HHG, and NSDI. Recently, based on the atomic and
molecular ionization, a strong-field photoelectron hologra-
phy (PH)[33-3468-711 and a laser-induced electron diffraction
(LIED) 141672731 approach have been established and exten-
sively employed, e.g., in extracting the information of the
atomic and molecular structures and ultrafast dynamics. The
ionization of atoms in the strong laser field can be qualitatively
understood with the simple man’s model: >3 the outmost elec-
tron in an atom is firstly released by tunneling through the bar-
rier formed by the Coulomb potential and the electric field of
the laser and then the motion of the ionized electron is driven
by the laser field. In this section, we will show that Bohmian
trajectory method can be used to provide a deep understanding
of the ultrafast ionization dynamics of atoms and molecules in
the strong laser field.

3.1. Study of the tunneling ionization dynamics

The tunneling is a quantum-mechanical effect, which can-
not be studied with classical mechanics. In the semiclassical
trajectory,?>> the tunneling ionization is described with an
analytical Ammosov—Delone—Krainov (ADK) theory without
considering the detailed tunneling ionization dynamics, while
in the quantum S-matrix theory,?62"] the tunneling is treated
with a simple direct transition from the ground state to the con-
tinuum states also without the detailed information of the tun-
neling ionization dynamics. In contrast, Bohmian mechanics
can describe the tunneling in terms of the Bohmian trajectory

and thus provide a deep understanding of the electron dynam-
ics during the tunneling ionization. In 2013, Wei et al.[’*! sim-
ulated the atomic ionization process in high-frequency laser
pulses with the Bohmian-trajectory scheme. By analyzing the
quantum potential, they found that the quantum force that acts
on the Bohmian trajectory plays a crucial role in the ioniza-
tion of atom. Their results show that the competition be-
tween the quantum force and the classical force leads to the
ionization stabilization of the atom in a high-frequency in-
tense laser pulse. Later, in 2015, Jooya et al.!”! studied the
tunneling ionization process on a subfemtosecond time scale
for the hydrogen atom subject to intense near-infrared laser
fields in the Bohmian framework. They found that within
each optical cycle of the external laser field, some portion of
the ionized wave packets, represented by various groups of
Bohmian trajectories (see Fig. 1(a)), return to the parent ion
when the laser field changes sign, which causes the transitions
to the excited bound and continuum states of the unperturbed
atom. As a result, there are multiple peaks structure of the
time-dependent ionization rate within a half optical cycle (see
Fig. 1(b)). Recently, Douguet and Bartschat!’®! showed that
the ionized electron does not tunnel through the entire barrier,
but starts already from the classically forbidden region (see
the yellow region in Fig. 2), i.e., from the tail of the initial
ground-state wave function. Moreover, they constructed the
correspondence between the probability of locating the elec-
tron at a particular initial position in the forbidden region and
its asymptotic momentum. Their results provide new routes to
understanding the ultrafast electron dynamics, e.g., the mean
tunneling time and the exit position of tunneling. Similar study
of the tunneling exit during the strong field ionization using the
Bohmian approach can be also found in Ref. [77].
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Fig. 1. (a) Four distinct groups of the Bohmian trajectories (labeled A-D), within a half optical cycle, shaded with different colors. (b) The
corresponding peaks in the time-dependent ionization rate of the hydrogen atom within a half optical cycle.[”!

Recently, the study of the strong-field tunneling ioniza-
tion with the Bohmian mechanics has been also extended

[78-80] For example, Takemoto and

from atoms to molecules.
Becker![’®! analyzed the attosecond electron dynamics in hy-
drogen molecular ion driven by an external intense laser field

using the Bohmian trajectories. The Bohmian trajectories

clearly visualize the electron transfer between the two protons
in the laser field and, in particular, confirm the attosecond tran-
sient localization of the electron at one of the protons and the
related multiple bunches of the ionization current within a half
cycle of the laser field. Further analysis based on the quantum
trajectories shows that the electron dynamics in the molecular
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ion can be understood via the phase difference accumulated
between the Coulomb wells at the two protons. Later, Sawada
et al.'’”! studied the mechanism of enhanced ionization of a
two-electron molecule around the critical internuclear distance
by analyzing Bohmian trajectories. They found that there are
two kinds of electron trajectories (see Fig. 3(a)). The theo-
retical simulations show that around the critical internuclear
distance, both the ejections from the up-field core and from
the down-field core through the outer barrier are enhanced.
Further analysis reveals that the trajectories of the two elec-
trons are correlated with each other for the case of the ejection
from the up-field core (see Fig. 3(b)), while the trajectory of
the departing electron is not affected by that of the other elec-
tron for the case of the ejection from the down-field core (see

Fig. 3(c)).

Energy/a.u.

Fig. 2. The ionized electron starts from the classically forbidden re-
gion, i.e., from the tail of the initial ground-state wave function. The
ground-state probability (thick black line), the field-free Yukawa poten-
tial (thin blue line), and the classical potential at the maximum field
strength (dashed green line). The inset shows the two kinds of the elec-
tric fields of the laser fields.[7®!
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Fig. 3. (a) Schematic diagram of the ejection from the up-field core (type 1)
and down-field core (type 2). (b) The trajectory at the critical distance for
the case of the ejection from the up-field core (type 1). (c) The trajectory
at the critical distance for the case of the ejection from the down-field core
(type 2)."%)

3.2. Study of the electron dynamics after tunneling ioniza-

tion

In the strong-field physics, the ionized electron in the
presence of the laser field and the Coulomb potential is usually
assumed to follow the Newton’s equation of motion. However,
whether such an assumption is accurate is still under debate.
Bohmian trajectory theory may also provide an approach to
accurately investigate the behavior of electron after the ion-

ization. In 2009, Lai ef al.’®" simulated the ionization of hy-
drogen atom in an intense laser pulse with the Bohmian me-
chanics. After solving a large number of the Bohmian trajec-
tories, a photoelectron spectrum with clear ATI peaks is ob-
tained, which is in a good agreement with the TDSE results.
The consistency between the simulation with Bohmian trajec-
tory and the TDSE calculation can be also found for, e.g., the
time-dependent ionization probabilities'®*! and the time evo-
lution of the electron wavepacket.!®33*] Furthermore, to com-
pare with the classical trajectory, Lai et al.[® studied the spe-
cific quantum potential along the Bohmian trajectories of the
ionized electron. Figure 4 shows that the quantum potential
is significant before ionization, but becomes negligible after
the electron is ionized with the total energy larger than zero.
According to Eq. (7), when the quantum potential Q tends to
be negligible, the Bohm—Newton equation will reduce to the
Newton’s equation of motion and hence, the corresponding dy-
namics of the electron can be described with the classical me-
chanics. This result strongly supports the use of the classical
trajectory in the semiclassical trajectory method to describe
the motion of an ionized electron.?>-23801 Very recently, in
the Bohmian scenario, Jooya et al.’” and Li et al.!® found
the laser-driven electron-multirescattering trajectories, which
is consistent with the commonly accepted multi-return trajec-
tories of the ionized electron calculated by the semiclassical
trajectory method.
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04k ™ (1.0 a.u., 7/30)
Z .
L 02}
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G
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=
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Fig. 4. (a) The time-dependent total energy (including kinetic energy,
Coulomb potential, and quantum potential) of one Bohmian trajectory
with the initial position of 79. The electron is ionized when the total
energy is larger than zero. (b) The corresponding the quantum potential
0 and the ordinary potential W of the Bohmian trajectory. 8!
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Furthermore, Bohmian trajectory method has also been
employed in the study of the multiple ionization of atoms in
the strong laser fields. After the tunneling ionization, the ion-
ized electron can significantly modify the motion of the rest
of the electrons in their orbits. Such electron—electron cor-
relation effects can influence the ionization rate of the rest
electrons, for example, the famous NSDI®~!!! in the strong-
field physics. However, it is time consuming to exactly solve
the TDSE to obtain the multi-electron time-dependent wave
function, because the computational effort increases exponen-
tially with the system dimensionality. To obtain the quantum
trajectories for multidimenstional dynamics, several quantum
trajectory methods based on the Bohmian scenario have been

d.[398384891 For example, Christov!®®! introduced a

develope
quantum trajectory method based on the Bohmian trajectory
method, by transforming the multple-electron TDSE into a set
of equations for the single-electron orbitals to reduce signifi-
cantly the computational time. With such a trajectory method,
the NSDI yield as a function of the laser intensity qualita-
tively agrees well with the exact results®”) and further anal-
ysis shows that the NSDI output is predetermined by the early
stage of the correlated electron motion during the rising front

of the laser pulse.®"!

4. Bohmian trajectory perspective on the HHG

HHGDP"! has attracted a great deal of attention due to its
broad applications, such as the coherent extreme-ultraviolet
sources,!1?! attosecond pulses, !l and attosecond imaging of
dynamic processes.!”?! The harmonic generation can be un-
derstood with a semiclassical three-step model:!>3! i) the out-
most electron in an atom is firstly liberated by the strong laser
field; ii) secondly, the ionized electron is accelerated in the
laser field before being turned around by the laser field and re-
turning to the parent ion, and iii) finally, the returning electron
can recombine with the parent ion, releasing its kinetic energy
as a high-energy photon. The corresponding HHG spectrum
exhibits a plateau with a cutoff energy of 3.17U, +1, , where
Uy, is the ponderomotive potential of the laser field and I, is the
ionization potential of the atomic target under investigation.
Similar to the ionization of atoms and molecules, Bohm me-
chanics provides an alternative explanation of the HHG pro-

Cesses.

4.1. The theoretical method of HHG from Bohmian
mechanics®3-97]

After obtaining the Bohmian electron trajectories accord-

ing to Eq. (8), the expectation value of the coordinate x is given

by the following equation:

1 N
(1) = 7 Llt), ©)

and the expectation value of the dipole acceleration is written

as

. (10)

X=X;

N X
0o R

where N is the number of the Bohmian trajectories selected
according to the initial distribution of |y(r,0)|?. The cor-
responding high-order-harmonic spectra can be obtained by

Fourier transformation of the expectation values:

2

1 /T ,
no) = [ stoe e (11
0
or
11 7 o 1
P”(w)_‘Taﬂ/ at)e '®de| , (12)
0

where T is the length of the laser pulse. The power spectra
P(w) and P,(®) should be the same if the Bohmian trajectory

is solved accurately.

4.2. Simulation of the HHG spectrum with a single

Bohmian trajectory

In the quantum S-matrix theory within SFA, the HHG
spectrum can be simulated with the coherent superposition of
a large number of rescattered electron trajectories with differ-
ent ionization times and return times. Recently, it is found that
by using a single Bohmian trajectory, the HHG spectrum can
be qualitatively well reproduced. This simplicity facilitates to
a great extent the understanding of the harmonic generation.

In 2010, Lai et al.”?! studied the HHG spectrum with
Bohmian trajectory method. The simulated HHG spectrum
with a large number of Bohmian trajectories is well consistent
with the exact TDSE calculation. Similar results can be also
found in Refs. [94-97], in which the HHG spectrum simulated
with the Bohmian trajectory theory gets closer and closer to
the TDSE result with the increase of the number of Bohmian
trajectory (see Fig. 5).

Interestingly, it is found that the simulated HHG spec-
trum with two Bohmian trajectories with symmetric initial po-
sitions can qualitatively well reproduce the main feature of the
TDSE result,!”?! including the almost same plateau and the
cutoff position. Very interestingly, Song et al.!°*l and Wu et
al.1®7! further found that the main contributions to the high-
harmonic spectra can be qualitatively well simulated with a
single Bohmian trajectory located in the nuclear zone (see
Fig. 6). Recently, Bohmian trajectory method is also employed
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to study the HHG in a two-color laser field to demonstrate
the effect of laser pulse shape on the characteristic properties
of HHG.¥%! Similarly, the HHG spectrum in the two-color
laser field can be also well reproduced with a single Bohmian
trajectory, but the initial position of the single trajectory is
dependent on the symmetry of the electric field of the laser

pulse.[*8]
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Fig. 5. The harmonic spectra calculated with TDSE and Bohmian me-
chanics with the different numbers of trajectories. Panel (a) is from
Ref. [94] and panel (b) is from Ref. [97].

Furthermore, Wu et al.®%7! discussed the underlying
physics of the HHG from the central Bohmian trajectory. In
the Bohmian scenario, this physical picture builds up nonlo-
cally near the core via the quantum potential or the quantum
mechanical phase of the wave function. A Bohmian trajectory
evolves under the action of the wave function, which encom-
passes not only local information about the space variations
of the potential function but also the information about global
changes of the quantum phase. This implies that a Bohmian
trajectory may be localized in the innermost part of the core
and still contain bound and continuum dynamics. Any change
in the wave function, be it far or close to the core region, will
be transmitted nonlocally to the central trajectory via its phase.

It is worth noting that the simulation of the HHG spec-
trum with few Bohmian trajectories can be also applied for the
molecular targets. For example, Wang er al.!'%% investigated
the HHG of diatomic molecular ions using Bohmian trajectory

method. It is demonstrated that the main characteristics of the

molecular harmonic spectrum can be also well reproduced by
only two Bohmian trajectories which are located at the two

ions.
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Harmonic order 2/w

Fig. 6. (a) Harmonic spectra of Bohmian particles A, B, and C and those
(dash-dotted green curve) obtained by numerically solving the TDSE.
The initial position of particle A is located in the nuclear zone.[**!
(b) High-order-harmonic spectra from the central Bohmian trajectory
[x(0) = 0] (solid red line) and (c) the power spectra from the dipole
acceleration computed from the TDSE (solid black line).[%!

5. Conclusion and perspectives

In summary, we briefly overview Bohmian trajectory per-
spective on strong field atomic processes. Bohmian mechanics
can not only accurately reproduce the rich strong-field phe-
nomena, but also provide a trajectory-based explanation of
the ultrafast ionization dynamics of atom and molecule in the
strong laser field. The use of the Bohmian trajectory method
has achieved great progress in the study of strong field atomic
processes. For example, in the Bohmian scenario, it provides a
clear physical picture for the tunneling ionization dynamics in
the classically forbidden region and strongly supports the use
of the classical trajectory to describe the motion of an ionized
electron in the conventional models. Moreover, the quantum

trajectory method based on the Bohmian scenario has been
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used to study the multiple ionization of atoms in the strong
laser fields. In addition, it is found that the HHG spectrum
can be qualitatively well reproduced with a single Bohmian
trajectory, facilitating to a great extent the understanding of
the harmonic generation. With this advantage, we expect that
the Bohmian trajectory method may also provide a more com-

prehensive understanding of other strong field atomic phe-

nomena, e.g., the below-threshold harmonic generation[4631

and the frustrated tunneling ionization (FTI),[**-53 to shed
more light on the extensively debated excitation effects in
strong-field atomic physics. Moreover, the quantum trajectory
method based on the Bohmian scenario can be taken as a con-
venient computational tool to study the ionization dynamics of

the more complex targets with multiple electrons, e.g., the in-

teratomic Coulombic decay (ICD) process in the dimers.[!0!]
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