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The wave packet evolution of an atom irradiated by an intense laser pulse is systematically investigated by using the
numerical solution of the time-dependent Schrödinger equation. There are two types of spatial interference structures in
the time-dependent evolution of the atomic wave packet. With the increasing of the evolution time, the interference fringe
spacing for type I (type II) becomes larger (smaller). As the wavelength of the incident laser increases, the interference of
the wave packet is changed from type II to type I, and the shift of interference type can be attributed to the contribution of
excited states by using the energy analysis of the time-dependent wave function.

Keywords: high-order harmonic generation, above-threshold ionization
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1. Introduction
With advances in laser technologies, the intensity for

an ultra-short laser pulse has approached or exceeded the
strength of the electric field experienced by an electron of
the atom.[1,2] When the atom is irradiated by the strong laser
pulse, many novel nonlinear phenomena were observed, such
as non-sequential double ionization, above-threshold ioniza-
tion, and high-order harmonic generation (HHG).[3–14] These
strong field processes have important applications in the ul-
trafast measurement, for example, HHG is the main route for
producing attosecond time-scale optical pulses.[15–21] There-
fore, the strong field atomic physics has become the focus of
the recent studies.

The processes of strong-field atomic physics can be un-
derstood by the semi-classical three-step model.[22,23] The
bound electron tunnels through the potential barrier formed by
the action of the atomic potential and the laser electric field,
and then the electron driven by the electric field is away from
the nucleus. Part of the ionized wave packet has a chance to
return to the parent ion under the influence of the driving light
field. If the elastic scattering between the ionized electron and
the parent ion occurs, the above-threshold ionization with high
energy can be observed; if the ionized electron can recombine
with its parent ion, harmonic photons are emitted. However,
it is necessary to solve the time-dependent Schrödinger equa-
tion (TDSE) in order to understand mechanisms behind these
physical processes.[24–28] There is no analytical solution for

TDSE of an atom irradiated by the strong laser pulse, which
can only rely on numerical schemes.

Many numerical methods were adopted to clarify non-
linear phenomena in the strong field atomic physics. For ex-
ample, one can calculate trajectories of particles by using the
generalized quantum-trajectory Monte Carlo method[29–35] or
the Bohmian trajectories[36–39] from the time-dependent wave
function. In addition, by directly using the time-dependent
wave function, one can not only obtain measurable parame-
ters of the system but also intuitively understand the physics
mechanism behind the interaction process between the atom
and the strong laser field. By analyzing the radial distribution
of the time-dependent wave packet, Chen et al. investigated
the relation of the high harmonic generation and the spatial
structure of the atomic Rydberg state.[40] Based on directly
observing the interaction between the rescattering wave packet
and the parent ion, Tong et al. analyzed the motion relation be-
tween the classical electron and the electronic wave packet.[41]

Through comparing distributions of wave packet densities of
a long range potential and a short range potential, Zhang et
al. investigated the effect of soft collision on the generation
of THz radiation.[42] However, there is a lack of systematic
research on the time evolution of the wave packet from the
interaction between the atom and the intense laser pulse.

In this work, we systematically investigate the influence
of the laser intensity and the wavelength on the evolution of
the wave packet by numerically solving TDSE. It is found
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that there are clear interference structures of the density dis-
tribution in the electronic wave packet evolution. The feature
of the interference structure changes with the variation of the
wavelength and the intensity of the incident laser. By analyz-
ing the time-dependent evolution of the wave packet with dif-
ferent energies, it is demonstrated that the excited state plays
very important role on the evolution of the interference struc-
ture (atomic unit (a.u.) is used throughout this paper unless
otherwise indicated).

2. Model and method
In the length gauge and the dipole approximation, the

time-dependent Schrödinger equation for an atom irradiated
by the laser pulse is

i
∂

∂ t
ψ(x, t) = Ĥ(x, t)ψ(x, t), (1)

where

Ĥ(x, t) =−1
2

∂ 2

∂x2 +Vatom(x)+ xE(t). (2)

Here, the soft Coulomb potential is Vatom(x) = −1/
√

x2 +a,
where a = 1.1418. The lowest eigenenergy of this potential is
−0.579, which is corresponding to the ground energy of argon.
The interaction between the atom and the laser electric field is
xE(t), where E(t) = E0 sin(ωt)e−(t−1.5T )2/σ2

. Here, E0 is the
peak amplitude of the laser electric field, ω is the frequency, T
is the duration of one optical cycle, and the width σ = 0.75T
of the laser pulse. Equation (1) is numerically solved with
the split operator method.[28–31] To analyze the interference of
the wave packet, amplitudes of bound and continuum states
are calculated from the projection of the time-dependent wave
function to the basis function without the electric field

ci(t) = 〈ψi(x)|ψ(x, t)〉 , (3)

cε(t) = 〈ψε(x)|ψ(x, t)〉 . (4)

By using amplitude information, one can obtain populations
of excited and continuum states of the atom irradiated by laser
pulse:

Pexcited(t) =
n

∑
i=2
|ci(t)|2, (5)

Pion(t) =
∫ Emax

0
|cε(t)|2 dε. (6)

3. Results and discussion
Figure 1 shows the time-dependent evolution of the laser

electric field and the wave packet, the ground state of which
is subtracted in the calculation. Here, the incident laser wave-
length is 1000 nm and its peak amplitude E0 = 0.08. It can
be noticed from Fig. 1 that, the atomic ionization mainly oc-
curs at the two peaks (t = 1.25T for peak 1 and t = 1.75T for

peak 2) of the laser electric field. When the atom is ionized
at peak 1, its ionization wave packet is driven away from the
atomic nucleus by the laser electric field. The amplitude of the
ionization wave packet is continuously reduced due to the dis-
persion effect. After the second ionization at peak 2, one can
observe a clear interference in the wave packet evolution, and
there are two patterns of the wave packet interference. With
the increasing of the time, if the spatial width between inter-
ference fringes becomes larger as shown by the white dotted
line in Fig. 1, this interference is called as type I; if the spa-
tial width is decreased as shown by the white dashed line in
Fig. 1, the interference is named as type II. Especially, one can
see from Fig. 1, the interference pattern is gradually changed
from type II to type I.
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Fig. 1. The variation of atomic potential energy with the time-dependent
evolution of the laser electric field (wavelength is 1000 nm and peak am-
plitude E0 = 0.08) and the wave packet (the ground state is subtracted).
The unit o.c. is short for optical cycle.

In order to understand the physical mechanism of the in-
terference pattern, we study the effect of laser parameters on
the interference pattern. We first investigate the laser wave-
length effect on the evolution of the wave packet. Figure 2
exhibits the time-dependent wave packet evolution of atom ir-
radiated by different wavelength (from 600 nm to 1600 nm)
laser pulses with peak amplitude E0 = 0.08. It can be seen
from Fig. 2 that, there are two main ionization instants in the
evolution of wave packets. Furthermore, with the increase of
the wavelength, the pattern of the wave packet interference is
changed from type I to type II. When the driving wavelength
is 600 nm, the interference pattern only contains the type I.
For the longer driving wavelength (1600 nm), the interference
type II is only retained. In addition to the influence of the laser
wavelength on the wave packet evolution, the intensity of the
laser pulse will also play an important role in the evolution
process.

Figure 3 presents the wave packet evolution of the atom
in different peak amplitude (0.07–0.1) laser pulses with 800-
nm wavelength. As the laser intensity enhances, the ampli-
tude of the ionized wave packet gradually increases. For the
800-nm driven laser pulse, when the laser intensity is weaker
than 0.08, the interference pattern of the time dependent wave
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packet is mainly dominated by type I stripes. If the laser in-
tensity is stronger than 0.08, the interference type II fringes
gradually play a role in the evolution dynamics. Especially,
for E0 = 0.1, the interference type II has a major role in the
interval from 1.6 o.c. to 2.2 o.c. When the time is beyond
2.5 o.c., the interference fringes convert to type I for the wave
packet evolution of the atom driven by the same laser pulse.

For the longer wavelength (1000 nm), the wave packet
evolution shows different features with the increase of the laser
intensity, as shown in Fig. 4. For this wavelength, one can

clearly observe that, both types of interference patterns exist
in the evolution of the wave packet at the same time. For the
laser intensity calculated in the figure, the interference char-
acteristics of the wave packet are dominated by type II. When
the time is beyond 2.5 o.c., the observed interference structure
is dominated by the interference between type I and type II.
According to the above analyses, as the increase of the wave-
length or the intensity of the laser pulse, the interference struc-
ture in the evolution of the wave packet exhibits a transition
from type I to type II stripe.
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Fig. 2. Evolution of wave packet for an atom irradiated by different wavelength [(a) 600 nm, (b) 800 nm, (c) 1000 nm, (d) 1200 nm, (e)
1400 nm, (f) 1600 nm] laser pulses with peak amplitude E0 = 0.08.
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Fig. 3. Wave packet evolution of an atom irradiated by different peak amplitude [(a) E0 = 0.07, (b) E0 = 0.08, (c) E0 = 0.09, (d) E0 = 0.1]
laser pulses with 800-nm wavelength.

Through above studies on the changing law of interfer-

ence pattern, it is found that the variation of interference pat-

tern from type I to type II is attributed to the increase of the

pondermotive energy of the laser pulse. The transition of the

interference pattern corresponds to the changing of ionization

mechanism from multi-photon ionization to tunnel ionization.

In order to clarify the transition mechanism of the interference

fringes changing with laser parameters, we altered populations
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of different atomic eigenstates of the wave packet in the mid-
dle of the incident pulse. Since there are mainly two ionization
moments, these interference fringes are essentially generated
by the interference between the two ionized wave packets. By
changing compositions of the wave packet after the first ion-

ized moment, one can directly observe the interference from
different energy wave packets. At 1.5T in the evolution pro-
cess, the population composition in the wave function is ar-
tificially changed and continued to evolve the corresponding
time-dependent wave function.
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Fig. 4. Wave packet evolution of an atom irradiated by different intensity [(a) E0 = 0.07, (b) E0 = 0.08, (c) E0 = 0.09, (d) E0 = 0.1] laser
pulses with 1000-nm wavelength.
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Fig. 5. Wave packet evolution of an atom irradiated by the 800-nm laser pulse with E0 = 0.08 at an instant 1.5T for the wave function by: (a)
doing nothing, (b) subtracting the ground state, (c) subtracting bound states, (d) only containing ground state, (e) only containing excited states,
and (f) containing bound states.

Figure 5 shows wave packet evolution results from dif-
ferent energy populations of the atom irradiated by a 800-
nm laser pulse, and figure 5(b) shows results of the time-
dependent wave packet retaining continuous and excited states
at 1.5T . It can be seen from the figure that, the number of
interference fringes in the evolution process is reduced, es-
pecially for the wave packet near the origin position. If the
continuum part of the wave function is only retained at 1.5T ,

number of the interference fringes is further reduced and only
a clear one can be seen (Fig. 5(c)). From the comparison be-
tween Fig. 5(b) and Fig. 5(c), one can explicitly notice the
contribution to the interference fringes from excited states and
continuum states. However, one cannot observe the interfer-
ence fringes if only the ground state population is kept in the
time-dependent wave function at 1.5T (Fig. 5(d)). While only
the excited state population is retained, a relatively strong sin-
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gle interference fringe can be seen from Fig. 5(e). When the
total bound state populations are preserved in the wave packet,
one can find that the wave packet distribution (Fig. 5(f)) is sim-
ilar as the original wave packet evolution as shown in Fig. 5(a).
In terms of the above analyses, we demonstrated the interfer-
ence patterns generated by the interference between the ion-
ized wave packet from the ground state at peak 1 and the ion-
ization part from the bound states at peak 2. The interference
farthest from the nucleus is generated by the ionization from
the excitation at peak 1.

Figure 6 shows the time-dependent wave packet evolu-
tion from the different energy populations of the atom irradi-
ated by a 1200-nm laser pulse. Compared with the result from

the 800 nm laser pulse, the spatial position of the wave packet

is far away from the nucleus. The interference pattern in the

wave packet evolution is dominated by the type II. When the

ground state is removed at 1.5T , there is no interference, as

presented in Fig. 6(b). When the bound states are further sub-

tracted, a weaker interference type I can be seen from Fig. 6(c).

Due to the longer wavelength of the incident laser pulse, the

ionized wave packet spreads in a larger spatial region. If the

ground state is only retained, the ionization from the ground

state is concentrated at peak 2, as shown in Fig. 6(d). When

the driver pulse’s wavelength is longer, the ionization from the

excited states plays the minor role as shown in Fig. 6(e).
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Fig. 6. Wave packet evolution of the atom irradiated by the 1200-nm laser pulse at the instant 1.5T for the wave function by: (a) doing
nothing, (b) subtracting the ground state, (c) subtracting bound states, (d) only containing ground state, (e) only containing excited states, and
(f) containing bound states.

From the above discussions, it can be found that the exci-
tation states play an important role in the interference pattern
for the case of the small pondermotive energy. In this laser
parameter regime, the main ionization mechanism of the atom
is the multiphoton ionization. After driven by the subsequent
laser electric field, the excited state is ionized in a short du-
ration. Therefore, the ionized wave packet carries spatial dis-
tribution information of the excited state. Driven by the laser
electric field, this part of the ionized wave packet is far away
from the nuclear region, resulting in the appearance of the in-
terference type I. For the laser pulse with larger pondermotive
energy, ionization wave packets are produced mainly through
the tunneling process and the excitation plays little role in the
ionization. Part of the ionized wave packets can return to the
parent ion driven by the laser electric field. The returned wave
packets with the lower energy firstly pass the parent ion and
intersect with the wave packet generated from the ionization
in the ensuing half optical cycle. Due to the interference of
the wave packet with the lower energy, the spatial width of

interference fringes becomes larger. At a later instant, the
returned wave packets with higher energy intersect with the
wave packet from the second half optical cycle, which leads to
the smaller spatial width of interference fringes. Spatial width
variation of interference fringes results in the appearance of
the type II structure. In order to confirm this conclusion, we
systematically studied the population of the ionization and ex-
citation at the middle (1.5T ) and the end of the pulse (3T ).
Figures 7(a) and 7(b) show the variation of excited states and
ionization populations for different intensity laser pulses with
wavelength 600 nm and 1200 nm at instants t = 1.5T and
t = 3T , respectively. For the longer wavelength laser pulse,
the ionization mainly comes from the ground state. Thus, the
ionization population at the middle of the pulse is half of the
population at the end of the laser pulse. The population of
the excited states is smaller than that of the ionization in the
whole range of laser intensity. For the short wavelength driv-
ing pulse, the excitation has a large influence on the overall
ionization. The wave packet is excited during the first half of
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the optical cycle and is ionized in the second half of the optical
cycle.
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Fig. 7. Populations of the excited states and ionizations at instants
t = 1.5T and t = 3T for different intensity laser pulses with wavelength
600 nm (a) and 1200 nm (b), respectively.

4. Conclusion
In summary, we theoretically investigated the wave

packet evolution of the atom in an ultra-short laser pulse by
solving the time-dependent Schrödinger equation. Two in-
terference patterns are observed in the wave packet evolution
process. With the increase of the laser intensity and the wave-
length, the interference structure is changed from type I to type
II. By analyzing the energy component in the time-dependent
wave packet, it is found that the excited states play important
role for the conversion of the interference pattern. Through the
direct analysis of the wave function evolution, one can deeply
understand the physical mechanism behind the dynamic pro-
cess of the interaction between the atom and the intense laser
pulse.
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